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PREFACE TO THE FIRST EDITION. 


For some time past it lias been felt that a gap existed 
between tlie many excellent popular and non-mathematical 
works on Astronomy, and the standard treatises on the 
subject, which involve high mathematics. The present 
volume has been compiled with the view of filling this gap, 
and of providing a suitable text-book for such examina- 
tions as those for the B.A. degree of the University of 
London. 

It has not been assumed that the reader’s knowledge of 
mathematics extends beyond the more rudimentary por- 
tions of G-eometry, Algebra, and Trigonometry. A know- 
ledge of elementary Dynamics will, however, be required 
in reading the last three chapters. 

The principal properties of the Sphere required in As- 
tronomy have been collected in the Introductory Chapter ; 
and, as it is impossible to understand Kepler’s Laws with- 
out a slight knowledge of the properties of the Ellipse, 
the more important of these have been collected in the 
Appendix for the benefit of students who have not read 
Conic Sections. 

Articles marked with an asterisk are of special difficulty 
or of relatively small importance and may be omitted at 
discretion. 
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PREFACE TO THE FOURTH EDITION. 


Yabious modifications and extensions have been made 
in this edition in order to bring the book into line with 
modern advances in astronomical knowledge. 

The change of the beginning of the astronomical day from 
noon to midnight has necessitated alterations in many of 
the examples dealing with time: some typical examples 
which refer to the old system have, however, been retained, 
for this system has been in use for so many years and is 
mentioned so often in astronomical textbooks and records 
that all students should be familiar with it. 

The extensive changes in the Nautical Almanac, which 
will begin in the year 1931, have called for alteration in the 
numerous passages that refer the student to the Almanac 
data. 

In Chapter V., a section has been added on the Julian 
Day, as this is a very convenient system for many pur- 
poses. 

The section on the Metonic cycle in Chapter VIII. has 
been expanded, and calendar matters have been dealt with 
more fully. In Chapter IX. the Eclipse limits have been 
revised, and the information in connection with Saros and 
other Eclipse Cycles has been made more complete. 

In Chapter X. the planetary elements have been dealt 
with in greater detail and a new table added. Mention is 
also made of the new planet Pluto, discovered on January 
21st, 1930, and it is again referred to in Chapter XIV. in 
relation to planetary perturbations. 

Pinally, in most of the chapters slight revisions have 
been carried out and additional notes incorporated alluding 
to advances in knowledge which have been gained since the 
publication of the last edition. 

A. C. D. CEOMMELIN. 
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INTRODUCTORY CHAPTER. 


ON SPHEEICAL G-EOMBTEY. 

jp>^operiie8 of the Sphere which will he referred to in the course of the 

Text, 

( 1 ) A Sphere may be defined as a surface, all points on which are 
the same distance from a certain fixed point. This point is the 

and the constant distance is the Radius. 

(2) The surface formed by the revolution of a semicircle about 
its diameter is a sphere. For the centre of the semicircle is kept 
g 3 ced, and its distance from any point on the surface generated will 

equal to the radius of the semicircle. 



(S) Let PqQP' be any position of the revolving semicircle whose 
cdisbmeter PP' is fixed. Let OQ be the radius perpendicular to PP', 
€tny other line perpendicular to PP', meeting the semicircle in 
gr, (We may suppose these lines to be marked on a semicircular 
ciiso of cardboard.) As the semicircle revolves, the lines OQ, Cq 
"veill sweep out planes perpendicular to PP', and the points Q, q 
will trace out in these planes circles JIQliKf hqrlc^ of radii OQ, Qq 
x-eap actively. From this it may readily be seen that Every plane 
seotiion of a sphere is a circle. 
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Definitions. 

(4) A great circle of a sphere is the circle in which it is out 
by any plane passing through the centre {e.g. RQEK, PqQP' or 
PrMP'). A small circle is the circle in which the sphere is cut by 
any plane not passing through the centre {e.g. hqrk.) 

(5) The axis of a great or small circle is the diameter of the 
sphere perpendicular to the plane of the circle. The poles of the 
circle are the extremities of this diameter. (Thus, the line PP’ is 
the axis, and P, P' are the poles of the circles HQK and hqh). 

(6) Secondaries to a circle of the sphere are great circles passing 
through its poles. (Thus, PQP' and PEP' are secondaries of the 
circles HQK^ kqh.) 



Kig. 2. 


(7) The angular distance between two points on la sphere is 
measured by the arc of the great circle joining them, or by the angle 
which this arc subtends at the centre of the sphere. Thus, the dis- 
tance between Q and E is measured either by the arc QE, or by the 
angle QOE. Since the circular measure of z QOE = (arc QP) -r 
(radius of sphere), it is usual to measure arcs of great circles by the 
angles which they subtend at the centre. This remark does not 
apply to small circles. 

(8) The angle between two great circles is the angle between 
thkr planes. Thus, the angle between the circles PQ, PE is the angle 
between the planes PQP\ PEP. It is called “ the angle QPE.'' 

(9) A spheiical triangle is a portion of the spherical surface 
bounded by three arcs of great circles. Thus, in Fig. 2, PQE is a 
spherical triangle^ but Pqr is not a spherical triangle, because qr is 
not an arc of a great circle. We may, however, draw a great circle 
passing through q and r, and thus form a spherical triangle Pqr. 
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p7'ope7'ties of Great and Sfuall Circles. 

(10) All points on a small circle are at a constant (angular) 
distance from the pole. 

For, as the generating semicircle revolves about PP\ carrying q 
along the small circle hic, to r, the arc Pq — arc Pr, and Z POq = Z POr. 

The constant angular distance Pq is called the spherical, or 
angular radius of the small circle. The pole P is analogous to the 
centre of a circle in plane geometry. 

(11) The spherical radius of a great circle is a quadrant, or, 
All points on a great circle are distant 90° from its poles. 

For, as Q, by revolving about PP', traces out the great circle 
HQRKj we have Z POQ = z POR = 90°, and therefore, P(2, PB 
are quadrants. 

(12) Secondaries to any circle lie in planes perpendicular to 
the plane of the circle. 

For PP' is perpendicular to the planes of the circles HQK, hah, 
therefore any plane through FP\ such as PQP' or PRP\ is also 
perpendicular to them. 

(13) Circles which have the same axis and poles lie in parallel 
planes. For the planes HQKy hqh are parallel, both being perpen- 
dicular to the axis PP. Such circles are often called parallels. 

(14) If any number of circles have a common diameter, their 
poles all lie on the great circle to which they are secondaries, and 
this great circle is a common secondary to the original circles. 

For if OA is the axis of the circle PQF', then OA is perpendicular 
to POP'. Hence, if the circle PQP' revolves about PP^ A traces out 
the great circle HQRKi of which are poles. Welikewise see that 

(15) If one great circle is a secondary to another, the latter is 
also a secondary to the former. 

This is otherwise evident, since their planes are perpendicular. 

(16) The angle between two great circles is equal to 

(i.) The angle between the tangents to them at their points 
of intersection ; 

(ii.) The arc which they intercept on a great circle to which 
they are both secondaries ; 

(iii. ) The angular distance between their poles. 

Let Ptj Pu be the tangents at P to the circles PQ, PR, and let P 
be the poles of the circles. These tangents are perpendicular to OP 
and therefore parallel to OQ, OR. fi we suppose the semicircle 
PQP' to revolve about PP' into the position PEP, the tangent at 
P will revolve from Pt to Pu, the radius perpendicular to OP will 
revolve from OQ to OR, and the axis will revolve from OA to OB. 
All these lines will revolve through an angle equal to the angle 
between the planes PQP' PRP, and this is the angle QPR between 
the circles (Hef. 8). Hence, 

Angle between circles PQ, PR = Z tPu — Z QOR = z AOB. 

ASTRON. 1 
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(17) The arc of a small circle subtending a given angle at the 
pole is proportional to the sine of the angular radius. 

Let qr be the arc of the small circle hqrh, subtending Z qPr at P, 
and let 0 be the centre of the circle. Evidently z qCr = Z QOE 
(since Oq, Cr are parallel to OQ, OB). Hence, the arcs gr, QB are 
proportional to the radii Gq, OQ^ 


arc QR OQ Uq 


sin FOq = sin Fq. 


But QR is the arc of a great circle subtending the same angle at the 
pole P, hence the arc qr is proportional to sin Pg, as was to be shown. 
Since qQ = 90° — Pg, therefore sin Fq = cos so that the arc qr 
is proportional to the cosine of the angular distance of the small 
ciicle qr from the parallel great circle QB. 



(18) Comparison of Plane and Spherical Geometry. 

It may be laid down as a general rule that great circles and small 
ciretes on a sphere are analogous in their respective properties to 
straight lines and circles in a plane. Thus, to join two points on a 
sphere means to draw the great circle passing through them. 

Secondaries to a great circle of the sphere are analogous to per- 
pendiculars on a straight line. The distance of a point from any 
gireai circle is the length of the arc of a secondary drawn from the 
point to the circle. Thus, rR is the distance of the point r from the 
great circle HQRK. 
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071 Spherical Triangles, 


(19) Parts of a Spherical Triangle. — spherical triangle, like a 
plane triangle, has six parts, viz. its three sides and its three angles. 
The sides are generally measured by the angles they subtend at the 
centre of the sphere, so that the six parts are all expressed as angles. 
No part is supposed to exceed two right angles. 

Any three given parts sufi&ce to determine a spherical triangle, 
but there are certain “ambiguous oases’* when the problem admits 
of more than one solution. The formulae required in solving 
spherical triangles form the subject of Spherical Trigonometry, 
and are in every case different from the analogous formulae in Plane 
Trigonometry. There is this further difference, that a spherical 
triangle is completely determined if its three angles are given. 

Thus, two spherical triangles will, in general, be equal if they 
have the following parts equal : — 


(i. ) Three sides. 

(ii.) Two sides and included angle, 
(iii.) Two sides and one opposite 
angle. 

Cases (iii.) and (vi.) 


(iv.) Three angles. 

(v.) Twoanglesandadjacentside. 
(vi.) Two angles and one opposite 
side. 

may be ambiguous. 


(20) Right-angled Triangles.— If one of the angles is a right 
angle, two of the remaining five parts will determine the triangle. 

(21) Triangle with two right angles.— The properties of a 
spherical triangle, such as PQR, Fig. 3, in which one vertex P is 
the pole of the opposite side QRy are worthy of notice. Here two 
of the sides, PQ, PB, are quadrants, and two angles Q, P are right 
angles. The third side QB is equal to the opposite angle QPB. 

(22) Triangle with three right angles. — If, in addition, the angle 
QPR is a right angle (Fig, 4), QR will be a quadrant. The triangle 
PQR vrill, therefore, have all its angles right angles, and all its sides 
quadrants, and each vertex will be the pole of the opposite side. 

The planes of the great circles forming the sides, are three planes 
through the centre 0 mutually at right angles, and they divide the 
surface of the sphere into eight of these triangles ; thus the area of 
each triangle is one-eighth oi the sirnface of the sphere. 

(23) The three angles of a spherical triangle are together greater 

than two right angles. o , • i n ^ i 

[For proof, see any text-book on Spherical Geometry.] 

(24) If the sides of a spherical triangle, when expressed as angles, 

are very small, so that its linear dimensions are very small com- 
pared with the radius of the sphere, the triangle is very approxi- 
mately a plane triangle. , . , , . , i 

Thus, although the Earth’s surface is spherical, a triangle whose 
sides are a few yards in length, if traced on the Earth, will not be 
distinguishable from a plane triangle. If the sides are several 
miles in length, the triangle will still be very nearly plane. 
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(25) Any two sides of a spherical triangle are together greater 
than the third side. For if we consider the plane angles which 
the sides subtend at the centre of the sphere, any two of these are 
together greater than the third, by Euclid XI., 20. 

(26) The following application of (25) is of great use in astronomy, 
and is analogous to Euclid III., 7, 8. 

Let AHJ^ be any given great or small circle whose pole is P, 
Z any other given point on the sphere, and let the great circle ZP 
meet the given circle in the points A, B. Then A, B are the two 
points on the given circle whose distances from Z are greatest and 
least respectively. 

For let H be any other point on the circle. Join ZH, HP. 

Then, in spherical A ZPH, ZP PE > ZH But PE = PA ; 

.-. ZP PA > ZE, 
i.e. ZA > ZE. 

Also, if Z is on the opposite side of the circle to P, then 

PH>PZ ; .-. ZE-^PB > PZ ; ZE> PZ-- PB, 

le. ZE>ZB. 



If Z' be a point on the same side of the circle as P, then PZ'-\-Z'H 
> PH But PH = PP. PZ' + Z'H> PB. 

Z'H>PB-^PZ\ 
i.e. ZE>Z'B, as before. 

Hence, A is further from Z, Z'^ and B is nearer to Z, Z\ than any 
other point on the circle. 

(27) If H, K are the two points on the circle equidistant from Z^ 
the spherical triangles ZPH, ZPK have ZP common, ZH = ZK (by 
hypothesis), and PH = PK [by (10)], hence they are equal in all 
rejects ; thus I ZPH = I ZPKy and I PZH = I PZK. 

Hence P/P, PK are equally inclined to PB, as are also ZE, ZK. 

Similar properties hold in the case of the point Z'. These pro- 
perties are of frequent use. 
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Principal Formulae for Solving Spherical Triangles. 

C denote the angles of the triangle, a, ?>, c the sides 
opposite to these : if the triangle has one 
of its angles a right angle, the letter G is 
used for that angle. 

(1) Right-angled Triangles. — (7 being the 
right angle, there are five other parts, 
which come in the following order, h A c B 
a. There is a convenient general rule 
which embraces all the formulae of right- 
angled spherical triangles. 

Arrange the following five quantities in order 
round a circle : 6, 90° -A, 90° - c, 90° - B, a. 
Then : — 

(i) The sine of any of these quantities = the 
product of the tangents of the two 
adjacent quantities, 

(ii) and also it = the product of the cosines 
of the two opposite quantities. 

In order to solve the triangle, 
we must know two of the five 
quantities, and one or other of 
these two formulae will enable 
us to find any of the remaining 
three quantities. 

(2) Triangles in General. — 

There are four principal formu- 
lae, by the aid of which any 
spherical triangle may be solved. 

(3) cos c = cos a cos b + sin a s 

(4) cos <7 = - cos A 008 B -h si] 

(5) cot a sin b = cos 6 cos <7 + < 

^ sin A ainB"^ sin O’ 

In many oases the simplest way to solve a general triangle is to 
draw a great circle through one of the angles at right angles to the 
opposite side, and then apply the formulae applicable to right- 
angled triangles. 



n A sin B cos c. 
30t A sin O. 
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CHAPTER I. 


THE CELESTIAL SPHERE. 

Section I. — Definitions — Systems of Co-ordinates. 

1. Astronomy is the science which deals with the celestial 
bodies. These comprise all the yarious bodies distributed 
throughout the universe, such as the Earth (considered as a 
whole), the Sun, the Planets, the Moon, the comets, the 
fixed stars, and the nebulae. It is convenient to divide 
Astronomy into three different branches. 

The first may be called Descriptive Astronomy. It is 
concerned with observing and recording the motions of the 
various celestial bodies, and with applying the results of 
such observations to predict their positions at any subsequent 
time. It includes the determination of the distances, and 
the measurement of the dimensions of the celestial bodies. 

The second, or Gravitational Astronomy, is an appli- 
cation of the principles of dynamics to account for the 
motions of the celestial bodies. It includes the deter- 
mination of their masses. 

The third, called Physical Astronomy, is concerned 
with determining the nature, physical condition, temperature, 
and chemical constitution of the celestial bodies. 

The first branch has occupied the attention of astronomers 
in all ages. The second owes its origin to the discoveries 
of Sir Isaac Hewton in the seventeenth century ; while the 
third branch has been almost entirely built up in the last 
and the present centuries. 

In this book we shall treat almost exclusively of Descrip- 
tive and G-ravitational Astronomy, 
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2. The Celestial Sphere. — On observing the stars it is 
not difficult to imagine that they are bright points dotted 
about on the inside of a hollow spherical dome, whose centre 
is at the eye of the observer. It is impossible to form any 
direct conception of the distances of such remote bodies ; all 
we can see is their relative directions. Moreover, most 
astronomical instruments are constructed to determine only 
the directions of the celestial bodies. Hence it is important 
to have a convenient mode of representing directions. 



The way in which this is done is shown in Figure 6. Let 
0 be the position of any observer, A, JB, 0, etc., any stars or 
other celestial bodies. About 0, as centre, describe a sphere 
with any convenient length as radius, and let the lines joining 
0 to the stars A, B, G meet this sphere in a, &, c respectively. 
Then the points a, c will represent, on the sphere, the 
directions of the stars A, B, 0, for the lines joining these 
points to 0 will pass through the stars themselves. In this 
manner we obtain, on the sphere, an exact representation of 
the appearance of the heavens as seen from 0. Such a 
sphere is called the Celestial Sphere. 

$his sphere maybe tahen as the dome upon which the stars 
appear to lie. But it must be carefully borne in mind that 
the stars do not actually lie on a sjpJiere at allf and that they 
are only so represented for the sake of convenience. 
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3. Use of the Crlohes. — The representation of direc- 
tions of stars by points on a sphere is well exemplified in 
the old-fashioned star globes. Such a globe may be used 
as the observer’s celestial sphere ; but it must be re- 
membered that the directions of the stars are the lines 
joining the centre to the corresponding points on the 
sphere; for in every case the observer is supposed to be 
at the centre of the celestial sphere. 

The properties given in the Introduction on Spherical 
G-eometry are applicable to the celestial sphere. A know- 
ledge of them will be assumed in what follows. 

4. Angular Distances and Angular Magnitudes. — 

Any plane through the observer will be represented on the 
celestial sphere by a great circle. The arc of the great 
circle ab (Fig. 6) represents the angle aOb or AOB which 
the stars A, B subtend at 0. This angle is generally 
measured in degrees, minutes, and seconds, and is called 
the angular distance between the stars. This angular 
distance must not be confused with their actual distance 
AB. In the same way, when we are dealing with a body 
of perceptible dimensions, such as the Sun or Moon (BF, 
Fig. 6), we shall define its angular diameter as the angle 
JDOF, subtended by a diameter at the observer’s eye. This 
angular diameter is measured by the arc df of the celestial 
sphere, that is, by the diameter of the projection of the 
body on the celestial sphere. From the figure it is evident 
that 

Od OB' 

Since BF is the actual linear diameter of the body, mea- 
sured in units of length, the last relation shows us that the 
angular diameter ((^) of a body varies directly as its linear 
diameter BF, and inversely as OB, the distance of the body 
from the observer’s eye. 

As the eye can only judge of the dimensions of a body from its 
angular magnitude, this result is illustrated by the fact that the 
nearer an object is to the eye the larger it looks, and vice verad. 
Thus, if the distance of the object be doubled, it will only look half 
as broad and half as high. This assumes the angle subtended by 
the body is so small that its sine equals its circular measure. 
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5. The Birections of the Stars are very approxi- 
mately iudependent of the Observer’s Position on 
the Earth. 

This is simply a consequence of the enormously great dis- 
tances of all the stars from the Earth. Thus, let 

/ X (Eig. 7) denote any star or other celestial body, 
S, E two different positions of the observer. If 
the distance SE be only a very small fraction of 
the distance &,the angle ExS will be very small, 
and this angle measures the diference between 
the directions of x as seen from E and from 8. 
In illustration, if we see a group of objects a 
^ mile or two off, then move an inch or two in any 

Fig. 7. direction, we shall observe no perceptible change 
in the apparent directions or relative positions of the objects. 

If Ex' be drawn parallel to 8x, the angle xEx' will be 
equal to Ex8, and will therefore be very small indeed. 
Hence, Ex will very nearly coincide in direction with Ex'. 
Thus, considering the vast distances of the stars, we see that 
The lines joining a Star to different points of the 
Earth may be considered as parallel.* 

The stars will, therefore, always be represented by the 
same points on a star globe, or celestial sphere, no matter 
what be the position of the observer. The great use of the 
celestial sphere in astronomy depends on this fact. 

6. Motion of Meteors. — ^The projection of bodies on the 
celestial sphere is well illustrated by the apparent motion 
of a swarm of meteors. Where such a swarm is moving 
uniformly, all the meteors describe (approximately) parallel 
straight lines. If we draw planes through these lines and 
the observer, they will intersect in a common line, namely, 
the line through the observer parallel to the direction of the 
common motion of the meteors. The planes will, therefore, 
cut the celestial sphere in great circles, having this line as 
their common diameter. These great circles represent the 
apparent paths of the meteors on the celestial sphere. The 
paths appear, therefore, to radiate from a common point, 
namely, one of the extremities of this diameter. 

This point is called the Radiant, and by observing its 
position the direction of motion of the meteors is determined. 
* This is not true in the case of the Sun, Moon, or Planets. 
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7. Zenith and Hadir. — Horizon. — If, through the 
observer, a line be drawn in the direction in which gravity 
acts (i.e. the direction indicated by a plumb-line), it will 
meet the celestial sphere in two points. One of these is 
vertically above the observer, and is called the Zenith; 
the other is vertically below the observer, and is called the 
Hadir. (Fig. 6, and Zy N, Fig. 8.) 

If the plane through the observer parallel to the surface 
of a liq[uid at rest be produced, it will cut the celestial 
sphere in a great circle. This great circle is called the 
Celestial Horizon. (Fig. 6, and sEnWy Fig. 8.) 

It is proved in Hydrostatics that the surface of a liquid 
at rest is a plane perpendicular to the direction of gravity. 
Hence, the celestial horizon is the great circle whose poles 
are the zenith and nadir. We might have defined the 
horizon by this property. 

From, the above definition, it is evident that, to an 
observer whose eye is close to the surface of the ocean, the 
celestial horizon forms the boundary of the visible portion 
of the celestial sphere. On land, however, the boundary, 
or visible horizon (as it is called), is always more or less 
irregular, owing to trees, mountains, and other objects. 

8. Diurnal Motion of the Stars. — If we observe the 
sky at different intervals during 
the night, we shall find that the 
stars always maintain the same 
configurations relative to one 
another, but that their actual 
situations in the sky, relative to 
the horizon, are continually 
changing. Some stars will set 
in the west, others will rise in 
the east. One star which is sit- 
uated in the constellation called 
the “Little Bear,’^ remains almost 
fixed. This star is called Polaris, or the Pole Star.^ All 
the other stars describe on the celestial sphere small circles 
(Fig. 8) having a common pole P very near the Pole Star, 
and the revolutions are performed in the same period of timet 
namely, about 23 hours 56 minutes of our ordinary time. 
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9. Celestial Poles, Bq.uator, and Meridian. — ^Tlie 
common motion of the stars may most easily he conceived 
by imagining them to he attached to the surface of a sphere 
which is made to revolve uniformly about the diameter PP'. 

The extremities of this diameter are called the Celestial 
Poles. That pole, P, which is above the horizon in northern 
latitudes is called the Nortli Pole, the other, P', is called 
the South Pole. 

The great circle, EQEW, having these two points for its 
poles, is called the Celestial Bq^uator. It is, therefore, 
the circle which would he traced out by the diurnal path 
of a star distant 90^^ from either pole. 



The Meridian is the great circle {FZF2T, Fig. 9) passing 
through the zenith and nadir and the celestial poles. It cuts 
both the horizon and equator at right angles [by Spher. 
G-eom. (12), since it passes through their poles] . 
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10. The Cardinal Points. — ^The East and West 
Points (JE7, TT, Fig. 9) are the points of intersection of the 
equator and horizon. The Korth and South Points 
(Nf 8) are the intersections of the meridian with the horizon. 

Verticals, — Secondaries to the horizon, i.e. great circles 
through the zenith and nadir, are called Vertical Circles, 
or, briefly, Verticals. Thus, the meridian is a yertical. 
The Prime Vertical is the vertical circle (ZENW) passing 
through the east and west points. 

Since P is the pole of the circle QJEB and Z is the pole 
of nEsW, therefore P, W are the poles of the meridian 
PZF'N, Hence the horizon, equator, and prime vertical 
which pass through P, TT, are all secondaries to the merid- 
ian ; they therefore all cut the meridian at right angles. 

11. Annual Motion of the Sun. — The Ecliptic. — 

The Sun, while participating in the general diurnal rotation 
of the heavens, possesses, in addition, an independent 
motion of its own relative to the stars. 

Imagine a star globe worked by clockwork so as to revolve 
about an axis pointing to the celestial pole in the same peri- 
odic time as the stars. On such a moving globe the directions 
of the stars will always be represented by the same points. 
During the daytime let the direction of the Sun be marked on 
the globe, and let this process be repeated every day f or ayear. 
We shall thus obtain on the globe a representation of the 
Sun’s path relative to the stars, and it will be found that — 

(i.) The Sun moves from west to east, and returns to the 
same position among the stars in the period called a year ; 

(ii.) The relative path on the celestial sphere is a great 
circle, inclined to the equator at an angle of about 23° 27'. 

This great circle {G T L diz, Fig. 9) is called the Ecliptic. 
We may, therefore, briefly define the ecliptic as the great 
circle which is the trace, on the celestial sphere, of the Sun’s 
annual path relative to the stars. 

The intersections of the ecliptic and equator are called 
Equinoctial Feints. One of them is called the First 
Foint of Aries ; this is the point through which the Sun 
passes when crossing from south to north of the equator, and 
it is usually denoted by the symbol t* The other is called 
the First Foint of Eibra, and is denoted by the symbol £i=. 
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12. Coordinates. — In Analytical Geometry, the position 
of a point in a plane is defined by two coordinates. In like 
manner, the position of a point on a sphere may be defined 
by means of two coordinates. Thus, the position of a place 
on the Earth is defined by the two coordinates, latitude and 
longitude. ^ For fixing the positions of celestial bodies, the 
following different systems of coordinates are used. 

13. Altitude or Zenith Distance and Azimuth. — Let 

Fig. 10 represent the celestial sphere, seen from overhead, and 
let X be any star. Draw the vertical circle ZxX. Then the 
position of x may be defined by either of the following pairs 
of coordinates, which are analogous to the Cartesian and 
polar coordinates of a point in a plane respectively : — 

(а) The arc sX and the arc Xx ; 

(б) The arc Zx and the angle sZx. 

Practically, however, the two systems are equivalent ; for, 
since Z is the pole of sX, ZX == 90°, therefore 

.Zaj = 90° — xX, and angle sZx = arc sX. 


TV 



Fig. 10. 


The Altitude of a star (Xx) is its angular distance from 
the horizon, measured along a vertical. 

The Zenith Distance (abbreviation, Z.D.) is its angular 
distance from the zenith (Zx), or the complement of the 
altitude. 

The Azimuth (sX or sZx) is the arc of the horizon inter- 
cepted between the south point and the vertical of the star, 
orthe angle which the star’s vertical makes with the meridian! 
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*14. Points of the Compass. — In practical applications of 
Astronomy to navigation, it is usual to measure the azimuth in 
“points ” and “ quarter points ” of the compass. The dial plate of 
a mariner’s compass is divided into 32 points, by repeatedly bisect- 
ing the right angles formed by the directions of the four cardinal 
points. Thus each point represents an angle of 1 If degrees. The 
points are again subdivided into “quarter points” of degrees. 
Starting from the north and going round towards the east, the 
various points are denoted as follows : — 

N., N. "byE., N.N.E., N.E. by N., N.B., N.B. byB., E.N.E., E. by N. 

E., E. by S., E.S,E,, S.E. by E., S.B., S.E. by S., S.S.E., S. by B. 

S., S. byW., S.S.W., S.W. byS., S.W., S.W. by W., W.S.W., W. by S. 

W., W. byN., W.N.W., KW. by W., N.W., N.W. by N., N.N.W., N. by W. 

The quarter points are denoted thus: — E.N.E. f E. means one 
quarter point to the eastward of E.K.E., that is, dj points, or 
70° 18' 45", from the north point, taken in an easterly direction. 

So, too, S.S. W. fW. means 2| points, or 28° 7' 30", measured from 
the south point westwards. 

15. Polar Distance, or Declination, and Hour Angle. 

— From tbe pole P, draw throiigli x the great circle JPxM ; 
this circle is a secondary to the equator JEQW, 

Then we may take for the coordinates of x the arc Px and 
the angle sPx. Or we may take the arc xM^ which is the 
complement of Px, and the arc QM", which = angle QPx. 

The north Polar Distance of a star (abbreviation, 
N.P.D.) is its angular distance (Px) from the celestial pole. 

The Declination (abbreviation, Decl.) is the angular 
distance from the equator (xM), measured along a secon- 
dary, and is, therefore, the complement of the 

The great circle PxM through the pole and the star is 
called the star’s Declination Circle. 

The Hour Angle of the star {ZPx) is the angle which 
the star’s declination circle makes with the meridian. 

The declination may be considered positive or negative, 
according as the star is to the north or south of the equator, 
but it is more usual to specify this by the letter N. or S., 
as the case may be, and this is called the name , of the 
declination. 

The hour angle is generally measured from the meridian 
towards the west, and is reckoned from 0° to 360°. 

Either the declination and hour angle or the N.P.D. and 
hour angle may be taken as tbe two coordinates of a star. 
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16. Declination and Right Ascension. — The position 
of a celestial body is, however, more frequently defined by 
its declination and right ascension. 

The declination has been already defined, in § 15, as the 
angular distance of the star from the equator, measured 
along a secondary, (xM, Fig. 11.) 

The Right Ascension (E.A.) is the arc of the equator 
intercepted between the foot of this secondary and the First 
Point of Aries. Thus, tM, Fig. 11, is the E.A. of the star x. 

The E.A. of a star is always measured from t eastwards 
reckoning from 0° to 360°. Thus the star w Fiscium, whose 
declination circle cuts the equator 1° 34' 18" west of t » 
has the E.A. 360° - T 34' 18", or 358° 25' 42". 





17. Celestial Latitude and Longitude. — The position 
of a celestial body may also be referred to the ecliptic 
instead of the equator. 

The Celestial Latitude is the angular distance of the 
body from the ecliptic, measured along a secondary to the 
ecliptic. (Ex, Fig. 11.) 

The Celestial Lonptude is the arc of the ecliptic 
intercepted between this secondary and the first point of 
Aries, measured eastwards from r • (tE", Pig. 11.) 
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Their Poles. 

Zenith, Z\ Nadir, Z', 

North Pole, P; South Pole, P'. 
East Point, P; West Point, TP. 
^ North Point, 7^; South Point, §. 
Ecliptic, tO:^L; Equinoctial Points, £ 1 :, viz.:— -Eh'st 

Point of Aries, t , and First Point of Libra, dh ; Yertical of 
Star, ZxX ; Declination Circle of Star, PxM. 


Gtrbat Circles. 
Horizon, riPsW. 
Equator, JSQWE. 
Meridian, ZsZ'n. 

Prime Yertical, ZEZ'W. 


z 



North Polar Distance, Paj. Hour Angle, QM = ZFx. 
Declination, Mx. Eight Ascension, r M. 

Celestial Latitude, Hb. Celestial Longitude, yJEL. 

Other Angles. — Obliquity of Ecliptic {%) =: CyQ, 
Observer’s Latitude (T) =.ZQ^ nP. Colatitude (c) = PZ. 

Notice that the circles on the remote side of the celestial sphere 
are doited. 
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Section II. The Diurnal Rotation of the Stars. 

22. Sidereal Day and Sidereal Time. — A Sidereal 

Day is the period of a complete revolution of the stars about 
the pole relative to the meridian and horizon. Like the 
common day it is divided into 24 hours (h.), and these are 
subdivided into 60 minutes (m.) of 60 seconds (s.) each. 
The sidereal day commences at “ Sidereal Woon,” i.e. the 
instant when the first point of Aries crosses the meridian. 

The Astronomical Clock, which is the clock used in 
observatories, indicates sidereal time. The hands should 
indicate Oh. Om. Os. when the first point of Aries crosses the 
meridian, and the hours are reckoned from Oh. up to 24h,, 
when T again comes to the meridian and a new day begins. 

From the facts stated in § 8, it appears that the sidereal 
day is about 4 minutes shorter than the ordinary day. The 
stars are observed to revolve about the pole at a ^perfectly 
uniform rate, so that the sidereal day is of invariable length, 
and the angles described by any star about the pole are pro- 
portional to the times of describing them. Thus, the hour 
angle of a star (measured towards the west) is proportional 
to the interval of sidereal time that has elapsed since the star 
was on the meridian. 

Now, in 24 sidereal hours the star comes round again to 
the meridian, after a complete revolution, the hour angle 
having increased from 0® to 360®. Hence the hour angle in- 
creases at the rate of 15® per hour. Hence, also, it increases 
15' per minute, or 15" per second. 

The hour angle of a star is, for this reason, generally 
measured by the number of hours, minutes, and seconds of 
sidereal time taken to describe it. It is then said to be 
expressed in time. Thus, 

The hour angle of a star, when expressed in time 
is the interval of sidereal time that has elapsed 
since the star was on the meridian. 

In particular, since the instant when r is on the meridian 
is the commencement of the sidereal day, we see that 

The sidereal time is the hour angle of the first 
point of Aries when expressed in time. 
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23 To reduce to angular measure any angle ex- 
pressed in time,— Multiply hy IS* The hours, minutes, and 
seconds of time 'will thus he reduced to degrees, minutes, and 
seconds of angle. 

Conversely, to reduce to time from angular measure 

^(;e must divide ly 15, and for degrees, minutes, and seconds, 
write hours, 'minutes, and seconds. 

Examples.—!. To find, in angular measure, the hour angle of a 
star at 15h. 21m. 60s. of sidereal time after its transit. 

The process stands thus— 

^ 15 21 60 

15 


230 27 30 

the angular measure of the hour angle is 230® 27 30 . ^ ^ 

2, To find the sidereal time required to describe 230“ 27' 30' 
(converse of Ex. 1). 

15)230 27 30 

15 21 W required time = IBh. 213U. BOa. 



24. Transits. — The passage of the star across the meri- 
dian is called its Transit. _ 

Let «, be the position of any star in transit (Fig. 13). 

The star’s U.A. z= rQ or rPQ = hour angle of t 
= sidereal time expressed in angle. 

Hence, the right ascension of a star, when ex- 
pressed in time, is equal to the sidereal time of its 
transit. 

In practice the R.A. of a star is nsually expressed in 
time. Thus, the R.A. of a is gi-ven in the tables as 
18h. 33m. 14'8s., and not as 278° IS’ 42". 
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Again, let z be tbe meridian zenitli distance Zx, con- 
sidered positive if the star transits north of the zenith, d 
the star’s north declination Qaj, and Z the north latitude 
QZ. We have evidently 

Qx = QZ + Zx ; 
d — I z 

or (starts N. decl.) 

= (lat. of observer) + (star’s meridian 2.D.) 

This formula will hold universally if decimation, latitude, 
and zenith distance are considered negative when south. 

Hence the B.A, and decl. of a star may he found hy 
observing its sidereal time of transit and its meridian Z.D., 
the latitude of the observatory being known. 

Conversely, if the E. A. and decl. of a star are known, we 
can, by observing its time of transit and meridian Z.D., deter- 
mine the sidereal time and the latitude of the observatory. 

By finding the sidereal time we may set the astronomical 
clock. 

A star whose E.A. and decl. have been tabulated, is 
called a known star. Actually its proper motion (page 
292) must also be known. 

In Chapter II. we shall describe an instrument called the 
Transit Circle, which is adapted for observing the times of 
transit and meridian zenith distances of celestial bodies. 

25. General Relation between R.A. and hour 
angle. — Let (Fig. 13) be any star not on the meridian. 
Then 

lQPx^ = LQPr — LtPx^ — LQPt — tM; 

hence, if angles are expressed in time, 

(star’s hour angle) = (sidereal time) — (star's R.A.). 

Hence, given the E.A. and decl. of a star, we can find its 
hour angle and H.P.D. at any given sidereal time, and by 
this means determine the star’s position on the observer’s 
celestial sphere. Or we can construct the star’s position 
thus — On the equator, in the westward direction from Q, 
measure ofi Q r equal to the sidereal time (reckoning 15° 
to the hour). Prom t eastwards , measure j'M equal to 
the star’s E.A. ; and from M, in the direction of the pole, 
measure off ^T^a,l to the star’s declination. We thus 
find the star x^. 
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^26. Transformations. — If the R.A. and deoL of a star are 
ffiven, its celestial latitude and longitude may be found, and vice 
versd ; but the calculations require spherical trigonometry. The 
process is analogous to changing the direction of the axes through 
an angle i, in plane coordinate geometry. Again, the Z.D. and 
azimuth may be calculated from the N.P.D. and hoim angle, by 
solving the triangle We know the coUtitude PZ, Pg, and 

L ZPxi^ and we have to determine Zxi and / QZx-i ( ISO - PZajj). 

In the last article we showed how to find the hour angle m 
terms of the R.A., or vice versd, the sidereal time being known. 
Hence we see that, given the coordinates of a star referred to one 
system, its coordinates referred to any other of the systems can be 
calotilated at any given instant of sidereal time. 

27, Ciilinmation and Sonthing of Stars. — A celestial 
body is said to culminate when its altitude is greatest or 
least. 

Since tlie fi.xed stars describe circles about the pole, it 
readily follows from Spherical Geometry (26)^ that a star at- 
tains its greatest or least zenith distance when on th e meridian , 
and, therefore, that its culmination is the same as its transit. 

This is not strictly the case with the Sun, Moon, or 
planets, because, owing to their independent motion, their 
polar distance is not constant ; hence they do not describe 
strictly a small circle about the pole. 

When a star transits S. of the zenith it is said to south. 

28. Circumpolar Stars,— A Circumpolar Star at any 

place is a star whose polar distance is less than the latitude 
of the place. Its declination must, therefore, be greater 
khan the colatitiide. 

On the meridian let Px and Px^ he measured, each equal 
to the N.P.D. of such a star (Tig. 14). Then a? and a?' will 
be the positions of the star at its transits. Since Px' < Pn, 
both x' and x will be above n. Hence, during a sidereal 
day a circumpolar star will transit twice, once above the 
pole (at x) and once below the pole (at x'), and both 
transits will be visible. The two transits are distinguished 
as the upper and lower culminations respectively, and 
they succeed one another at intervals of 12 sidereal hours 
(since xPx' = 180°). The altitude of the star is greatest 
at upper, and least at lower culmination, as may easily be 
seen from Spin Geom. (26) by considering the zenith 
distances. Hence the altitude is never less than and 
the star is always above the horizon. 
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Since nx — nP = Pa? = Pa?' =: nP — nx'^ 
nP = ^ (nx + nx') ; 

that is, 

The observer's latitude is half the sum of the 
altitudes of a circumpolar star at upper aud lower 
culminations. 

Also, Poj = -I (nx — nx') ; 

that is, 

The Star’s N.P.D. is half the difference of its 
two meridian altitudes. 



These results will require modification if the upper 
culmination takes place south of the zenith as at S. The 
meridian altitude will then be measured by sS, and not nS. 
Here, nS = 180° — sS, and we shall, therefore, have to 
replace the altitude at upper culmination by its sujp;plement. 

South Circumpolar Stars. — ^If the south polar dis- 
tance of a star is less than the north latitude of the ob- 
server, the star will always remain helow the horizon, and 
will, therefore, be invisible. Such a star is called a South 
Circumpolar Star. 

Example. — The constellation of the Southern Cross 
{Grux) is invisible in Europe, for the declination of its 
principal star, which forms the base of the cross, is 
62° 39' ^ ; therefore its south polar distance is 27° 21', and 
it will not be visible in north latitudes higher than 27° 21' 
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29. Rising, Sontliing, and Setting of Stars. — If the 

IST. and S. polar distances of a star are both greater than 
the latitnde, it -will transit alternately above and below the 
horizon. This shows that the star wiU be invisible during 
a certain portion of its diurnal course. Astronomically, 
the star is said to rise and set when it crosses the celestial 
horizon. 

Let b, y be the positions of any star when rising and 
setting respectively. 


71 



Fia. 15. 

In the spherical triangles Fnh, Pnh\ 

Ph = Py (each being the star’s IST.P.D.), 
right Z Pnl = right Z PnU, 
and Pn is common. 

Hence the triangles are equal in all respects ; therefore 

LnPh=: lnPh\ 

and the supplements of these angles are also equal, that is, 

l8Ph= /_sPy. 

But the angle sPh, when reduced to time, measures the 
interval of time tahen by the star to get from h to 
the meridian, and sPy measures the time taken from 
the meridian to ¥. Hence, 

The interval of time between rising and southing 
is equal to the interval between southing and setting. 
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Thus, if ty t' are the times of rising and setting, and T 
the time of transit, we have 

= T=i^(t+ t'), or 

The time of transit is the arithmetic mean between 
the times of rising and setting. 

In order to facilitate the calculations, tables have been constructed 
giving the values of ^ for different latitudes and declinations. 

If the observer’s latitude Pn and the star’s polar distance Pb are 
known, it is possible (by Spherical Trigonometry) to solve the right- 
angled triangle Pbn, and to calculate the angle nPb, and therefore 
also the angle bPs. By the rules given on p. xvii, 
cos bPn = cot hP tan Pn = tan deck tan lat. bPs = ISO® - bPn. 
This angle, when divided by 15, gives the time T - t. Moreover, 
the sidereal time of transit T is known, being equal to the star’s 
R.A. Hence the sidereal times of rising and setting can be found. 

If the star is on the equator, it will rise at 3 and set at W, 
Since JE7Q PFis a semicircle, exactly half the diurnal path will 
be above the horizon, and the interval between rising and 
setting will be 12 sidereal hours. If the star is to the north 
of the equator, it will rise at some point h between B and n, 
so that 

Z hPs > L BPs, 

i.e. Z&Ps>90°, 

and the star will be above the horizon for more than 12 
hours. Similarly, if the star is south of the equator, it 
will rise at a point c between JEJ and s, and will be above 
the horizon for less than 12 hours. 

From the equality of the triangles hPn, h'Pn (Fig. 15), 
we also see that 

nb = nV, and sh = sV. 

Hence the diameter (ws) of the celestial sphere, joining 
the north and south points, bisects the arc (bV) between 
the directions of a star at rising and setting. 

This gives us an easy method of roughly determining, 
by observation, the directions of the cardinal points ; but, 
owing to the usual irregularities in the visible horizon, the 
method is not very exact. 



20 


ASTRONOMY. 


Section III. — The Sun^s Annual Motion in the Ucliptic — 
The Moon's Motion — Fmctical Applications. 

30. The Sun’s Motion in Longitude, E,ight Ascen- 
sion and Declination.— In § 11, we briefly described 
the Sun’s apparent motion in the heavens relative to the 
fixed stars. We defined a Year as the period of a complete 
revolution, starting from and returning to any fixed point 
on the celestial sphere. The Ecliptic was defined as the 
great circle traced out by the Sun’s path, and its points of 
intersection with the Equator were termed the First Point 
of Aries and First Point of Libra, or together, the 
Equinoctial Points, 

We shall now trace, by the aid of Eig. 16, the variations in 
the Sun’s coordinates during the course of a year, starting 
wifti March 21st,* when the Sun is in the first point of Aries. 
We shall, as usual, denote the obliquity by i so that i = 23° 
27^ nearly. 



On March 21st the Sun crosses the equator, passing 
through the first point of Aries ( T). This is the Vernal 
Equinox, and it is evident from the figure that 

Sun’s longitude = 0°, E».A. = Oh, Decl. == O - 

From March 21st to June 21st the Sun’s declination is 
north, and is increasing. 

* Owing mainly to the fact that the year is not an integral number 
of days, such dates vary somewhat from year to year. 
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On June 21st the Sun has described an arc of 90° from 
Y' on the ecliptic, and is at C (Fig. 16). This is called 
the Summer Solstice. If we draw the declination circle 
POQ, the spherical triangle T CQ is of the kind described 
in Sph. Geom. (21), and CP is a secondary to the ecliptic. 
Hence (Sph. Geom. 26) the Sun’s polar distance OP is a 
minimum and therefore its deck a maximum. 

Also T G = 90° and OQ = Z 0 r Q = k Hence 

Sun’s longitude = 90°, = 90° = 6h., 

W. Decl. = i (a maximum). 

From June 21 to September 23 the Sun’s declination is 
still north, but is decreasing. 

On September 23rd the Sun has described 180°, an4 is 
at the first point of Libra (— ), the other extremity of the 
common diameter of the ecliptic and ec^^uator. This is the 
Autumnal Equinox, and we have 

Sun’s long, = 180°, R.A. = 180° = 12b., Decl. = 0° 

From Sept. 23 to Dec. 22 the Sun is south of the equator, 
and its south declination is increasing. 

On December 22nd the Sun has described 270° from_ r, 
and is at L (Pig- 16). This is called the Winter Solstice. 
We have £1: X = 90°, and the triangle £1= BL has two right 
angles at B, L (Sph. Geom. 21), The Sun’s polar dis- 
tance LP is a maximum (Sph. Geom. 26), and 

£hE=£bX = 90°, XP = ZX£i=P = i Hence 

Sun’s longitude = 270°, E>.A. = 270° = 18b., 

S. Decl. = i (a maximum). 

Prom December 22 to March 21 the Sun’s declination is 
still south, but is decreasing. 

Finally, on March 21, when the Sun has performed a 
complete circuit of the ecliptic, we have 

Sun’s long. = 360°, Ei.A. = 360° = 24h., Decl. = O . 

The longitude and E.A. are again reckoned as zero, and 
they, together with the declination, undergo the same cycle 
of changes in the following year. 
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31. Sun's VariaMe Motion in B.A.— We observe that 
the Sun’s right ascension is equal to its longitude four times 
in the year, viz. at the t-wo equinoxes and the two solstices. 

At other times this is not the case. 

Eor example, between the vernal equinox and summer 
solstice we have T3f<T^» Sun’s E.A. < longitude. 

Hence, even if the Sun’s motion in longitude be supposed 
uniform, its E.A. will not increase quite uniformly. There 
is a further cause of the want of uniformity, namely, that 
the Sun’s motion in longitude is not quite uniform ; but 
this need not be considered in the present chapter. 



32. Direct and Retrograde Motions. — The direction of 
the Sun’s annual revolution relative to the stars, i.e. motion 
from west through south to east, is called direct. The 
opposite direction, that of the diurnal apparent motions of 
the stars or revolution from east lowest, is called retrograde. 

The real revolutions of all bodies forming the solar 
system, with the exception of many comets and eight satel- 
lites are direct, but as seen from the Earth the planets fre- 
quently appear to have retrograde motion. See Chapter X. 

We shall see in Chapter III. that the apparent 
diurnal motion may be accounted for by the direct rotation 
of the Earth about its polar axis. 
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33. Equinoctial and Solstitial Points — Colures, — 
Prom § 30 it appears that the Summer and Winter Solstices 
may be defined as the times of the year when the Sun attains 
its greatest north and south declinations respectively. The 
corresponding positions of the Sun in the ecliptic (0, L, 
Pig. 17) are called the Solstitial Points. In the same way 
the Equinoctial Points ( t > ^ ) a>re the positions of the 
Sun at the Vernal and Autumnal Equinoxes when its 
declination is zero. 

The declination circle PtP'— » passing through the equi- 
noctial points, is called the Equinoctial Oolure. The 
declination circle F OF passing through the solstiti al points, 
is called the Solstitial Colure. The latter passes through 
the poles of the ecliptic (X, K'). 

34. To find the Sun’s Bight Ascension and Decli- 
nation. — ^In the ‘'Nautical Almanack,”'^ the Sun’s E.A. 
and declination at noon are tabulated for every day of the 
year. Their hourly variations are also given in an adjoining 
column. To find their values at any time of the day, 
we only have to multiply the hourly variation by the 
number of hours that have elapsed since the preceding noon, 
and add to the value at that noon. 

Example.— To find the Sun’s R.A. and deol. on September 4, 1891 
at 5h. 18m. in the afternoon. We find from the Almanack for 1891 
under September 4 : — 

Sun’s R.A. at noon = lOh. 52m. 15s., hourly variation 9 •04s. 

N. Decl. at noon = T 12' 12 " ,, ,, 55*4" 

(1) R.A. at noon = lOh. 52m. 15s. 

Increase in 6h. = 9'04s. x 5 = 45*2 

„ 18m. = 2*7 

.'. R.A. at 5h. 18m. = lOh. 63m. 3s. 

(2) From the Almanack, deol. is less on September 5, and is 
therefore decreasing, 

N. Deol. at noon = T 12' 12" 

Decrease in 5h. = 55*4" x 5 — 4' 37" \ To be 

j» ISui* = 17" j subtracted. 

.*. N. Decl. at 5h. 18m. = 7° 7' 18" 


* From 1931 onwards the Nautical Almanac gives these quantities 
for midnight instead of noon, and we must multiply the hourly 
variations by the number of hours from the nearest midnight. 
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35. Biougk Betermination of tlie Sun’s R.A. — We 

can, without the Nautical Almanach,” find to within a 
degree or two, the Sun’s E.A. on any given date, as follows : — 
A year contains 365 J days. In this period the Sun’s E. A. 
increases by 360°. Hence its average rate of increase is very 
nearly 30° per month, or 1° per day. 

Knowing the Sun’s E.A. at the nearest equinox or solstice, 
we add 1° for every day later, or subtract 1° for every day 
before that epoch. If the E.A. is required in time, we allow 
for the increase at the rate of 2h. per month, or 4in. per day. 

36. Solar Time. — Apparent Woon is the time of the 
Sun’s upper transit across the meridian, that is, in north 
latitudes, the time when the Sun souths. Apparent Mid- 
night is the time of the Sun’s transit across the meridian 
below the pole (and usually below the horizon) . 

An Apparent Solar Day is the interval between two 
consecutive apparent noons, or two consecutive midnights. 

Like the sidereal day, the solar day is divided into 24 hours, 
which are again divided into 60 minutes of 60 seconds each. 
Tor ordinary purposes the day is divided into two portions : 
the morning, lasting from midnight to noon j the evening, 
from noon till midnight ; and in each portion times are 
reckoned from Oh. (usually called 12h.) up to 12h. For 
astronomical purposes the practice up to the end of the 
year 1924 was to measure the solar time by the number of 
solar hours that have elapsed since the preceding noon. 
Thus, 6.80 A..M. on January 2nd was reckoned, astrono- 
mically, as 18h. 30m. on January 1st. On the other hand, 
12.68 p.M. was reckoned as Oh. 63m., being 63 minutes 
past noon. 

Since the beginning of the year 1925 the astronomical 
day has been considered to begin at midnight, like the 
civil day. But the former astronomical method occurs so 
frequently in astronomical works that the student should 
be acquainted with it. 

During a solar day the Sun’s hour angle increases from 0° 
to 360° at the rate of 15° per hour. Hence : — 

apparent solar time 

= Sun’s hour angle expressed in time. 
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At noon the Snn is on the meridian. The sidereal time, 
being the hour angle of t, is the same as the Sun’s E.A., i.e. 

Sidereal time of apparent noon = Sun’s Hi.A. at noon. 

At any other time, the difference between the sidereal and 
solar times, being the difference between the hour angles of 
T and the Sun, is equal to the Sun’s E.A. Hence, as in 
§ 25, we have 

(Sidereal time) — (apparent solar time) = Sun’s 

If a and a+a? are the right ascensions of the Sun at two 
consecutive noons, then, sincea'whole day has elapsed between 
the transits, the total sidereal interval is 24h. aj, and exceeds a 
sidereal day by the amount a?. But the interval is a solar day. 

Hence, the solar day is longer than the sidereal 
day, and the difference is equal to the sun’s daily 
motion in B.A.^ 

87. Morning and Evening Stars. — Sunrise and 
Sunset. — When a star rises shortly before the Sun, and in 
the same part of the horizon, it is called a Morning Star. 
Such a star is then only visible for a short time before sunrise. 
When a star sets shortly after the Sun, and in the same part 
of the horizon, it is called an Evening Star. It is then 
only visible just after sunset. 

It will be readily seen from a figure, that a star will be a 
morning star if its decl. is nearly the same as the Sun’s, while 
its E.A. is rather less. Similarly, a star will be an evening 
star if its decl. is nearly the same as the Sun’s, but its E.A. 
somewhat greater. Thus, as the Sun’s E.A. increases, the 
stars which are evening stars will become too near the Sun to 
be visible, and will subsequently reappear as morning stars. 

The times of sunrise and sunset are calculated in the 
manner described in § 29 . The hour angles of the Sun, when 
crossing the eastern and western horizons, determine the 
intervals of solar time between sunrise, apparent noon, and 
sunset. The two intervals are equal, if the Sun’s decl. be 
supposed constant from sunrise to sunset — a result very 
approximately true, since the change of decl. is always 
small. It is about 1' hourly at the equinoxes. 

* Owing to the sun’s variable motion in R.A., the apparent solar day is notq^uite 
of constant length. In the present chapter, however, it may be regarded as 
approximately constant. 
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38. The Gnomon. — Determination of Obliq^nity of 
Ecliptic. — The Grreek astronomers observed tbe Sun’s 
motion by means of the G-nomon, an instrument consisting 
essentially of a vertical rod standing in the centre of a hori- 
zontal floor. The direction of the shadow cast by the Sun 
determined the Sun’s azimuth, while the length of the shadow, 
divided by the height of the rod, gave the tangent of the 
Sun’ s zenith distance. To find the meridian line, a circle was 
described about the rod as centre, and the directions of the 
shadow were noted when its extremity just touched the circle 
before and after noon. The sun’s Z.D.’s at these two 
instants being equal, their azimuths were evidently (Sph. 
Geom. 27) equal and opposite, and the bisector of the angle 
between the two directions was therefore the meridian line. 

The Sun’s meridian zenith distances were then observed 
both at the summer solstice, when the Sun’s N. decl. is i and 
meridian Z.B. least, and at the winter solstice, when the Sun’s 
S. decl. is i and meridian Z.B. greatest. Let these Z.B.’s be 
and respectively, and let I be the latitude of the place of 
observation. From § 24, we readily see that 
= Z — i, 2 ;.^ = Z -f i, 

••• ^ = 5 (% + «i)., = I (% - «i) ; 
thus determining both the latitude and the obliquity. 

39, The Zodiac. — The position of the ecliptic was defined 
by the ancients by means of the constellations of the Zodiac, 
which are twelve groups of stars, distributed at about equal 
distances round a belt or zone, and extending about 8° on 
each side of the ecliptic. The Sun and planets were observed 
to remain always within this belt. The vernal and autumnal 
equinoctial points were formerly situated in the constellations 
of Ajries and Libra, whence they were called the First Point 
of Aries and the First Point of Libra. Their positions are 
very slowly varying, but the old names are still retained. 
Thus, the “First Point of Aries” is now situated in the 
constellation Pisces. 

The early astronomers probably determined the Sun’s annual 
path by noting the morning and evening stars. After a year the 
same stars would be seen, and it would be concluded that the Sun 
performed a revolution in a year. We learn from Egyptian records 
that the heliacal rising of Sirius, i.e, the first occasion the star was 
seen in morning twilight, was noted with special care. 
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40. Motion of the Moon. — The Moon describes among 
the stars a great circle of the celestial sphere, inclined to 
the ecliptic at an angle of about 5°. The motion is direct, 
and the period of a complete ‘‘ sidereal ’’ revolution is about 
27-^ days. In this time the Moon’s celestial longitude in- 
creases by 360°. 

When the Moon has the same longitude as the Sun, it is 
said to be Wew Moon, and the period between consecutive 
new Moons is called a Lunation. When the Moon has 
described 360° from new Moon, it will again be at the 
same point among the stars ; but the Sun will have moved 
forward, so that the Moon wiU have a little further to go 
before it catches up the Sun again. Hence the lunation 
will be rather longer than the period of a sidereal revolu- 
tion, being about 29^ days. 

The Age of the Moon is the number of days which have 
elapsed since the preceding new Moon. Since the Moon 
separates 360° from the Sun in 29J days, it will separate at 
the rate of about 12°, or more accurately 12|-°, per day, 
or 30' per hour. This enables us to calculate roughly the 
Moon’s angular distance from the Sun, when the age of the 
Moon is given, and conversely, to determine the Moon’s 
age when its angular distance is given. 

Example. — On September 23, 1891, the Moon is 20 days old. 
To find roughly its angular distance from the Sun and its longitude 
on that day. 

(1) In one day the Moon separates 12J-'’ from the Sun ; therefore, 
in 20 days it will have separated 20 X 12^, or 244°, and this is the 
required angular distance from the Sun. 

(2) On September 23 the Sun’s longitude is 180° ; therefore the 
Moon’s longitude is 180° + 244° = 424° = 360° + 64°, or 64°. 

This method only gives very rough results ; for the 
Moon’s motion is far from uniform, and the variations 
follow very complex laws. 

Moreover, the plane of the moon’s orbit is not fixed, but 
its intersections with the ecliptic (called the Nodes) have a 
retrograde motion of 19° per year. However, for rough 
purposes, it is possible to neglect the small inclination of 
the Moon’s orbit, and to consider the Moon in the ecliptic. 
If greater accuracy be required, the Moon’s decl. and E.A. 
inay be found from the Hautical Almanac. 

ASTROH. 3 
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41. Astronomical Diagrams and Practical Applica- 
tions.— We can now solve many problems connected with 
the motion of the celestial bodies, such as determining the 
direction in which a given star will be seen from a given 
place, at a given time, on a given date, or finding the time 
of day at which a given star souths at a given time of year. 

We have, on the celestial sphere, certain circles, such as 
the meridian, horizon, and prime vertical, also certain 
points, such as the zenith and cardinal points, whose posi- 
tions relative to terrestrial objects always remain the same. 
Besides these, we have the poles and equator, which remain 
fixed, with reference loth to terrestrial objects and to the 
fixed stars. We have also certain points, such as the 
equinoctial points, and certain circles, such as the ecliptic, 
which partake of the diurnal motion of the stars, per- 
forming a retrograde revolution about the pole once in a 
sidereal day. Lastly, we have the Sun, which moves in the 
ecliptic, performing one retrograde revolution relative to the 
meridian in a solar day, or one direct revolution relative to 
the stars in a year, and whose hour angle measures solar time. 

In drawing a diagram of the celestial sphere, the posi- 
tions of the meridian, horizon, zenith, and cardinal points 
should first he represented, usually in the positions shown 
in Big. 18. Knowing the latitude nP of the place, we find 
the pole P. The points Q, P, where the equator cuts the 
meridian, are found by making PQ = PP = 90® ; and the 
points Q, P, with P, W, enable us to draw the equator. 

We now have to find the equinoctial points. How to do 
this depends on the data of the problem. Thus we may 
have given — 

(i.) The sidereal time ; 

(ii.) The hour angle of a star of known K.A. and deck ; 

(iii.) The time of (solar) day and time of year. 

In case (i,), the sidereal time multiplied by 15 gives, in 
degrees/the hour angle (Qr) of the first point of Aries. 
Measuring this angle from the meridian westwards, we find 
Aries, and take Libra opposite to it. Any star of known 
deck and E.A. can he now found by taking on the equator 
star’s E,A,, and taking on ifP, Mx star’s deck 
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The ecliptic may be drawn passing tlirougli Aries and 
Libra, and inclined to the equator at an angle of about 
23|-° (just over J right angle). As we go round from west 
to east, or in the direct sense, the ecliptic passes from south 
to north of the equator at Axies ; this shows on which side 
to represent the ecliptic. Knowing the time of year, we 
now find the Sun (roughly) by supposing it to travel to or 
from the nearest equinox or solstice about 1° per day from 
west to east. Tinally, if the Moon’s age be given, we find 
the Moon by measuring 12-|° per day, or 80' per hour east- 
wards from the Sun. 



In case (ii.), we either know the hour angle, QM or QFM. 
of a known star (a?), or, what is the same thing, the sidereal 
interval since its transit ; or, in particular, it is given that 
the star is on the meridian. Each of these data deter- 
mines M, the foot of the star’s declination circle. Erom 
M we measure M t westwards equal to the star’s R.A. 
This finds Aries 
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In case (iii.), the solar time multiplied by 15 gives the 
Sun’s hour angle QPS in degrees. From the time of year 
we can find the Sun’s E.A., tPS. From these we find 
QPt and obtain the position of Aries just as in case (ii.). 

It will be convenient to remember that azimuth and hour 
angle are measured from the southern meridian westwards, 
while right ascension and celestial longitude are measured 
from the first point of Aries eastwards. Thus, since the 
Sun’s diurnal motion is retrograde, and its annual motion 
direct, the Sun’s azimuth, hour angle, E.A., and longitude 
are all increasing. 

Most problems of this class depend for their solution 
chiefiy on the consideration of arcs measured along the 
eq,uator, or (what amounts to the same) angles measured 
at the pole. 

In another class of problems depending on the relation 
between the latitude, a star’s decl. and meridian altitude 
(§ 24), we have to deal with arcs measured along the meri- 
dian. These two classes include nearly all problems on the 
celestial sphere which do not require spherical trigonometry. 

Examples. 

1. To represent, in a diagram, the positions of the Sun and Moon, 
and the star ^ Herculia as seen by an observer in London on Aug. 1 9, 
1891,^ab 8 p.ra., the following data being given : — Latitude of London 
= 5r, Moon’s age at noon on Aug. 19 = 14 days 19 hours, Moon’s 
latitude = 2'’S., R.A. of t HerciUia « 16h. 37m., decl. = 3F 48' N, 

The construction must be performed in the following order : — 

(i.) Draw the observer’s celestial sphere, putting in the meridian, 
horizon, zenith JZ', and four cardinal points n, s, ff. 

(ii. ) Indicate the position of the pole and equator. The observer’s 
latitude is sr. Make, therefore, nP = 51°. P will be the polo. 
Take PQ = PB = 90®, and thus draw the equator, QEB W, 

^ (iii.) Find the declination circle passing through the Sun. The 
time of day is 8 p.m. Therefore the Sun’s hour angle is 8 x 15°, or 
120. On the equator measure Q£ = 120° westwards from the 
meridian. Then the Sun © will lie on the declination circle PK. 
Since Q W = 90°, we may find E by taking WE = 30° = | WB. 

(iv.) Find the first points of Aries and Libra. The date of obser- 
vation is August 19. Now, on September 23 the Sun is at Also 
from August 19 to September 23 is 1 month 4 days. In this 
interval the Sun travels about 34° from west to east. Hence the 
bun is 34 west of And we must measure Edl = 34° eastwards 
from o, and thus find =2:, 

The first point of Aries ( T ) is the opposite point on the equator. 
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(v.) We may now draw the ecliptic O'T L€h passing through the 
first points of Aries and Libra, and inclined to the equator at an 
angle of about 23|° {i.e. slightly over J of a right angle). The Sun 
is above the equator on August 19th ; hence the ecliptic cuts PK 
above A. This shows on which side of the equator the ecliptic is to 
be drawn ; we might settle this by remembering that the ecliptic rises 
above the equator in the direction of increasing longitude from^ T . 

The intersection of the ecliptic with PK determines ©, the position 
of the Sun. 


2 



(vi.) Having found T, we can now find t PCerculia. Its right 
ascension is 16h. 37m., in time, = 249° 15' in angular measure. On 
the equator measure off TM = 249° 15' in the direction west to east 
{le. the direction of direct motion) from T ; we must, therefore, 
take £b Jf = 69° 15'. On the declination circle MP, measure off 
Mx = 31° 48' towards P. Then x is the required position of 
^ Rerculis. 

(vii. ) Find the Moon. At 8 p.m. the Moon’s age is 14d. 19h. + 8h, 
= 15d. 3h. Hence, the Moon has separated from the Sun by 
about 185° in the direction west to east. Measure off © ]) = 185° 
from west to east, and put in ]) about 2° below the ecliptic. The 
Moon’s position is thus found. 
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(i^o^ghly) at wliat time of year the Star a 07/<mi 
(R.A. = 20h. B8m., deol. = 44° 53' S’.) souths at 7 p.m. 

Let a be the position of the star on the meridian (Fig. 20). At 
7 p.m. the Sun’s western hour angle {QS or QPS) = 7h. == 105° 

Also Ti^ ft the Star’s R.A. = 20h« 
38m. Hence XRS, the Sun’s R.A. 
= 20h. 38m. - 7h. = 13h. 38m. ; or, 
in angular measure, Sun’s R.A. = 
204° 30'. Now, on September 23, 
Sun’s R. A. = 180°, and it increases at 
about 1° per day. Hence the Sun’s 
^ R.A. will be 204° about 24 days later, 
t.e. about October ITth. 

3. At noon on the longest day (June 
21) a vertical rod casts on a horizontal 
plane a shadow whose length is equal 
, to the height of the rod. To find 

the latitude of the place and the Sun’s altitude at midnight. 




Fio. 21. 

From the data, the Sun’s Z.D. at noon, .ZQ, evidently = 45°. 
Also, if Qi? be the equator, = Sun’s deol. =i= 23° 27' (approx.) ; 

.*. latitude of place = .Z'Q = 45° + 23° 27' = 68° 27'. 

If O' be the Sun’s position at midnight, 

PQ' = PQ = 90° - 23“27' = 66°33'. 

P^^ = lat. =:68°27'. 

O = 68° 27 ~ 66° 33' « 1°54' j 

Sdnight above the horizon at an alt. of 1° 64' at 
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EXAMPLES.— I. 


1. Why are the following definitions alone insufficient ? — The 
zenith and nadir are the poles of the horizon. The horizon is the 
great circle of the celestial sphere whose plane is perpendicular to 
the line joining the zenith and nadir. 

2. The E.A. of an equatorial star is 270'’; determine approxi- 
mately the times at which this star rises and sets on the 21st June. 
In what quarter of the heavens should we look for the star at 
midnight ? 

3. Explain how to determine the position of the ecliptic relatively 
to an observer at a given hour on a given day. Indicate the position 
of the ecliptic relatively to an observer at Cambridge at 10 p.m. at 
the autumnal equinox. (Lat. of Cambridge == 52® 12' 51 *6". ) 

4. Prove geometrically that the least of the angles subtended at 
an observer by a given star and different points of the horizon is 
that which measures the star’s altitude. 

5. Show that in latitude 52° 13' X. no circumpolar star when 
southing can be within 75® 34' of the horizon. 

6. Represent in a figure the position of the ecliptic at sunrise on 
March 21st as seen by an observer in latitude 45°. Also in lati- 
tude 67|®. 

7. If the ecliptic were visible in the first part of the preceding 
question, describe the variations which would take place during the 
day in the positions of its points of intersection with the horizon. 

8. Determine when the star whose declination is 30° N. and 
whose R.A. is 356° will cross the meridian at midnight. 

9. The declination and R.A. of a given star are 22° N. and 
6h. 20m. respectively. At what period of the year will it be (i.) a 
morning, (ii.) an evening star? In what part of the sky would you 
then look for it ? 

10. Find the Sun’s R.A. (roughly) on January 25th, and thus 
determine about what time Aldeha,7'an (R.A. 4h. 29m.) will cross 
the meridian that night. 

11. Where and at what time of the year would you look for 
Fomalliaut? (R.A. 22h. 51m., deck 30°. 16' S.) 

12. At the summer solstice the meridian altitude of the Sun is 
75°. What is the latitude of the place ? What will be the meridian 
altitude of the Sun at the equinoxes and at the winter solstice ? 



34 


ASTBONOMt^. 


EXAMINATION PAPER.-I. 


1. Explain how the directions of stars can be represented by 
means of points on a sphere. Explain why the contigurations of 
the constellations do not depend on the position of the observer, 
and why the angalar distance of two different bodies on the celestial 
sphere gives no idea of the actual distance between them. 

2. Define the terms — horizon^ meridian, zmith, nadir, equator, 
ecliptic, vertical, prime vertical, and represent their positions in a 
figure. 

3. Explain the use of coordinates in fixing the position of a body 
on the celestial sphere, and define the terms-— azirrmih, 
polar distance, hour angle, right asceneion, declination, longitude, 
latitude. Which of these coordinates always remain constant for 
the same. star ? 


4. Define the obliquity oj the ecliptic and the latitude of the 
observer. Give (roughly) the value of the obliquity, and of the 
latitude of London. Indicate in a diagram of the celestial sphere 
twelve different arcs and angles which are equal to the latitude of 
the observer. 

5. What is meant by a sidereal day and a sidereal hour ? How 
could you find the length of a sidereal day without using a tele- 
scope? Why is sidereal time of suoh great use in connection with 
astronomical observations ? 


6. Show that the declination and right ascension of a celestial 
body can be determined by meridian observations alone. 

7. What is meant by a amfcmj9c»?ar star? What is the limit of 

declination for stars which are circumpolar in latitude 60® N.? 
Indicate in a diagram the belt of the celestial sphere containing all 
the stars which rise and set. ® 


8. Define the terms- equinoxes, solstices, equinoctial and 
solstitial points,^ equinoctial and solstitial colures. What are the 
dates of the equinoxes and solstices, and what are the corresponding 
values of the Sun’s declination, longitude, and right ascension? 
Eind the Sun’s greatest and least meridian altitudes at London. 

9. Why is it that the interval between two transits of the Sun or 
Moon is rather greater than a sidereal day ? Show how the Sun’s 
R.A. may be found (roughly) on any given date, and find it on 
July 2nd, expressed in hours, minutes, and seconds. 


10. Indicate (roughly) in a diagram the positions o. a. 
stars as seen in latitude 5r on July 2nd at 10 p.m. 

5h. 10m. 47a., decl. 45® 55'6'' N); a Lyr^ (RA 18hS lif’ 
deel. 38® 42 30" N); a Scorpii (R.A. 16h. 24m. 30s., d^l 26® 15' 
20" S.) ; a Ursae Majons (R.A. lOh. 58m. 48s., decl. 62° 10' 59" K.) 



CHAPTER II. 


THE OBSEEVATOEY. 

Section I. — Instruments adapted for Meridian Observations. 

42. One of tlie most important problems of practical astro- 
nomy is to determine, by observation, the right ascension and 
declination of a celestial body. We have seen in Chapter I. 
that these coordinates not only suffice to fix the position of a 
star relative to neighbouring stars, but they also enable ns to 
find the direction in which the star may be seen from a given 
place at a given time of day on a given date (§ 41). More- 
over, it is evident that by determining every day the decli- 
nation and right ascension of the Sun, the Moon, or a planet, 
the paths of these bodies relative to the stars can be mapped 
out on the celestial sphere and their motions investigated. 

In Section II. of the preceding chapter we showed that 
the right ascension and declination of a star can be deter- 
mined by observations made when the star is on the meridian. 
We proved the following results : — 

The star’s E.A. measured in time is equal to the time of 
transit indicated by a sidereal clock (§ 24). 

The star’s north decl. d can be found from z its meridian 
zenith distance, and I the latitude of the observatory by the 

formula d == I + z, 

where if the decl. is south d is negative, and if the star tran- 
sits south of the zenith z is negative (§ 24). 

Lastly, I can be found by observing the altitudes of a 
circumpolar star at its two culminations, and is therefore 
known (§ 28) . 
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Hence the most essential requisites of an observa|}ory must 
include (i.) a clock to measure sidereal time, (ii.) a telescope 
so fitted as to be always pointed in the meridian, provided 
with graduated circles to measure its inclination to tbe ver- 
tical, and with certain marks to fix the position of a star in 
its field of view. 

43. The Sidereal Clock is a clock regulated to indicate 
sidereal time. It should be set to mark Oh. Om. Os, at the 
time when the first point of Aries crosses the meridian. 
I It will therefore gain about 4 minutes per day 
on an ordinary clock, or a whole day in the 
course of a year (§§ 22, 36). 

The clock is provided with a seconds hand, and 
the pendulum beats once every second, produc- 
ing audible “ticks”; hence an observer can 
estimate times by counting the ticks, whilst he 
is watching a star through a telescope. 

The pendulum is a compensating pendu- 
lum, or one whose period of oscillation is un- 
affected by changes of temperature. The alloy 
invar is employed for the pendulum rod. It 
has a very small coefficient of expansion, 
Moreover, the clock is frequently enclosed in an 
air-tight case, partially exhausted of air, and 
the temperature is kept constant by the use of 
a thermostat, which regulates the amount id 
the current in an electric heater. These 
methods have generally superseded the use of 
Q-raham’s Mercurial (Fig. 22) or Harrison’s 
Grridiron Pendulums, which were formerly em- 
Fro, 22. ployed. 
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44. The Astronomical Telescope (Fig. 23) consists 
essentially of two convex lenses, or systems of lenses, 0 and 
O', fixed at opposite ends of a metal tube, and called the 
object-glass and eye-piece respectively. The former lens 
receives tbe rays of light from the stars or other distant 
objects, and forms an inverted "image (ah) of the objects. 
The centre 0 of the round object-glass is called its optical 
centre,’^ and the image is produced as follows : — Let AAA 
be a pencil of rays from a distant star. By traversing the 
object-glass these rays are refracted or bent towards the 
middle ray AO, which alone is unchanged in direction. The 
rays all converge to a common point or “ focus ” at a point a 
in j 40 produced, and, if received by the eye after passing a, 
they would appear to emanate from a luminous point or 
image ” of the star at a. 

Similarly, the rays JBBB, coming from another distant star, 
will converge to a focus at a point I in. BO produced, and 
will give the effect of an “ image ” of the star at h. All 
these images (a, h) lie in a certain plane called the /ocaZ 
plane of the object-glass, and they form a kind of picture or 
image of such stars as are in the field of view. 

The eye-piece O' acts as a kind of magnifying glass, and 
enlarges the image ab just as if it were a small object placed 
in the focal plane FN, The figure shows how a second 
image A'B' is formed by the direction of the pencils of light 
after refraction through O'. This is the final image seen on 
looking through the telescope. The eye must be placed in the 
plane FE, so as to receive the pencils from A\ JB'. 

If, now, a framework of fine wires or spider’s threads 
(Big. 25) be stretched across the tube in the focal plane 
FN, these wires, together with the image (at), wfll be 
equally magnified by the eye-piece. They will thus be 
seen in focus simultaneously with the stars, and the field 
of view will appear crossed by a series of perfectly distinct 
lines, which will enable us to fix any star’s position, and 
thus determine its exact direction in space. Suppose, for 
example, that we have two wires crossing one another at the 
point F\ and the telescope is so adjusted that the image of a 
star coincides with F', then we know that the star lies in the 
line joining JP' to the optical centre 0 of the object-glass. 
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45. The Transit Circle (Figs. 24, 26) is the instrument 
used for determining both right ascension and declination. 
It consists of a telescope, ST, attached perpendicularly to 
a light, rigid axis, WPFJE, hollow in the interior. The ex- 
tremities of this axis are made in the form of cylindrical 
pivots, U, W, which are capable of revolving freely in two 
lixed forks, called T’s, from their shape. These Y’s rest on 
piers of solid stone, built on the firmest possible foundations, 
and they are carefully fixed, so as always to keep the axis 
exactly horizontal and pointing due east and west. 


T 



Inorchu’to diminish theelfectof frkjtion in wearing away 
the pivots, tlio axis is also partially supported at P, P uptui 
friction rollers (not represented in the figure) attached ton 
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system of levers (Q, Q) and connterpoises (E, B) placed 
within the piers. These support about four-fifths of the 
weight of the telescope, leaving sufficient pressure on the 
Y’s to ensure their keeping the axis fixed. 

Within the telescope tube, in the focal plane of the object- 
glass (§ 44), is fixed a framework of cross wires, presenting 
the appearance shown in Fig. 25. Five, or sometimes seven, 
wires appear vertical, and two appear horizontal. Of the 
latter, one bisects the field of view ; the other is movable up 
and down by means of a screw, whose head is divided by 
graduation marks which indicate the position of the wire. 

The fixed horizontal wire is nob essential, it is not used at Green- 
wich. A useful device is employed there for giving permanent 
records of the reading of the micrometer head attached to the 
screw of the movable wire. Paper slips are attached to a drum 
on the head, and a pricker is depressed when an observation is 
made; the corresponding puncture on the paper indicates the 
position of the wire. The pricker is raised slightly up the 
drum after each puncture, so the punctures can be assigned each to its 
own observation. The method is very useful when several obser- 
vations are made in rapid succession, especially when a star is 
obs erved by reflexion and directly at the same transit. (See Art. 66.) 

. The line joining the optical centre of the object-glass to 
the point of intersection of the middle vertical wire with the 
fixed horizontal wire is called the Iiine of 
Collimation. The wires should be so 
adjusted that the line of collimation is per- 
pendicular to the axis about which the 
telescope turns. For this purpose the 
framework carrying the wires can be moved 
horizontally, by means of a screw, into the 
right position. If the T’s have been accu- 
rately fixed, then, as the telescope turns, 
the line of collimation will always he in the plane of the 
meridian. Hence, when a star transits we shall, on looking 
through the telescope, see it pass across the middle vertical 
wire. 

Attached to the axis of the telescope, and turning with it, 
are two wheels, or graduated circles, GH, having their 
circumferences divided into degrees, and further subdivided 
by fine lines at (usually) intervals of 5'. By means of these 



Fig. 25 . 
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graduations the inclination of the line of collimation to the 
Ltical is read off hy aid of several fixed compound micro- 
scones A I, B, pointed towards the circle. One of these 
microscopes (I)! called the Pointer or Index, is of 
low magi^ifying power, and shows hy inspection the number 
of degrees and subdivisions in the mark of the ^icle, which 
is opposite a wire bisecting its field of view. The 
should read zero when the line of collimation points to the 
zenith, and the graduations increase as the telescope is 
turned nortliwards. 


=0 

rv 



46. Reading Microscopes. — In addition to tlie pointer 
there are four (sometimes six) other microscopes, called 
Beading Microscopes, arranged symmetrically round 
each circle, as at ABGD (Pig. 26). These ««ve to deter- 
Turne the number of minutes and seconds in the mclmation 
of the telescope, by means of the following arrangement. 
Inside the tube of each microscope in 
ohiect-glass* is fixed a graduated scale NL (I ig. 27) 111 the 
form of a strip of metal with fine teeth or notches. This 
scale, and the image of the telescope circle, formed hy the 
obiect-glass of the Wroscope, are simultaneously viewedby 
the eye^ass, and present the appearance shown m B ig. 27. 

A. small hole O marks the middle notch, and 0 notohes 

* A oomnound miorosoope, like a telesoopo, consists of an objeot- 
an image of "‘n and an cyo-p.eoo winch 

fnTarLms Xs image. A soalo of wires fixed in tlie piano of tho 
image will, therefore, be seen in distinct focus, like the wires iiith© 
telescope. 
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ipond to a division of the telescope circle, hence the 
*er of notches from the hole to the next division of the 



gives the number of minutes to be added to the 
Br reading. 

i:'ead off the number of seconds, a pair of parallel 
► SBf are attached to a framework, and can be moved 
3 the field of view by means of a screw. One whole 
bakes the wires from one notch of the metal scale to 
Bxt, i.e. over a space representing 1' on the telescope 
; and the head of the screw is divided into 60 parts, 
therefore, representing 1". The wires are adjusted 
a>t the graduation on the telescope circle appears mid- 
oetween them, and the reading of the screw- head then 
the number of seconds. With practice, tenths of a 
■d can be estimated. 

e four microscopes of one of the circles are all read, 
ilae best result is obtained by taking the mean of the 
ngs. 

, Clamp and Tangent Screw. — When it is required 
bate the telescope of the transit circle very slowly, this 
me by means of the bar represented at LK in Fig. 24. 
telescope axis may be firmly clamped to this bar by 
LS of a clamp (not represented in the figure), which 
. the rim of one of the circles as in a vice. When this 
)een done, the bar and with it the telescope, may 
lowly turned by means of a horizontal screw at L, 
fL the Tangent Screw, and provided with a long 
le attached to it by a universal joint.” This handle 
Id by the observer, and he can thus turn the tangent 
v without ceasing to watch the stars. 
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The use of the tangent screw is not essential, and it is found to 
be lialde to cause torsion between the graduated circle and the 
telescope. All necessary observations can be made with the 
movable horizontal wire. 

48. Arrangements for Illumination. — ^As most obser- 
vations are conducted at night, the wires in the telescope and 
the graduations of the circles nuist be illuminated. This is 
don© by a lamp placed exactly in front of one of the pivots, 
the liglit from which is concentrated by means of a bull’s- 
©ye lens in front and a mirror behind. Part of the rays 
are reflected, by a complicated arrangement of mirrors and 
prisms, so as to ilbiininate the parts of the graduated circle 
view(Ml by the microscopes. The rest of tlie light passes 
tlirougli a plate of red glass down theliollow axis to aring- 
slrape<i mirror, whence it is reflected up to the wires ; thus 
the wires e.ppear tis dark lines on a dull red ground. A 
pr(‘fera.l)le plan is to luwe a sma.ll reflector, with a matt 
white stirface, cemented to the centre of the object-glass, 
and illuminated by a small electric lamp at the sidi*. of the 
tube. This secures tha.t the illuminating light and tlie 
Bi.arlight are parallel ; this is hnportaiit, as otherwise an 
apparent shift in tlie position of tlie wires takes place. 

Tliere is also another arrangement for illuminating the 
wires from in front,, if desired, so that tlu'y appear bright 
on a dark ground. This is not, however, aavisable, as 
it is found that tlie liriglit wires are lial>le to an appreciable 
a|){)a,rent shift, coinparc^^l with the dark ones. 

44h Taking a Transit. — Ey© and Ear Method.— If 

a, Ht4ir is to he observed with the transit circle, its B.A. 
a, ml (hud. nuist have been roughly estimated beforehand ; 
hence, its ineri<rutu Z.T). [ (Btar'sdecl.) - (observer’s lat,) ] 
is known roughly. Pefore tlie star is expected to cross tlie 
meridian, tlie telescope is turned by hand until tlie pointer 
imlicates. this roughly determined Z.I). ; this adjustment 
is Huflliuently iw.curate to ensure the star traversing tlie 
fudtl of view. The telescope is then clamped (§ 47). The 
olmtn'ver now “ takes a second ” from the astronomicsal 
('lock, f .f*. he (:>hserv(.^H and writes down the hour and minute, 
observes tlie second, and bt^gins counting seconds by the 
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clock’s ticks. Thus, if he sees the time to be llh. 23m. 29s., 
he writes down ‘"llh. 23m.”, and at the subsequent ticks 
he counts “ 30 — 31 — 32 — 33 — ” and so on ; in this waj he 
knows, during the rest of the observation, the exact time 
at every clock-beat without looking at the clock. 

The star soon approaches the first vertical wire, andpasses 
it, usually between two successive ticks. With practice, the 
observer is able to estimate fractions of a second as follows: — 
Suppose the star crosses the wire between the 34th and 35th 
tick. The positions of the star are noticed at tick 34 and at 
tick 85, and by judging the ratio of their distances from the 
wire on the two sides, the observer estimates the time of 
crossing the wire by a simple proportion, and writes down 
this time, say 34*6. The estimate is difficult to make, 
because the two positions of the star are not visible simul- 
taneously, and the star does not stop at them, but moves 
continuously ; hence to estimate tenths of seconds (as is 
usually done) requires much training and practice. 

Moreover, the observer must not lose count of the ticks of 
the clock, for when he has written down the instant of transit 
over the first wire the star will be nearing the second wire.* 

The time of transit over the second vertical wire is now 
estimated in the same way, and the process repeated at each 
wire. The average of the times of crossing the five or 
seven wires is taken as the time of transit ; in this way, 
the effect of small errors of observation will be much 
smaller than if the transit over one wire only were ob- 
served. 

This method of taking the time of transit is called the 

“Eye and Ear Method.” 

At convenient points in the field of view, preferably 
equidistant from the centre on opposite sides, the observer 
bisects the star with the horizontal wire, and notes the 
micrometer reading or records it by a puncture on the 
drum. After the observation, one of the circles is read by 
the pointer and the four microscopes. If the circle reads 
0° 0' 0'^ when the line of collimation points to the zenith, 

* In most instruments designed for eye and ear observation the 
wires are placed at such a distance that a star in the equator takes 
about 13 seconds from one wire to the next. 
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the reading for the star will determine its meridian Z.D., 
ill other cases we mnst subtract the zenith reading. From 
the meridian Z.D. the declination can be found. 

50. The Chronograph. — To obviate the ditficulty of 
observing transits by the eye and ear method, an instrument 
called the Chronograph is almost universally used. A 
cylindrical barrel, covered with prepared paper, is made to 
turn slowly and uniformly hy clockwork about an axle, on 
which a screw is cut. In this way the barrel is made to move 
forward in the direction of its axis, about one-tenth of an 
inch in every revolution. The observer is furnished with a 
key or button, which is in electric communication with a 
pen or marker. At the instant when the star crosses one 
of the vertical wires, the observer depresses the key, and a 
mark is made upon the paper of the barrel. The astro- 
nomical clock, also, has electric communication with the 
tnarlcer, and marks the paper once every second, the be- 
ginning of a new minute being indicated, in some instru- 
ments, by the omission of the mark, in others, l)y a double 
murk. In this way, a record is made of the times of 
transit over the wires, the marks being arranged in a 
spiral, owing to the forward motion of the barrel. The 
distance of the beginning of any transit-mark from the 
previous second-mark can be measured at leisure with very- 
great accuracy, and the time of transit may thus be readily 
(uilculated. Indeed, there is no difficulty in recording, hy 
this method, the transits of two, or even more, near stars 
wlucli are simultaneously in the field of view of the tele- 
Hc.c>|)e, for the transit-marks of the different stars can l)e 
rfmdily distinguished from one another afterwards. 

A f urther development in recent years is the use of the 
moving wire. A single wire is used carried by a screw 
wliich terminates in two large heads, one east, one west 
of tlie tube. These heads are turned by the two hands, 
wbiclx are shiffed alternately, so that the motion can 1)6 
mad(3 smooth and continuous. Tlie observer keeps the 
wire central on the star while it is passing the central part 
of the field. An agate disc is attimliod to one of the heads, 
whi<dx has metal studs inserted, flush with, tlie surface, at 
certain points in its rim ; as these studs pass a metal 
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^oint pressed against tlie rim by a spring, a current passes 
the cbronograpli. The registration is thus automatic, 
it is found that Personal Eq[uation ” (see Art. 55) 
almost entirely eliminated. The positions of the con- 
"^^cts relatively to the line of colliination are found by 
I^lacing the metal point centrally on each stud, and reading 
micrometer head. 

In some instruments the wire is moved automatically by 
electric motor, there being a device for modifying the 
^ J>eed to correspond with the star’s declination. In this 
^^se, the observer has only to apply the small corrections 
^escessary to keep the wire central on the star. It is, how- 
^"V-er, found that simple hand driving gives more accurate 
^^sults. 

51. Corrections. — After the transit of a star has been 
o'bserved, certain corrections have to be allowed for in 
ip:ractice before its true R.A. and decl. are obtained. These 
Corrections, which depend on errors of adjustment, obser- 
■va,tion, etc., may be conveniently classified as follows : — 

(a) Corrections required for the Eight Ascension : 

1. Error and rate of the astronomical clock. 

2. Personal equation of the observer. 

3. Errors of adjustment of the transit circle, in- 

cluding 

(c&) Collimation error. 

(5) Level error. 

(c) Deviation (or azimuth) error. 

(d) Irregularities in the form of the pivots. 

(e) Corrections for the verticality ” and 

** wire intervals.” 

(h) Corrections required in finding the Declination : 

1. Eeading for zenith point, or for the nadir, hori- 

zontal or polar point. 

2. Errors of imperfect centering of the circles. 

3. Errors of graduation. 

4. Errors of “ runs ” in the reading microscopes. 

5. Error of horizontality in horizontal wire. 

6. Error of curvature in the star’s path. 
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Besides these connections, which we now proceed to de- 
scribe, there are others of a physical nature, such as refrac- 
tion, parallax, aberration, the description of which will be 
ffiven later. A correction is always regarded as positive 
when it must be added to the ohserved value of a quantity 
in order to get the true value, negative if it has to be 
subtracted. 


(a) OORKEOTIONS KBQUIBEI) FOR THE RIGHT 

^ ^ ASCENSION. 

62. Clock Error and Rate.— A good astronomical clock 
can generally be regulated so as not to gain or lose more 
than about 0‘2s. in a sidereal day. But to estimate tunes 
with greater accuracy, it is necessary to apply a correction 
to the time indicated, owing to the clock being either fast 

The Error of a clock is the amount by which the clock 
is slow when it indicates Oh. Om. Os. Thus, the eiioi must 
be added to the indicated time in order to obt^ain the 
correct time. If the clock is fast, its error is negative. 

The Bate of the clock is the increase of error during 24 
hours. It is, therefore, the amount which the clock loses 
in the 24 hours. If the clock gains, the rate is negative. 

The rate of a clock is said to he nniform or constant 
when the clock loses equal amounts in equal intervals of 
time. 


58. Correction for Error and Bate.- ’ll the erroi ot 
a clock and its rate (supposed uniform) are known, the 
correct time can be readily found from the tune shown l>y 

the clock. ^ n • 

The method will be made clear by tlio following ex- 
ample 


ExAMrnn.— If the error of an aatronomieal clock lio 2*528., and 
its rate be 0*448., to find to the ncmreHt humlredtli of a Re(5()n(l the 
correct time of a transit, the observed time by the olook being 
19h. 23m. 25 -448. 


Here in 24h. the olook loses ()*44 h. 

.% in Ih. it loses A X 0*44s. 


: 0-0183H. 


Hcmco, loss in lOh. - 0*01838. X 10 = 0*34 Bb., 
and loss in 23m. * 0’()(b«. 
At Oh. Orn, Oa. the olook error is 2*52s. ; 



THE OBSERVATORY. 


47 


.*. at 191i. 23m. 25 *448., clock is too slow by 2-o2s. 4- 0‘355s. = 2'88s., 

the correct time = 19h. 23m. 25 *448, 4- 2 '88s. 

= 19h. 23m. 28*328. 

) 

54. Determination of Error and Rate of Clock. — 

The clock error is found by observing the transits of known 
stars, i.e. stars whose E.A.. and deck are known. 

If the clock were correct, the time of transit (when cor- 
rected for all other errors) would be equal to the star’s R.A. 
(see § 24). If this is not the case, we have evidently 

(Clock error) — (Starts R.A.) 

— (observed time of transit). 

This determines the clock error at the time of transit. 

To find the rate, the transits of the same star or other 
known stars are observed on consecutive or neighbouring 
nights. 

Let t and if — a? he the observed times of transit ; then 
X is the amount the clock has lost in 24 hours, i.e. the rate 
of the clock. Therefore 

(Rate of Clock) = (observed time of 1st transit) 

— (observed time of 2nd transit). 

Having found the rate of the clock and its error at the 
time of transit, the error at Oh. Om. Os. may be found by 
subtracting the loss between Oh. Om. Os. and the transit. 

Stars used in finding clock error are known as Clock 
Stars.” 

55. Personal Equation is the error made by any par- 
ticular observer in estimating the time of a transit. 

Of two observers, one may habitually estimate the transit 
too soon, another may estimate it too late, but experience 
shows that the error made by each observer in taking times 
of transit by the same method is approximately constant. 

If all observations are made by the same individual 
there will be no need to take account of personal equation, 
because the error made in t-aking a transit will be com- 
pensated by the error made in observing the clock stars to 
set the clock. If the two operations are performed by 
different observers, we must allow for the difference of 
their personal equations. 
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Personal equation may be measured by an apparatus for 
observing the transit of a Jictitious star, 'i.e. a bright point 
moved by clockwork; in this case the actual time of its 
transit is known, and can be compared with the observed 
time. Personal ecpation is positive if the observer is too 
quick, so that the correction must be added to the observed 
time to get the true time, as in § 51. 


56. Errors of Adjustment of the Transit Circle.— 

If the transit circle is in perfect adjustment, the line of 
collimation of the telescope must always lie in the plane of 
the meridian. If not, we must correct for the small errors 
of adjustment. The conditions required for perfect adjust- 
ment, together with the corresponding corrections^ when 
these conditions ai’e not fulfilled, may be classihed as 
follows 

(a) The lino of collimation should be perpendicular to 
tlie axis about which the telescope rotates. If not, the 
corresponding correction is called Collimation Error. 

(h) The axis of rotation must be horiv^ontal. Level 
Error. 

(c) The axis must point duo east and west. Deviation 
(or Azimuthal) Error. 

(d) Tlxe pivots resting on the Y’s must be truly turned, 
and form parts of the same circular cylinder. Correction 

for shape of pivots. 

(e) The vertical wires in thcx transit must be truly 
verf.ical {i.e, parallel to ihe nusridian) and equidistant. 

Verticality and Thread Intervals. 


*^f)7. Collimation Ei'ror. - We have neou (^1^45) that the frame- 
work ' carrying the vortioal wires in tlw transit telesoope can be 
adjiistiKl by a sorew, so that collimation error esan b© oorreoteu. 
Supixjse, for HimpUoity, that no otlior error m prosonl;. Ih;*n the 
lino of ooUiination will always make a constant small angle with tho 
inericliarL and ihm angle wifi measure the collimation error. 

To (.lorrect this error, two teleHOopcH, called Uihmatora, are 
nointed towaids eaeli other, one duo north, tho other due south of 
the instrument (n, s, 'Fig. 2(1).^ 'Both oonUm adjustable 
marks/* formotl by cross wires m their fofSsal platma. 1 ha transit 
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telescope being first pointed vertically, and two apertures in the 
side of its tube being uncovered, the observer looks through the 
telescope s, and sees through the apertures into the telescope n. 
He then brings the wires in s into coincidence with the images of 
the wires in n ; he then knows (from the optical theory of the tele- 
scope) that the lines of collimation of s are parallel. Suppose 
{e.g.) that they make a small unknown angle x' W. of S., and B. of 
N., respectively. 

He now looks through the transit telescope into the collimator s. 
He adjusts the middle vertical wire of the transit to coincide with 
the iniage of the cross mark in s, reading the graduated screw by 
which the adjustment is made. The line of collimation of the 
transit is now x" west of the meridian. He points the telescope into 
71, and similarly adjusts the wires : the line of collimation is now x" 
east of the meridian. He now turns the adjusting screw to a reading 
midway between the two observed readings ; the line of collimation 
is then in the meridian, and collimation error has been removed. 

In practice, the screw is set at a standard reading near the line of 
collimation, and the outstanding error is allowed for. 

*58. Level Error is measured by the inclination to the horizon of 
the axis of rotation of the telescope. It causes the line of oollima- 
tion to trace out, on the celestial sphere, a great circle inclined to 
the meridian at an angle equal to the level error. 

Level error is found by pointing the telescope (corrected for col- 
limation error) downwards over a trough of m jroury {N', Figs. 24, 
26, 28). 

An eye-piece is provided, called a “ collimating, or Bohnenberger, 
eye-piece ” {lUF, Fig. 28, p. 51), containing a plate of glass M, which 
reflects the light from a lamp straight down the tube. The^mercui’y 
will form a reflected image of the telescope, which may be treated 
just as if it were a real telescope or collimator. By the law of 
reflection, if the middle wire coincides with its image, the line of 
collimation will be vertical, and (since there is no collimation error) 
there will be no level error. If not, the wires are moved by the 
screw until the vertical wire coincides with its image. The ob- 
server reads the angle through which the screw has been turned, 
and thus measures the level error. The wires are then replaced 
(otherwise collimation error would be introduced) and level error is 
corrected by adjusting the Y’s (§ 59). 

In practice, instead of making two images coincide, it is more 
accurate to make them touch each other alternately on the two 
sides, and take the mean. 

*59. Deviation Error is measured by the small angle which the 
axis of rotation of the telescope makes with the plane of the prime 
vertical. It causes the line of collimation of an otherwise correctly 
adjusted transit circle to describe a great circle through the zenith 
whose inclination to the meridian is equal to the deviation error. 
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Deviation error can be determined by observing tbe times of upper 
and lower transit of a circumpolar star, such as the pole star. 
Suppose {e.g.) that the telescope axis points slightly south of east ; 
then it is readily seen by a diagram that when the telescope is 
pointed north of the zenith, the line of collimation will be slightly 
east of the meridian. Then, at upper transit, if the observed cir- 
cumpolar star is north of the zenith it will reach the middle wire 
before reaching the meridian. At lower transit it will not reach the 
wire till after passing the meridian. Hence, the time from upper to 
lower transit will be rather greater than 12h., and the time from 
lower to upper transit will be rather less than 12h. By observing 
the difference of the intervals the deviation error can be found. 

In case the double observation of a close polar star is impractic- 
able, a single observation of any known star near the pole com- 
bined with another known star will give the error. 

In many observatories, the Y*s of the transit circle can be adjusted 
by screws, one moving vertically, to correct for level error, the 
other horizontally, to correct for deviation error. 

^60. The correction for the shape of the pivots is rather 
complicated, hut, in a good instrument, it should be very small 
When the pivots are muoli worn by friction, they should be ro-tiirned. 

The errors may l)e measured by making a small mark on the end 
of eaoli pivot, and observing, by moans of reading mioroeoopes, the 
motions of the marks as the instrument is slowly turned round. If 
the pivots are true, tlio marks should remain fixed, or dosoribo circles. 

Verticality of the Wires may be tested by observing one 
of tlie collimators, who.so cross wires are adjusted as in § 59. If the 
cross wires always appear to intersect on the middle wire of the 
transit when the instrument is turned througli any small angle, we 
know that t-he middle wire is vertical. 

^5*2. IFire By “ Eq.'uatorial Wire Intervals" are 

meant fiho intervals of time taken by a star on the equator in pass- 
ing fi’om one vortic.al wire of the transit to the next* 

If the intervals l>etween sueccssive wires are unequal, the mean 
of the times of transit over the wires will not in general be the 
same as tlio time of transit over the middle wire* may imagine 
a straiglit line so drawn across the field of view that the time of 
transit a( 5 ross it is exactly e<iual to the mean of the times of transit 
over the five or 8<wen wires. This line is called the Mean, of the 
Wires, 

By (tarefnUy d(3termining the e<iuatonal wire intervals, the very 
small interval between the transits over the mean of the wires and 
over the middh^ wire can he found. 

a star not in the eejuator, the wire intervals are proportional 
to Urn Btcmii of the deolinatiou. This follows from Sph. Geom, (17). 
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h) CORRECTIONiS REQUIRED IN FINDINO THE DECLINA- 
TION OF A STAR. 

63. Zenith Point. — In § 45 we stated that the pointer 
>f the transit circle is ■usually adjusted to read 0° 0' when 
he line of collimation is pointed to the zenith. But it wo-uld 
)e very difficult to adjust the microscopes to give a mean 
■eading of exactly 0° 0' 0'^ for the zenith. Hence it is 
lecessary to determine the 2 seiiitlx point, or zenith reading, 
biid in calculating the meridian Z.D. of any star, this must 
)e subtracted from the reading for the star. 

Let Z and N be the readings when the telescope is pointed 
;o the zenith and nadir, respectively, Hand H' the readings 
or the north and south points of the hoiizon ; then evidently, 
Z=:H-90^ = N^ 180° = H - 270°. 

Llso, if X is the reading for the meridian transit of any star, 
hen star’s meridian Z.D. = a? — if north of the zenith, 
)T, = 360° — {x — Z), ii south of the zenith. 

64. To find the Wadir Point, use is made of the Colli- 
uating Eye Piece, already mentioned in § 56, and 
•epresented in Fig. 28. It consists of 
wo lenses H, F, between -which is a 
)late of glass, M, inclined at an angle of 
^5° to the axis. This plate illaminates 
he wires from above by partially re- 
lecting the light from a lamp on them, 
bt the same time allowing them to be 
leen through the eye-glass, JZ, 

The telescope is pointed downwards 
>ver the trough of mercury, JSf ; and 
he rays of light from any one of the 
^^ires, Q, will produce by reflection a 
Listinct image of the wire at q in the 
deal plane. By turning the telescope 
vith the tangent screw, the fixed hori- 
ontal wire may be made to coincide 
vith its image ; it will then be verti- 
lally over the optical centre ” of the 
)bject-glass (§ 44). The line of colli- 
nation will, therefore, point to the 
ladir, and the nadir reading is given by the pointer and 
nicroscopes. Subtracting 180°, we have the zenith reading. 
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If the star transits north of the zenith, its reading must be 
increased by 360°. 

The latitude of the observatory is given by 
Latitude = Altitude of pole 

= (hTorth horizontal point) — (Polar point). 

*68. Errors of Crradaation. — The operation of testing the 
accuracy of tho graduations on the circles of tiie transit circle is 
very long and laborious. One of the two graduated circles is so 
attached to its axis, that it can be turned through any angle relative 
to tho tclcHOopo. Then, by reading the microscopes belonging to 
both circles, every graduation on one circle is compared with every 
graduation on tiie other circle, and any errors of graduation are 
tluiH detected and measured. Tlie effect of such errors is much 
reduced by using all the four microscopes, and taking the mean of 
their readings. 

*'(>9. Errors due to Imperfect Centering of the Circles. — 

By taking lh(5 mean of tho microscope readings, all errors due to 
imperfoot c;outering are eliminated. In proof, let us suppose that 
only two micn)Hcoj)eH (d, 0, Fig. 26) are used, but that these are 
o[)|)OHito tio one another. If the oirole is truly centred, with its 
centre on t he line AC^ tho two readings will differ bydSO". If, now, 
the graduated circle is displaced, without being rotated, till its 
centre is at a distance h from A(.U then the points of the scale, now 
unebu’ AUj will be at distances h from the points formerly under 
AO-, both being displaced in tho same direction. Hence, since both 
rtnidings are iniMiHunMl tho same way round the oirole, on© will be 
incrcaHiul and tho oilier will be deorcaaed by the same angle. Tho 
aritbmetio mean of the two readings will, therefore, be unaltered 
by the displacement of the oentre, and will bo independent of any 
small eiTor dim to imjierfeot oeutoring. Tho same is, of course, true 
of tin' mean reeling for the other pair of mioroaoopea, /i, D, 

A knowledges of the error of centering is not necessary, but if 
desired it may be ascertained thus ; set the cirole so that tho pointer 
microscope ri^ads Huccessively (f, 5*^, 10®, 15® . . . 350®, 355®, and read 
two opimsite microscopes A and (J in each position ; then draw a 
curve with pointiu* reading as ahaoissa, and {/as ordinate ; this 
will be approximately a Hirie-ourve like either of the curves in Fig. 
51) ; the error of centering is one«(|uarter of tho vertical distance 
from the liighest to the lowest point of the curve. Graduation 
error may he allowed for if neot'.ssjiry, but it is generally small 
(•om pared* witli (n-ror of coutering. 

*7<). Exrror of Runs. -In the reading miorosoopea, one turn of 
Iht^ mierornet-er stircw should move the parallel wires over a space 
(soiTeHimnding to exmhly 1' on the graduated eircle, so that the wires 
Hhouhi bo brought from one mark of tho circle to the next by exactly 
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five turns of the screw. In practice it will probably he found that 
rather more or rather less than five turns will he necessary. In this 
case the readings of the teeth and of the micrometer screw-head 
will differ slightly from true minutes and seconds of arc 
circle, and a correction will be req^uired. This error is called 
Error of Runs. 

^70a. Error of Inclination. — The angle between the R. A. and 
declination wires cannot generally be altered once the wires are 
mounted. It is important to make the R. A. wires exactly vertical, 
hence the other will not generally be quite horizontal. The error 
can be determined by observing a number of star.s at equal distances 
east and west of the centre, and determining the mean difference of 
micrometer readings. The correction is directly proportional to the 
distance from the centre. 

Connected with this is the Error of which occurs 
wire is mounted loosely, and droops in the middle. It is very dini- 
cult to correct for this error if present, but it is found that with 
well-mounted wires its effects are inappreciable. To test for it, 
bisect a star very near the equator every ten seconds whim pass- 
ing across the field, and plot the readings with time as abscissa ; 
if there is no sag, they will lie along a straight line, if there is sag, 
along a curve. 

*70b. Error of Curvature.— The path of a non-equatorial star 
is a small circle, whereas the trace of the declination wire on the 
sky is a great circle. Now it is generally inconvenient to make 
declination observations at the centre of the field ; ind^d it is 
impossible if the moving wire method is employed for observing 
R.A., since this needs both hands. If the declination is observed 
s seconds before or after the star passes the centre, the correction 
for curvature is *000273 sin 2N.P.D. seconds ; but if it is 
observed at a mark at such a distance from the centre that an 
equatorial star would take t seconds to traverse it, the correction 
is *000545 cot N.P.D. seconds. For north declinations the 
observed place is north of the meridian place ; for south ones scnith- 
For example let 5=30 s., N.P.D. = 45° ; thens^ = 90D, sin 2 N.P.D. 
= 1. The correction is *0273 X 9 = 0*25''. 

* 71 . Collimatiou, Level and Deviation Errors have no 
appreciable effect on observations for declination, provided that 
such errors are small compared with the star’s N.P.I). Hence, 
they may be left out of account, except in observations of stars 
very near the Pole. 

72. General Remarks. — ^We first described the Transit 
Circle, and the methods of taking a transit ” ; we after- 
wards described the corrections which must be applied^ to 
the results of the observations in finding the right ascension 
and declination of a star. But in practical work the various 
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errors must be determined before any observation can be 
made. Among these, collimatioii, level and deviation error, 
and the nadir point should he found daily, as they may be 
affected by heat or cold, or by shaldng the instrument. 

Clock error and rate are also determined daily by observ- 
ing certain “ clock stars.” The accuracy of the corrections 
may be tested by observing various known stars ” of 
different declinations. If the corrections have been ac- 
curately made, the observed right ascensions and declina- 
tions should agree with their values as given in astronomical 
tables. 

Before determining clock error and rate by means of a 
‘‘clock star,” the R.A. of one such star must be known. 
Since the B.A. is measured from the first point of Aries, 
that point must first be found. The method of finding it 
will be described in Chap. IV. 

73. Observations on the Sun, Moon, and Planets.— 

The positions of the Sun, Moon, and l^lanets are defined 
by the coordinates of their centres. In finding these, the 
angular diameters must be taken into account. 

In observing tlie Moon or a planet, tlie fixed horizontal 
wire is adjusted to touch the illuminated edge of its disc, and 
the times at wliicli its edge touches the vertical wires are 
oliserved. To find the coordinates of the centre, a correction 
is machi for the angular semi-diameter of the l>ody, which 
nmst he det(3rinined independently. It niiiBt not l>e for- 
gotliBii that the imago formed by tlie kilescope is inverted. 

In observing the Bun, after the first limb is observed 
ill It. A. tlic^ instrument is moved to bring the North limb 
(say ) lUMir the horizontal wire, clanijied, and the micro- 
Htu>*[)es rt^ad hy a BOcoiul observer, while the first observer 
l>hu^<‘s t.he horizontal wire taaigont to the limb, and records 
the inicromeku* reading; the process is rr^peated with the 
south limb, and finally tlie second limb isoliserved in E.A. 
Whon th(‘, Moon is very niMirly full, tlie same method of 
ohsiuwal.ion is used. In finding the time of transit, the 
ihmm of conta<d» of tlie disc on arriving at and Jeaving 
(uich wire a.re so. pa, rat (dy ohstuwed ; their arithmetic mean 
for any wire is the time of transit of the centre. 
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Section II. — Instruments adapted for Observations off 
the Meridian. 

74. The Transit Circle can only be used to observe 
celestial bodies during the short period before and after 
their transit that they remain in the field of view. It is, 
therefore, nnsuited for continuous observation of a celestial 
body, such as is required more particularly in Physical 
Astronomy. For this purpose, a telescope must be mounted 
in such a way that it can be pointed in any required 
direction, or moved so as to keep the same body always in 
the field of view. There are two such forms of mounting, 
and the telescopes thus mounted are called the Altazimuth 
and the Equatorial. 



75. The Altazimuth. — In this instrument, a telescope, 
ST, is supported so that it can turn freely about a horizontal 
axis, CD, sometimes called the secondary axis. This 
secondary axis, with, the attached telescope, is capable of 
turning about a fixed vertical axis, AB, sometimes called 
the primary axis, which is supported at its upper and 
lower ends as shown in the figure. 

Both axes are provided with graduated circles, GH, JJV, 
attached to, and turning with them. Each circle is read 
by means of one or more pointer ” microscopes, M and N. 
There are also clamps, furnished with tangent screws, by 
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means of which the circles may be fixed in any desired posi- 
tion, or rotated slowly if required. At 0 is a counterpoise, 
which balances the telescope and the circle UV, and so 
prevents their weight from bending the axis AB. 

By rotating the whole instrument about the vertical axis 
AB, the telescope can be brought to any required azimuth. 
If now the circle GH be clamped, the telescope cjin be 
turned about OD to any required altitude. The micro- 
scope N should indicate zero when the telescope is pointed 
in the plane of the meridian, and the microscope M should 
indicate zero when the telescope is horizontal. If now the 
telescope be pointed so that a star is in the middle of its 
field of view, the readings of the two microscopes IST, M will 
give the star’s azimuth and altitude respectively. Tlie 
time of observation being also Imown, the position of tlie 
star on the celestial sphere is completely determined, a,nd 
its E.A. and decl. can be calculated if required. But for 
observations of this class, the altazimuth is not neaxdy so 
reliable as the transit circle. 

As the altazimuth possesses two independent motions, 
while the transit circle possesses only one, the former in- 
strument is liable to a far greater number of errors of 
adjustment ; moreover, its telescope is far less firmly and 
rigidly supported, and the instrument is therefore more 
liable to bend. (This does not apply to the Gtreenwich one.) 

A large altazimuth in Q-reenwich Observatory was used 
for observing the Moon’s motion, when it was so near the 
Sun that it could not be investigated by meridian observa- 
tions, since meridian transit occurred in a bright sky. 

These observations have now (1980) been discontinued. 
Since the introduction of Brown’s lunar tables in tlici 
Nautical Almanac (1928) meridian observations of the 
Moon are sufficient. 

A Finder (F) is usually attached to a large altazimuth, 
whose field of view is of small angular breadth. This is a 
small telescope of lower magnifying-power, with a bargc^r 
field of view, the centre of which is marked by cross wires. 
To point the largO^ telescope to any celestial body, the 
altazimuth is so adjusted that the body is seen in ihe 
centre of tbe finder. It will then be in the field of view of 
the large telescope. 
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^ 76. The Equatorial (Fig. 31). — If we suppose an alta- 
zimuth inclined so that its primary axis, instead of being 
vertical, is pointed in the direction of the pole, we shall 
hare an Equatorial. In this instrument the frameworh 
carrying the telescope turns as a whole about the primary 
axis AB, which is supported at A and B, so as to point 
towards the pole. Attached perpendicularly to this axis, 
and turning with it, is a gradiaated circle, called the Hour 
Circle, which is read by a “ pointer ” microscope N. 

The frameworh AB carries a secondary axis perpendi- 
cular to the primary axis, and the telescope ST is attached 
perpendicularly to this secondary axis, about which it is 
free to turn. The axis of the telescope carries another 
graduated circle called the Declination Circle which is 
read by the “ pointer ” microscope M. 



The declination circle should read zero when the tele- 
scope is pointed in the plane of the equator, and the hour 
circle should read zero when the telescope is in the plane 
of the meridian. If now the telescope is pointed towards 
any celestial body, the readings of the two microscopes will 
give, respectively, the declination and hour angle of the 
body. 

When it is required to observe the same body con- 
tinuously with the equatorial, the declination circle is 
clamped, and the observer must slowly rotate the hour 
circle hy hand, so as to keep the body observed in the field 
of view. 
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Ill large instruments tlie hour circle can be attached to 
a clamp which is worked by clockwork in such a manner 
that the whole framework turns uniformly round the 
primary axis AB once in a sidereal day. This motion 
will ensure that the star under observation shall always 
remain in the centre of the field of view. 

The pointer-microscope of the hour circle may be made 
to revolve with the clamp, and to mark zero when the tele- 
scope is pointed towards the first point of Aries ; its read- 
ing will then give the right ascension of any observed star. 
But the declination and right ascension cannot be deter- 
mined with any great degree of accuracy by reading the 
circles of the equatorial. There are the same difiiculties 
as in the altazimuth ; moreover, the primary axis, being 
inclined to the vertical, is more liable to bend under the 
weight of the telescope. 

The clockwork by which the equatorial is driven could 
not be regulated by an ordinary pendulum, as this would 
make the telescope move forward in a series of jerks, one 
at every beat. For this reason, a conical pendulum re- 
volving uniformly must be used. The reader will fiiid the 
principle of the conical pendulum explained in most text- 
books on elementary dynamics ; a working example may 
be seen in the Watt’s Q-overnor ” of a steam-engine. 

In most modern equatorials, the primary axis is not 
supported as in Fig. 31, but on a pillar just underneath 
the secondary axis. The advantage is that the primary 
axis is less liable to bend than when s\ipported at its two 
ends A, B. 

77. Uses of the Equatorial. —Amongst these the fol- 
lowing may be mentioned : — 

(i.) Differential ” observations, i.e. micrometric obser- 
vations of the I'elative distances and positions of two near 
objects simultaneously visible. Most observations of 
comets and tninor planets are made by measuring their 
distance and direction from neighbouring stars whose 
positions are known ; sometiixies these measures are made 
on photographs. 
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(ii.) OlDserratioBs of tlie appearance, structure, and mag- 
nitude of the celestial bodies. 

(iii.) Stellar photograptiy. 

(iv.) Spectroscopic analysis. 

78. Micrometers —Any instrument used for measur- 
ing the small angular distance between two bodies simul- 
taneously visible in the field of view of a telescope is called 
a Micrometer.^ Thus the moveable horizontal wire in the 
transit circle, with its graduated screw, is a micrometer, for 
if the instrument be so adjusted that the fixed wire crosses 
one star, while the moveable wire crosses another nei<>‘h- 
bouring star, the distance between the wires, as read O'ST on 
the screw head, gives the difference of declination of the 
stars. ^ The moveable wire in the field of view of the read- 
ing microscope is identical in principle with a micrometer. 

79. The Screw and Position Micrometer (Eig. 32) 
serves to find both the angular distance between two neigh- 
bouring stars and the direction of the line joining them. 
It contains a framework of 
wires placed in the focal 
plane of the telescope. Two 
of these wires are parallel, 
and one of them can be 
separated from the other 
by turning a screw with 
a graduated head. A third 
wire, which we will call the 
“transverse wire,” is fixed 
in the framework perpendi- 
cular to the two former. 

The whole apparatus, to- 
gether with the eye piece 
of the telescope, can be rotated so that the wires may 
appear iu any required direction across the field of view. 
A graduated circle, called the Position Circle, is attached 
to the eye-piece, and measures the angle through which it 
has thus been turned. Besides the wires, the framework 
contains a transverse strip of metal marked with notches, 
at distances apart corresponding to complete turns of the 
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micrometer screw, an arrangement similar to that employed 
in tlie reading microscope (§45). 

In observing two stars, the eq^natorial and micrometer 
are so adjusted that one of the stars may appear at the 
intersection of the two fixed wires, while the other appears 
at the intersection of the fixed and moveable wires. _ 

The number of notches of the scale, together with the 
reading of the screw-head, determine the distance between 
the images of the stars in turns and parts of a turn of the 
screw-head. To find the angular distance between the 
stars, we only require to multiply by the linown angular 
distance corresponding to one turn of the screw. 

The reading of the position circle determines the direc- 
tion of the small arc joining the stars. The position-circle 
should read zero if the stars have the same E.A. Then the 
reading in any other position will determine their position 
angle, i,e. the angle which the line joining the stars makes 
with a declination circle through one of the stars. 

■*^80. Dollond's Heliometer is another form of .micrometer, de- 
pending on the principle that if the object-glass of an astronomical 
toleaoope be out across in two, each half will form an image of the 
whole field of view, in the same way as if the lens were still ooin- 
ploto.f In the Heliometer one half of the object-glass can be made 
to slide along the other by means of a graduated screw. 



Suppose that we want to measure theangiilardiameter of the Sun 
(Sl Fig. 3S), When the halves of the object-glass are together, so 
that Sxeir optical centres coincide, one image of the Sun will be 
formed. When the two halves are separated, two separate images 
will be formed in the focal plane of the telescope, and will be seen 
simultaneously. The half -lenses are separated, till the two images 
toxicK as and ht\ Let 0, O' be the wtioal centres of the two 
halves of the objeotive. The distance 00' is road off on the sorew- 


t To show this, it is only necessary to cover up half the object- 
glass of an astronomical telescope. (N.B.— iVo(5 an ope,ra-gla8», ) 



THE OBSEEVATOEY. 


63 


head ; from this reading the Sun’s angular diameter may be found. 

For at 5, the point of contact of the images, the half -lens Of or ms 
an image of the lower limb B, and the half-lens 0' forms an image of 
the upper limb A, Hence, BOh and A O'h are straight lines, and OhO' 
is the angular diameter BhA. But the focal length Oh is known. 
Hence, if 00' is also known, the angular diameter 060' can be found. 

In measuring the angular distance between two stars, the helio- 
meter is adjusted so that the image of one star formed by one half- 
lens 0 coincides with the image of the other star formed by the 
other half-lens O'. The principle is the same as before. 

*81. To find the angular distance corresponding to a revo- 
lution of tke micrometer screw, the simplest plan is to observe 
the Sun’s diameter, and to compare the reading with its known 
value. The latter is given in the Nautical Almanack for every day 
at noon. The distance between two known stars in the same field 
may also be used. The Pleiades are convenient for this purpose. 

To test the zero reading of the position circle, the equa- 
torial is pointed to a star near the equator, and fixed, and the micro- 
meter is turned till the diurnal rotation causes the star to run along 
the transverse wire. The circle should then read 90°. 

82. Stellar Photography. — For photographic pur- 
poses, the equatorial is driveu by clockwork, carrying with 
it a sensitized plate, on which an image of the heavens is 
projected. In this way a photograph of part of the sky is 
obtained, and on such a photograph the . distances and 
relative positions of the various stars, nebulae, etc., can be 
accurately measured. Moreover, by continuing the ex- 
posure sufficiently long, even the faintest rays of light will 
produce an impression on the photographic plate ; and it 
is thus possible to detect stars and nebulae which would be 
invisible to the eye. 

*83. Spectrum Analysis.— A description of the spectrum is 
given in Wallace Stewart’s Text- Booh of Lights Chap. IX., and 
the spectroscope is described in § 164 of the same treatise. 

A detailed account of the methods of spectrum analysis would be 
out of place in this book, as the subject belongs to the domain of 
Physical Astronomy. The general principle is this We can, by 
means of the spectroscope, analyse the constituent waves of the 
light rays which reach us from the Sun and stars. We can compare 
these constituents with those emitted or absorbed by the various 
chemical elements in a state of vapour. Such comparisons enable 
us to infer %vhat chemical elements are present in difficult celestial 
bodies. 

The spectroscope is also very extensively used to measure the 
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rate of approach or recession of the heavenly bodies. For this 
purpose the light from some gas, such as hydrogen, is made to 
enter the spectroscope side by side with that from the body. If 
the body is approaching, its hydrogen lines are shifted towards the 
violet ; if receding, towards the red, as compared with those from 
the terrestrial source. 

84. Other Instruments. — The instruments described 
in this chapter are all such as are used in fixed observa- 
tories . Besides these, certain instruments are used 
in astronomical observations. Among the latter class the 
Zenith Sector will he described in the next chapter, in con- 
nection with the determination of the Earth’s form and 
radius ; and the Sextant and Chronometer will he explained 
in treating of the methods of finding latitude and longitude 
at sea. 


EXAMPLES.-^II. 

1. Describe the Altazimuth. Why is it not so well suited for 
continuous observations as the equatorial, and, in particular, why is 
it quite unsuitable for stellar photography ? 

2. Show that the altitude of a star is greatest when the star is on 
the meridian. 

3. From the result of Question 2, show how the meridian zenith 
distance of a star might be found by observing its altitude with an 
altazimuth. 

4. How may we most easily set the astronomical clock ? 

5. Show that the rate of a clock might bo found by observations 
on successive nights with wtiy telesoo{)e provided with cross wires, 
and pointed constantly in a fixed direction. 

6. Distinguish, with examples, direct and retrograde angular 
motion. Is R. A. measured direct or retrograde? 

7. Show that in latitude 45° the interval between the time of 
any star’s passing due east and its time of sotting is constant. 

8. Show that, if a transit circle be not centred truly, the con- 
sequent error can be eliminated by taking the mean of the readings 
of the microscopes. 

9. In a double observation made with the transit oirole, the 
readings of the pointer directly and by reflection are 59^^ 35' and 
125° 20' j the means of the microscope readings are in the two oases 
3' 42" and 1' 13". The moveable wire reads + 2", and the reflected 
star runs along the fixed horizontal wire. Find the zenith reading. 
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10. Explain how it is that photography has revealed the exist- 
ence of stars which are so faint as to be invisible. 

11. Find the decl. of a Ophiuchi from the following observations, 
made at Greenwich (lat. 51° 28' 38" N.) : — Pointer reading 321° 10', 
microscope readings, 1' 2", 0' 50", 0' 46", 0' 58", the zenith reading 
being 0° 0' 16" 

12. Find also the R. A. of a Ophiuchi. Given : Time by sidereal 
clock = I7h. 29m., the numbers of seconds at the transits over the 
five wires being 37*4s., 50 *23., Im. 2*9s., Im. 15*2s., Im. 27 ‘ds. 
Clock error = - 10 ’Os. ; personal equation = + 0‘4s. 


EXAMINATION PAPER.— II. 


1. Classify the various observations which are taken in astro- 
nomical investigations, and state the respective instruments which 
may be used for those observations. 

2. Define the right ascension and declination of a star, and describe 
shortly the principles of the methods of finding them. 

3. Descril.)e how the time of transit of a star across each of the 
five or seven wires of a transit instrument is observed, and explain 
how the time of transit across the meridian is deduced. Define the 
equatorial interval of two wires. 

4. Describe the Reading Microscope, and show how the zenith 
distance of a star may be found by direct observation with the 
transit circle. 

5. Enumerate the errors of a transit instrument, and explain how 
level error may be measured and corrected. 

6. Explain what is meant by collimation ern'or^ and draw a diagram 
showing the circle traced out on the celestial sphere by the line of 
collimation in an instrument which has a small collimation error 
east of the meridian. Is the correction, to be applied to the times 
of transit, positive or negative in such a ease ? 

7. Describe the Equatorial, and explain the adjustments and 
principal uses of the instrument. 

8. What is meant by the error and rate of a clock, and the per- 
sonal equation of an observer? How are they usually found ? 

9. On 1st March, 1872, the time of transit of ^ Librae, at Green- 
wich, was observed to be 15h. 9m. 6*15s., and on the 3rd March the 
observed time was 15h. 9ra. 4*738. The tabular R. A. of the star was 
15h. 10m. 7*25s. Find the error and rate of the clock on 3rd March. 
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THE EAETH. 

Section I . — Fhenomena dependint/ on Change of FosiUo 7 i 
on the Earth. 

85. Early Cbservations of the Earth’s Form.—Oue 

of the first facts ascertained by the early Greek astronomers 
was that the Earth’s surface is globular in form. Even 
liomer (b.c. 850 circ.) speaks of the sea as convex, and 
Aristotle (b.c. 320) gives many reasons for believing the 
Earth to be a sphere. Among these may be mentioned the 
appearances presented when a ship disappears from view. 
If the surface of the ocean were a plane, any perKSon situated 
above this plane would (if the air were sufiiciently clear) 
see the whole expanse of ocean extending to the furthermost 
shores, with all the ships sailing on its surface. Instead 
of this, it is observed that as a ship begins to sail away its 
lowest part will, after a time, begin to sink below the appa- 
rent boundary of the surface of the sea; this sinking will 
continue till only the masts are visible, and, finally, these 
will disappear below the convex surface of the water 
between the slhp and the observer. 

Another reason is suggested, by observing the stars. If 
the Earth’s surface were a plane, any star situated above 
the plane would be seen simultaneously from all points of 
the Earth, except where concealed by mountains or other 
ol)stacle8, and any star below the plane would be everywhere 
simultaneously invisible. In reality, stars may be visible 
from 011(5 place wliicli are invisilde from another ; and all the 
appearances presented were found by the Greeks to agree 
with what iniglit be expected on a spherical Earth. E ratos- 
thenes even made a calculation of tlie Earth’s size from the 
distance between Alexandria and Assouan and their latitudes 
(§ 91) deduced from the Sun’s greatest meridian altitudes. 
Hefound the circumference to he 250,000 Btadia, or furlongs. 

Lastly, the 'Earth’s spherical form will account for the 
circular form of the Earth’s shadow in a lunar eclipse. 

m 
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86. General Effects of Change of Position.— In § 6, 

we showed that, owing to the great distance of the stars, they 
are seen in the same direction whatever he the position of 
the observer. In confirmation of this fact, it is found by 
observation that the angular distance between any two stars 
(after allowing for refraction) is observed to be independent 
of the place of observation. 

But the directions of the zenith and horizon vary with the 
position of the observer. If we suppose the Earth spherical, 
the vertical at any point on it will be the radius drawn from 
the Earth’s centre, while the plane of the horizon will be 
a tangent plane to the Earth’s surface ; both will depend 
on the place. This circumstance accounts for the difference 
in appearance of the heavens as seen simultaneously from 
different places. 

87. Earth’s Rotation. — The apparent rotation of the 
heavens is accounted for by supposing that the stars are at 
rest, and that the Earth rotates once in a sidereal day, from 
west to east, about an axis parallel to the direction of the 
celestial pole. The observer’s zenith, horizon and meridian 
turn about the pole from west to east, relatively to the stars, 
and this causes the hour angles of the stars to increase by 
360^ in a sidereal day, in accordance with observation. 

It is impossible to decide from observations of the stars 
alone whether it is the Earth or the stars which rotate, just 
as when two railway trains are side by side it is very difficult 
for a passenger in one train, when observing the other, to 
decide which train is in motion. That the Earth rotates has, 
however, been conclusively proved by means of experiments, 
which will be described when we come to treat of dynamical 
astronomy. 

88. Definitions. — The Terrestrial Poles are the two 

points in which the Earth’s axis of rotation meets its surface. 

The Terrestrial Eq.nator is the great circle on the 
Earth whose plane is perpendicular to the Earth’s axis. 

A Terrestrial Meridian is the section of the Earth’s 
surface by a plane passing through its axis. If we suppose 
tlie Eartli to be a sphere, a meridian will bo a great circle 
passing through the terrestrial poles. 
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89. Phenomena depending on Change of Iiatitnde. — 

AssnmiDg the Earth to be spherical, letjpOgpV be a meridian 
section, G being the Barth’s centre, the poles, q, r points 

on the equator. Then, if an observer is situated on the 
meridian at 0, the direction of his celestial pole P will be 
found by drawing OP parallel to the Earth’s axis/Op (§87), 
while his zenith Z will lie in GO produced, if gravity acts 
towards the centre. 



Since OP is parallel to OpPp therefore, 
angle ZOF = OGjp, 

altitude of pole at 0 = 90^ — ZOP = 90° — OGp = qGO. 
But the latitude of 0 has been shown to be the altitude of 
the pole ; therefore 

The latitude of a place on the Earth is the angle 
subtended at the Earth’s centre by the arc of the 
meridian drawn from the place to the eq^uator. 

Since the angle qGO is proportional to the arc qO, 

The latitude of a place is proportional to its 
distance from the equator. ^ 

Suppose the observer to go northwards along the meridian 
from 0 to 0^ then, from what has just been shown, the 
altitude of the pole increases from Z qGO to Z qOO', hence 
The increase in the altitude of the pole {=lOGO') 
is proportional to the arc 00\ Le, to the distance 
travelled northwards. 
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90. Southern Latitudes. — To an observer situated in 
tlie southern hemisphere of the Earth, as at 0'^ the North 
Pole of the heavens is below, and the South Pole, jp" is above 
the horizon. The South Latitude of the place is measured 
bj the altitude of the South Pole, jp'', and is equal to the 
angle q GO''. 

At the terrestrial equator, the altitude of the pole is 
zero ; hence the pole is on the horizon. At the terrestrial 
North Pole p, the altitude of the celestial pole is 90°, there- 
fore the celestial pole coincides with the zenith. Hence, 
also, an altazimuth, if taken to the North Pole, would there 
become an equatorial. 



At the Earth’s North Pole, those stars are only visible 
which are north of the equator, and they always remain 
above the horizon. On travelling southwards, other stars, 
whose declination is south, are seen in the south parts of 
the celestial sphei*e, and on reaching the Earth’s equator 
all the stars will be above the horizon at some time or other, 
but the Pole Star will only just rise above the horizon, near 
the north point. After passing the equator, the Pole Star 
and other stars near the North Pole disappear. 
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91. Radius of the Earth.-— The Earth’s radius 
may he found by measuring the distance between 
two places on the same meridian, and finding their 
difference of latitude. 

Let the places of observation be 0, O' (Fig-. 35). Let 
the latitudes (jQO, ([GO' be I and V degrees respectively, 
and let the length 00' =i s. We have, supposing the Earth 
spherical, 

ang le OOP ' _ arc 00' 

360 ' circumference of Earth ’ 

/. Earth’s circumference = s x ; 

I — ^ 

aud EarUi’s rad ins = ^ 180 s 

27r TT I ^ 

wliioli doteniiiues the Earth’s radius in terms of the data. 

By obsorvatiojis of this kind the Earth’s radius is found 
to bo very nearly 11,1160 miles. For many purposes it will 
bo sufficiontly approximate to take the radius as 4,000 
miles. Its eiroumforonce is found by multiplying ’ the 
radius by 23r, and is about 24,855 miles, or, roughly 
25,000 miles. “ 

Convorsoly, knowing the Earth’s radius, we can fiml the 
length of tlio are of the meridian corresponding to any 
given diiforeuco of latitude. 

92. Metre, Nautical Mile, G-eographical Mile, 
Fathom. — '11 10 French Metre was originally defined as 
the ten- millionth part of the length of a quadrant of the 
Earth’s meridian tliroiigh Paris. 

A, Nautical Mile is dcsfiued as the length of a minute 
of arc of the meridian. Thus a quadrant of the meridian 
contains 90 x 60, or 5,400 nautical miles, and the Earth’s 
circuinfereiic© contains 21,600 nautical miles. 

_A Nautical Fathom is laoff a nautical mile = 6Et. 
1 in. nearly. A fathom is commonly taken as 6 feet. 

A Geographical Mile is defined as tlie length of a 
minute of arc measured on the Earth’s equator. Taking 
the Earth as a sphere, the nautical mile and geographical 
mile are equal. 
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93. The “ Knot.” — Use of the Log Line in ITaviga- 
tion. — A nautical mile is sometimes called a knot. But 
the Knot is more correctly the unit of velocity used in 
navigation, being a velocity of one nautical mile per hour. 
Thus, a ship sailing 12 knots travels at 12 nautical miles 
an hour. 

The velocity of a ship is measured by means of the Log 
Line. This consists of a “ log,” or. float, attached to a 
cord which can unwind freely from a small windlass. The 
log is “heaved” or dropped into the sea, and allowed to 
remain at rest, the cord being “paid out” as the ship 
moves away. By measuring the length paid out in a 
given interval of time (usually half a minute), the velocity 
of the ship may be found. To facilitate the measurement, 
the line has knots tied in it at such a distance apart that 
the number of knots paid out in the interval of time is 
equal to the number of nautical miles per hour at which 
the ship is sailing. It is from these that the unit of 
velocity derives the name of knot. 

Now one nautical mile per hour = nautical mile per 
half -minute. Hence, for this interval, the knots should be 
tied on the line at intervals of of a nautical mile apart. 

94. From the definitions of §§ 92, 93, it is easy to reduce 
metres or nautical miles to ordinary feet and miles, and 
conversely. 


Examples. 


1. To find the number of miles in an arc of 1°. 

An aro of 1» = = ^„,iies = 09^^ miles. 


2. To find the number of feet in one fathom. 

By Ex. 1, 60 nautical miles = ordinary miles; i.e, 60,000 
fathoms = X 5280 feet ; 

1 fathom = feet = 6-077 feet. 

60000 


3. To express a metre in terms of a yard. 

By definition, 40,000,000 metres = Earth’s circum ference = 24,855 
miles ; 


1 metre = 


24855 X 1760 
40,000,000 


yards = 1’0936 yards. 
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95. Terrestrial XiOiigitude. — The Iiong-itude of a 
place oil the Earth is the angle between the terrestrial 
meridian through that place, and a certain meridian fixed 
on the Earth, and called the Prime Meridian. 

Thus, in Fig. 36, if FBP' represents the prime meridian, 
the longitude of anj place q is measured hj the angle RPq, 
The longitade of q is also measured by EQ, the arc of 
the equator intercepted between the meridian of the place 
and the prime meridian. 



Since the latitude of q is measured by the arc Qq, we see 
that latitude and longitude are two coordinates defining 
the position of a place on the Earth just as decL and R.A., 
or celestial latitude and longitude define the position of a 
star.^ 

The choice of a prime meridian is purely a matter of 
conYonience. The meridian of Greenwich Observatory is 
universally adopted by English-speaking nations. The 
use of this meridian is gradually spreading among other 
nations, and Greenwich time, or time diffenng from it by 

* Note, however, that terrestrial latitude and longitude, bein^ 
roterred to the equator, correspond more nearly to declination and 
right ascension than to oolostial latitude and longitude. 
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an exact number of hours, is almost universallj kept. 
Longitudes are measured both eastward and westward 
from the prime meridian, from 0 ° to 180°, not from 0 ° to 
360° 

96, Phenomena depending on Change of Longitude. 

(i.) Let q, r (Fig. 37) be two stations in the same lati- 
tude, and let the longitude of q be L° west of r, so that 
L rTq = L°. As the Earth revolves about its axis at the 
rate of 360° per sidereal daj, or 15° per sidereal hour, the 
points r will be carried forward in the direction of 
the arrow. After an interval of ^^5 L sidereal hours, q will 
have revolved through L° and will arrive at the position 
originally occupied by r. Hence the appearance of the 
heavens to an observer at q will be the same as it was, ^ 
sidereal hours previously, to an observer at r. The stars 
will rise, south, and set -h ^ hours earlier at r than at q. 

(ii.) If A, J5 be two places in different latitudes, whose 
difference of longitude is iy°, the transits of a star at A and 
B will take place when the meridian planes PAP' and 
PBP' (which are evidently also the planes of the celestial 
meridians of A, B respectively), pass through the direction 
of the star. Hence, in this case also, the transits will 
occur yV ^ hours earlier at B than at A. 

Now an observer at B will set his sidereal clock to indi- 
cate Oh. Om. Os. when r crosses the meridian of B. When 
T' transits at A, the clock at B will mark L h., but an 
observer at A will then set his clock at Oh. Om. Os. Hence, 
if the two clocks be brought together and compared, the 
clock from B will be ^ faster than the clock from A. 
This fact may be expressed briefly by saying that the 
“ local " sidereal time at B is L h. faster than the 
local sidereal time at A. 

Since the Earth makes one revolution relative to the Sun 
in a solar day, in like manner the local solar time at B 
will be solar hours faster than the local solar time at A. 

Therefore, whether the local times be sidereal or solar, we 
have 

Longitude of A west ofBzz long, of B east of A 
=: 15 {(local time at B) — (local time at A)}. 
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Ill particular, Long, west of Greenwich 

= 15 {(Greenwich time) — (local time)} 

= 15 (Greenwich time of local midnight). 

Before the year 1925 it was 15 (Greenwich time of local 
noon). 

97. To find the length of any arc of a given 
parallel of latitude, having given the difference of 
longitude of its extremities. 

[A small circle of the Earth parallel to the equator is 
called a Parallel of Latitude.] 

Let be the given arc of the parallel hqrlCf I its latitude, 
and let qFr, the difference of longitudes of q and r, be •= 
IF, Let a be the radius of the Earth. 



fra. 37. 


If tlu^ meridiaais of g, r meet tire terrestrial equator in 
(), 11, we have, l)y Spli. Geoin. (17), 

a,rc ([f = im) QR X sin Fq = arc QU x cos I 
But arc QE : circumference of Earth = TF ; 360®; 

arc QE -^TaLjm - ^^aL; 

loO 


arc qr 


TTafj cos I 

im ' 
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CoEOLLARY. — Since 1' of arc of the equator measures a 
geographical mile, it follows that 

la latitude I, the arc of a parallel corresponding to 

difference of longitude is cos I geographical miles. 

98. Changes of Latitude and Longitude due to a 
Ship’s Motion. — Suppose a ship, in latitude I, to sail m 
nautical miles in a direction A degrees west of north. If 
m is small, we may easily see (by drawing a diagram) that 
the ship would arrive at the same place by sailing mcos J. 
nautical miles due north, and then sailing m sin A nautical 
miles due west. Hence, 

The ship’s latitude will increase by m cos A minutes (§ 92). 
Its W.long. will increase by m sin A sec I minutes (§97, cor.) . 

Note. — The shortest distance between two points on a sphere is 
along a great circle. Hence, the shortest distance between two 
places in the same latitude is less than the arc of the parallel joining 
them (except at the equator). But the difference is imperceptible 
when the arc is small. 

99. To explain the Gain or Loss of a Day in going 
round the World. — If a traveller, starting from a placed., 
goes round the world eastward, and if, during the voyage, the 
Earth revolves n times relative to the Sun, the traveller will 
have performed one more revolution relative to the Earth in 
the same direction, and therefore 9i+l revolutions relative to 
the Sun. Hence, to a person remaining at A, the voyage 
will appear to have taken n days, while to the traveller, 
w d- 1 days will appear to have elapsed — in other words, the 
traveller will, apparently, have gained a day.” 

But, as he goes eastward, he will find the local time con- 
tinually getting faster, and he will have to move the hands 
of his watch forward Ih. for every 15®, or 4nx. for every 1° 
of longitude. Thus, by the end of the voyage he will have 
put his watch forward through 24h., and the day apparently 
gained will be made up of the times apparently lost every 
time the watch is put forward to local time. 

Similarly, a traveller going round the world westward, 
and starting and arriving back simultaneously with the first 
traveller, will have made n — 1 revolutions relative to the 
Sun, instead of n. Hence, the journey will appear to have 
taken n—1 days, and he will apparently have lost a day. 

ASTEOl^. 
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But, during tlie journey, he will have been continually 
moving the hands of his watch bachwards,^ so that the 241i. 
apparently lost will be made up of the times apparently 
gained each time the watch is put back to local time. 


Section II . — Dip of the Horizon, 

100 Definitions. — Let 0 be an observer situated above 
the surface of the land or sea. Draw OT, OT' tangents to 
the surface. Then it is evident, from the figure, that only 
those portions of the Earth’s surface will be visible whose 
distance from the observer 0 is less than the length of tlie 
tangents OT, OT', 


z 



The boundary of the portion of the Earth’s surface visible 
from any point is called the Offing or Visible Horizon. 
Hence, if OAGB be the Earth’s diameter through 0, and the 
Barth be supposed spherical, the offing at 0 is tlie small circle 
TtT', formed by the revolution of T about OB, and having 
for its pole the point A vertically underneath 0. If, however, 
the Barth be not supposed spheidcal, the form of the offing 
will, in general, be more or less oval, instead of circular. 

Conversely, since it is observed that the ** offing ” at sea is 
very approximately circular, whatever be the position of the 
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observer, it may be inferred that tbe Earth is approximately 
spherical. 

The Bip of the Horizon at 0 is the inclination to the 
horizontal plane of a tangent from 0 to the Earth’s surface. 

Hence, if HOJE^ be drawn horizontally (i.e. perpendicular 
to 00), the dip of the horizon will be the angle HOT, 


101. To determine the Bistance and Bip of the 
Visible Horizon at a given height above the Earth. 

Let Ji = AO = given height of observer ; 
a = GA = Earth’s radius ; 
d =: OT = required distance of horizon ; 

H = Z HOT = required dip expressed in circular 
measure ; 

jD” the number of seconds in the dip H. 

(i.) By Euclid HI. 36, OT^ = OJ. . OB ; 

d’ = Ti (2a + ^) = 2a^ + Iv-, 

z 



This determines d accurately. But in practical applica- 
tions li is always very small compared with 2a ; therefore 
may be neglected in comparison with 2a^, and we have 
the approximate formula, = Zah 
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(ii.) Since OrO is a riglit angle, 

100T= complement of I COT = L TOII = JD. 
Therefore, D being expressed in circular measure, we have 

D — 

radius iJ'l'' 

Now, in practical cases, where the clip is small, the arc 
AT will not differ perceptibly in length from the straight 
line OT. We may, therefore, take arc AT = d; 



To reduce to seconds, we mast multiply by 180 x 60 x GO/tt, 
the number of seconds in a unit of circular measurement, 
and we have 

180 X 60 X 60 / 27 / 

TT ^ a' 


CoboTjIAb.y 1. — Let a, h, d he measured in miles, and 
let h* be tbe numher of feet in the height h. 

Then h' = 52807t, and taking the Earth’s nadius a as 3960 
miles, we have 


/2 X 3960 X N 



a very useful formula. 


CoitOLiARY 2. — Since the offing is a circle whose nxdius 
is very approx imately equal to OT or d, we have 
Area of Earth’s surface visible from 0=7rd^=z27rah = 
in square miles* 


* 102. Accurate Determination of Dip.—Th© us© of approxi- 
iuati( niH (5an be avoided by the exact fonnula : 



which ia adapted to logarithnho oonjputatioii, 

I n this, as in the preceding formulae, no aoooiuib has been taken 
of the ©ffeot of refmotitm du© to the atmosphere. 

For this reason it ia important to determine dip of the horixson 
by practical observations. An instrument called the Dip Sector ia 
e.onHtruoted for this purpose. 

'rabies have also been constructed, giving the dip of the horizon 
aa Hcen from different heights. They ar© of great us© at sea, 
wlnsre the altitude of a star is usually found by observing its 
angular dintanoes from the offing. 
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103. Bisappearauce of a Skip at Sea. — Wlien a ship 
lias passed the offing, the lower part will be the first to 
disappear. Let A' O' (Lig. 38) be the position of the ship ; 
let its distance 00' be 5, and let h = A^O' be the height 
above sea-level of the lowest portion just visible from 0. 
By the approximate formula we have OT =: ^/(2a7l), 
0'T=^(2aJc), 

s = \/ (2 Jill) 4 - V(2ah). 

This formula determines the distance s at which an object 
of given height h disappears below the horizon. 


104. Bffiect of Bip on the Times of Hising and 
Setting, — To an observer on land, the ofiing is generally 
more or less broken by irregularities of the Earth’s surface. 
At sea, however, the ofiing is well defined, and if the dip of 
the horizon in seconds be D", the visible horizon, which 
bounds the observer’s view of the heavens, is represented on 
the celestial sphere by a small circle parallel to the celestial 
horizon, and at a distance JD'^ below it Eig. 40). 

Hence the stars appear to rise and set when they are at 
an angular distance D" 
below the celestial horizon. 

Thus they will rise sooner 
and set later than they 
would if there were no dip. 

Taking the observer’s 
latitude to be let x',xh% the 
positions of a star of decli- 
nation d, when rising across 
the visible horizon n'E's' 
and the celestial horizon 
nils respectively. Draw x'R perpendicular to nEs, then 
x'E=:D". 



Then, if the star rise t seconds earlier at x' than at a?, we have 
lBt=zi x'Px (in seconds of angle) 


arc XX 


sin xP cos d 


(Sph. aeom., 17.) 


But treating the small triangle as'ajff as plane (Sph. deom., 24), 
and remembering that L P'x>^ = 90°, we have 
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XX 


x'R 


D" 


sin x'xH cos 7 ixF ’ 

t =:-^ D" sec d . sec 7 ixP. 
15 


Evidently tlie acceleration at xnsing = retardation at setting. 

OoROLLABT 1. — To ail observer at tke Eq.uator, P 
coincides -with n, / nzP = 0, 

the time of rising is accelerated by seed seconds. 

OoROLLART 2. — If the star is on the eq.uator, ci = 0, 
jc coincides with P, and L nEP = 7iP = I, 

the acceleration = sec I seconds. 


Section HI. — Geodetic Measurements — Figure of the Earth. 

105. Geodesy is the science connected with the accurate 
measurement of arcs on the surface of the Earth. Such 
measurements may be performed with either of the two 
following objects : — 

(i.) The construction of maps. 

(ii.) The determination of the Earth’s form and magni- 
tude. Only the second application falls within the scope 
of this booh. 

106. Alfred Hiussell Wallace's Method of Finding 
the Earth’s Radius. — An approximate measure of the 
Earth’s radius can be readily found by means of the 
following simple experiment, due to Mr. A. R. Wallace. 



Tia. 41. 


Let L, M, JV" ( Eig. 41 ) be the tops of three posts of the same 
height set up in a line along the side o ’ a straight canal. 
Owing to the Earth’s curvature the straight lino LM will^ 
if produced, pass a little above JV. Hence, in order to see 
L, Minn straight line, an observer at the post N will have to 
place his eye at a point JF, a little above A, and the height 
KN may be measured. Let iTL, KM be also measured. 
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Since the posts are of equal height, L, M, N will lie on 
a circle concentric with, and almost coinciding with, the 
Earth’s surface. Let the vertical KN meet this circle 
again in n. By Euclid III. 36, 

KL,KM^KN.Kn‘, Kn=^ KL . KMjKN, 
and Eadius of Earth = ^Kn (very approximately) 
_KL. KM 
2KN ‘ 

This method cannot be relied on where accuracy is 
required, for the small height KlSf is very diflS.cult to 
measure, and a very slight error in its measurement would 
affect the final result considerably. Moreover the observa- 
tions are considerably affected by refraction. 


107. Ordinary methods of Finding the Earth's 
Radius. — Where greater accuracy is required, the radius 
of the Earth is obtained by measuring the length of an arc 
of the meridian and determining the difference of latitude of 
its extremities ; the radius may then be calculated as in § 91. 

The instruments required for the observations include — 
(i.) Measuring rods, such as the double bar; 

(ii.) A theodolite, for measuring angles ; 

(iii.) A zenith sector. 

108. Measurement of a Base Line. — The first step is 
to measure, with extreme accuracy, the length of the arc 
joining two selected points, several miles apart, on a level 
tract of country ; this line is called a Base Line. A series of 
short upright posts are placed at equal distances apart along 
the base line, and they are adjusted till their tops are seen 
exactly in the same vertical plane, and are on the same level 
as shown by a spirit-level. Across these posts are laid 
measuring rods of metal, whose length is very accurately 
known, and these are also adjusted in a line, and made level 
by the spirit-level. These rods are not allowed to touch, 
but the small distances between their ends are measured 
with reading microscopes. In this way, a base line several 
miles long can be measured correctly to within a small 
fraction of an inch. 
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^109. Tlie Double Bar. — If the measuring rods be made of a 

single mebal, their length will 
vary with the temperature. 
This disadvantage is, however, 
sometimes obviated by the use 
. of the double bar (Fig. 42). 

\tl It consists of two bars, a?>, 
cdf one of iron, the other of 
Fig. 42. brass. These are joined to- 

gether in the middle, and to 
their ends are hinged perpendicular pointers eac, fbd of such length 
that 

m i ec = fb :fd 

— coefficient of linear expansion of iron : that of brass, 
about 11 : 18. 

If the temperature be raised, the rods will expand, say to a’h\ 
c'd' But aa' : cc' = ea : ec, therefore e, and similarly/, will remain 
fixed. Hence the distance ef will be unaffected by the changes of 
temperature. 

The alloy hnoion as invar, whose coefficient of expansion is practically 
zerOy is now frequently used for measuring rods. 



110. Triangulation. — When once a base line has been 
measured, the distance between any two points on the Earth 
can be determined by the measurement of angles alone. Eor, 
calling the base line AB, let 0 be any object visible from 
both and B. If the angles GAB, OBA 
be observed, we can solve the triangle 
ABO and determine the lengths of the : 

sides CA, CB. Either of these sides, say ; 

GA, may now be taken as the base of a new j | 

triangle, whose vertex is another point, D. I : 

Thus, by observing the angles of the tri- ; 

angle AGB we can determine DA, DO in | [ f 

terms of the known length of AO. Pro- J 
ceeding in this way, we may divide any ; 
country into a network of triangles connect- i 

ing difeent places of observation J[,P,(7,D, \ ' 

and the distance between any two of the 
places calculated, as well as the direction of A'C / 
the line j oining them . Finally, two stations g 

0, Q are taken, which lie nearly on the same p 
meridian. A perpendicular QH is let fall 
on the meridian, then the distance GB[ is calculated; in 
this way it is possible to measure an arc of the meridian. 
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in. The Theodolite. — The measurement of the angles 
is far easier in practice than the measurement of a base line. 
The instrument used for measuring angles is called a Theo- 
dolite, and is really a portable foinn of altazimuth. It is 
provided with spirit-levels, by means of which the instru- 
ment can be adjusted so that the horizontal circle is truly 
horizontal, and the vertical axis, therefore, truly vertical ; 
the direction of the north point is usually found by means 
of a compass needle. Most theodolites are only furnished 
with a small arc of the vertical circle, sufficient for measur- 
ing the altitude of one terrestrial object as seen from another. 

By reading the horizontal circle of the theodolite, the azimuths 
of <7, as seen from A, are found. By using the diileronce of 
azimuth instead of the angle ABO^ it becomes unnece.ssary to take 
account of the height of the various stations above the Earth. For 
if B, <7 are replaced by any other points, A'^ B' y at the sea 
level, and vertically above or below Ay By 0, the vertical planes 
joining them will be unaltered in position, and therefore the 
azimuths will also be unaffected. 

112. Having thus found, with great accuracy, the length 
of the arc joining two stations on the same meridian, it only 
remains now to observe their difference of latitude. 

The Zenith Sector is the most useful instrument for 
this purpose. It consists essentially of a long telescope BT 
(Fig. 44), mounted so as to turn about a horizontal axis, J[, 
near its object-glass ; this axis is adjusted to 
point due east and west (as in the transit 
circle). Attached to the lower end near the 
eye piece is a graduated arc of a circle GMy 
whose centre is at A. The line of collima- 
tion of the telescope is indicated by cross- 
wires placed in the field of view. A filne 
plumb-line, AP, is attached to the axis A, 
and hangs freely in front of the graduated ^ 
arc. The plumb-line should mark zero when 
the line of collimation points to the zenith. 

When the instrument is pointed to any star, Fxa. 44. 
the reading opposite the plumb-line will be 
the star’s zenith distance. This reading can be determined 
with great accuracy by means of a reading microscope. 
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The plumb-line method is only used for observations of an ap- 
proximate character. For more refined observations carefully con- 
structed spirit-levels are used. A modern form of zenith telescope 
IS the Cookson Instrument, which floats in a circular trough con- 
taining mercury. 


113. A star is selected which transits near the zenith* 
and its meridian zenith distances are observed at the two 
stations. Let these be z and z' degrees. Then if and I, 
are the latitudes of the stations, and d the declination^ 
we have, by § 24, 

I' -^ l=:(d^z')-(d z)=z~- z'. 

Hence, if s is the measured length of the arc of the meri- 
dian joining the stations, and r the radius of the Earth, 
§ 91 gives 

180 ^ ^ ^80 5 

TT Z' — Z TT Z^Z' ' 

114. Exact Figure of the Earth.— If the Earth were 
an exact sphere, the same value would be found for the 
j^dius r in whatever latitude the observations were made 
But in reality the length of a degree of latitude, and therefore 
also r, is found to be larger when the observation is made 
nep the poles than when made near the equator, and hence 
it is inferred that the meridian curve is somewhat oval. 

Let FQF'R represent the meridian curve, 00' two near 
places of observation on it. Then, if OK and O'Jf be drawn 
normal (^.e. perpendicular) to the Earth^s surface at 0, O', 
they will be the directions of the plumb-lines of the zenith 
sectors at 0, O'. Hence the observed difference of latitudes 
or meridian altitudes at 0, 0' will give the angle OKO'. 

Eegarding the small arc 00' as an arc of a circle whose 
centre is Jf, we shall have approximately. 

Circular measure of OKO' = arc 00' -f* OK, 

OKzzz arc 00' 180 g 

circ. measure of OKO' ““ » 

and hence r, calculated as in § 118, is the length OK 


ilus position is chosen because the effects of atmospheric 
retraction are least in the neighbourhood of the zenith. In this 
region they can be accurately calculated, but at lower altitudes a 
little uncertainty is introduced. 
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Tlie lengtli OK is called tlie 
radius of curvature of tlie 
arc, and K is called the centre 
of curvature ; they are respec- 
tively the radius and centre 
of the circle whose form most 
nearly coincides with the meri- 
dian along the arc 00'. 

This radius of curvature OK 
is not, in general, equal to 00, 
the distance from the centre of 
the Earth, owing to the Barth 
not being quite spherical. 

As the result of numerous observations, the meridian 
curve is found to be an ellipse (see Appendix), whose 
greatest and least diameters, called the major and minor 
axes, are the Earth’s equatorial and polar diameters respec- 
tively. The Earth’s surface is the figure formed by making 
the ellipse revolve about its minor axis POP'. This figure 
is called an oblate spheroid. 



115. To find the Equatorial and Polar Badii of 
Curvature of the meridian curve, supposing it to be 
an ellipse. — Let FQF'B be the ellipse. Let 2a, 2h be the 
lengths of its equatorial and polar diameters QGE, FQF'. 
Let be the required radii of curvature at Q and P 


respectively. 



P' 

Fig. 46. 

mately equal to OQ or a. 


Take any point 0 on the 
ellipse, and let the normal at 
0 meet the two axes in G and 
g respectively. 

It is proved in treatises on 
Conic Sections* that 
00 :0g= GF^ : GQ^ = 

First take 0 very near to Q, 
Then OG will become equal to 
the radius of curvature ; also 
Og will evidently become ulti- 


Therefore, : a = 


* Appendix, Ellipse (9). 
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Next take 0 veiy near to P. Tlien OG- will become 
equal to h and Og to 

Tlierefore, h \ r^-=ilr : = a^jh. 

Tims are found in terms of <x, h. 

Conversely', if rj and nare known, a and h may be found ; 
for, by solviii^^, we find a = b = 

We notice that since ay^h, < ^ 2 * 

That the equatorial radius of curvature is less than the 
polar is also evident from the shape of the curve. This, as 
the figure shows, is most rounded at Q, P, and flattest or 
least rounded at P, P. Hence it will require a smaller circle 
to fit the shape of the curve at the equator than at the poles, 

116. Exact Dimensions of the Earth. — The lengths 
of the Earth’s equatorial and polar semi-diameters, a, I, are 
according to Hayford (1909) 

a = 3963-35 miles, h = 3950-01 miles. 

Thus, the Earth’s equatorial semi-diameter exceeds its 
polar semi-diameter by 13*34 miles. 

The mean radius of an oblate spheroid is the radius of 
a sphere of equal volume, and is equal to §/(a“6). ^ Tims, 
the Earth’s mean radius is approximately 3958*9 miles. 

The ellipticity or compression (o) is the fraction 
a — h 

a 

Eor the Earth, c == -i- nearly. 

2(97 

The eccentricity (c) is given by the relation 



Hence (1 — e^) = a’ (1 — ■ c)^ ; 

1 — = (1 — cy = 1 — 2c + (r ; 

- 2c - - c (2 - c). 

Since c is small, 2 — c = 2, approx, ; = 2c, approx., 

which gives the Earth’s eccentricity e = *0820. 

117. Geographical and Geocentric Eatitnde.— The 
Geographical Latitude of a place is the angle which the 
normal to the Earth’s surface at that place makes with the 
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plane of tlie equator. It is the latitude defined in § 18. 
Thus, Z Q>GO (Fig. 46) is the geographical latitude of 0. 

The Geocentric Latitude is the angle subtended at the 
Earth’s centre bj the arc of the terrestrial meridian between 
the place and the equator. Thus, jLQCO the geocentric 
latitude of 0. 

*118. delations between the Geocentric and Geographical 
Latitudes. — Let / QGO = I, i QCO = I', Draw ON perp. to GQ. 
Then GN:GN=OG:Og=V-, NOIGN= {NOjGN) x {bya^) ; 

tan I' = tan lx tan 1. 

We deduce also tan {I -I') = — — = Je'^sm2Z (approx.), 

2 (1 - e-sin*-/) xjT /j 

since is small. Hence the difference between I and r is a maxi- 
mum at latitude 45°, where it amounts to IT 36". 


EXAMPLES.— III. 

1. Show that the locus of points on the Earth’s surface at which 
the bun rises at the same instant is half a great circle ; and state 
the corresponding property possessed by the other half. 

2. Find the least height of a mountain in Corsica in order that it 

miles^° ^he sea-level at Mentone, at a distance of 80 

^3. At the equator, in longitude A®, a given vertical plane declines 
a from the north towards the west ; find the latitude and longitude 
ot the places to whose horizon the given plane is parallel. 

equinox, in latitude I, a mountain whose 
height IS Ijn of the ^Earth’s radius will catch the Sun’s rays in the 

morning hours before he rises on the plain at the base. 

5. Estimate to the nearest minute the value of this expression for 
a mountain three miles high in latitude 45°. 

distance of the horizon as seen from the top of a hill 

iUoo leet high. 

7. Find, to the nearest mile, the radius of the Earth, supposing the 
visual line of a telescope from the top of one post to the top of 
another post two miles off, cuts a post, half way between, 8 inches 
below the top, the posts standing at equal heights above the water 
in a canal. 

8. In Question V, what would be the length of a nautical mile, 
adopting the usual definition ? 
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9. Supposing the Earth spherical, and of radius r, and neglecting 
the refraction of the air, show that, if from the top of a mountain 
of height a above the level of the sea, the summit of another 
mountain is seen beyond the horizon of the sea, and at an elevation 
e above the horizon, and if its distance be known to be D, its height 
is approximately given by 

a + cD-^ 

10. A railway train is moving north-east at 40 miles an hour in 
latitude 60®; hud approximately, in numbers, the rate at which it 
is changing its longitude. 


MISCELLANEOIJS QUESTIONS. 

1. Explain the difTerent systems of coordinates by which a star’s 
position is fixed in the heavens. 

2. Show, by a figure, whore a star will be found at 9 p.ra, on the 
5th of Juno in latitude 50“N., if the star’s right ascension is 12 hours 
and its declination 5° south. 

3. Define dip, azimuth, culmination, circumpola7\ zmith. Why 
would it be insufficient to define the declination of a star as its 
distance from the equator measured along a declination circle? 

4. Three stars, A, B, O, are on the same meridian at noon, B being 
on the equator, and A and 0 equidistant from B on either side. 
Prove that the intervals between the setting-times of A and JJ and 
B and 0 are equal. 

5. Show how to find approximately the Sun’s H.A. at a given 
date. Obtain its approximate value for Maroli 1, August 10, 
October 23, and January 15. 

6. Describe the transit oirole. 

7. Define a morning and evening star. Show that on tlie Ist of 
September a star, wlioso doolinaiion is 0®, and R.A. llh. 28m., is an 
evening star, but that it is a morning star throe weeks later. 

8. Assuming the Earth to ho a sphere, sliow how its radius may 
be practically moasxtrocl. 

9. Explain clearly the nature and uses of the zenith sector. 

10. A, B, (7 are the tops of the masts of three ships in a line, and 
are at equal heights above the sea-level, and 0 is the centre of the 
Earth. If the distance BO bo x miles, and r is the Eartli’s radius 
in miles, show that Z BAO = | Z BOO; and hence deduce tliat 

TT 2r 

Eind this angle, having given x - 2, r - 3960, r si* 3|. 
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EXAMIN-ATIOI^ PAPEE.—IIL 


1. Assuming the Earth to be a sphere, show that, as we travel 
from the eq^uator due north, our astronomical latitude {Le, the 
altitude of the Pole) will increase. Taking this increase as 1° for 
every 69 miles, find the circumference and the radius of the Earth. 

2. Define the metre, the nautical mile, and the hnot, and calculate 
their values in feet and feet per second respectively, taking the 
Earth’s radius as 3960 miles. 


3. How is the speed of a ship estimated ? Find, in feet, the dis- 
tance apart of the knots on a log line, so constructed that the 
number run out in half a minute measures the ship’s velocity in 
nautical miles per hour. 

4. What are the difficulties in measuring an arc of the meridian 
and how are they met ? 


5. Find the Earth’s radius in fathoms, and in metres. Express 
the nautical mile in French units of length. 

6. Obtain formulae for the distance of the visible horizon from a 
place whose height is given. Deduce that, if the height A be 

measured in inches, the distance in miles will be \/ taking the 

▼ 8 

Earth’s radius as 3960 miles. 


7. Define the di^ of the horizon, and show how to find it. Prove 
that the number of seconds in the dip is nearly 52 times the 
distance in miles of the offing. 

8. If A, B, and G be the tops of three equal posts arranged in 
order two miles apart along a straight canal, show that the straight 
line AE passes 5 feet 4 inches above G, and that AG passes 2 feet 
8 inches below B. 

9. Find the length of a given parallel of latitude intercepted 
between two given circles of longitude. 

10. Is the Earth an exact sphere ? Show that a degree of latitude 
increases in length as we go northward. Distinguish a nautical 
from a geographical mile. 


CHAPTEE IV. 


THE SUN’S APPAEENT MOTION IN THE 
ECLIPTIC. 

Section I . — The Seasons, 

119. In Section III. of Chapter I.* we described the 
Sun’s annual motion among the stars, and showed how, in 
consequence of this motion, the Sun’s right ascension in- 
creases at an average rate of nearly 1° per day, while his 
declination fluctuates between the values 23^ 27' north, and 
23® 27' south of the equator. We shall now show how this 
annual motion, combined with the diurnal rotation about 
the poles, gives rise to the variations, both in the relative 
lengths of day and night, and in the Sun’s meridian altitude, 
during the course of the year; how these variations are 
inodiiied by the observer’s position on the Eartli ; and how 
they produce the phenomena of summer and winter. 

Altliough both the diurnal and annual apparent motions 
of the Sun are known to be really due to the Earth’s motion, 
it will be convenient in this section to imagine the Earth to 
be fixed, while the Sun and stars are moving ; thus the zenith, 
pole, horizon, meridian, and equator will be considered fixed, 
as they actually appear to be to an observer on the Earth. 

As the change in the Sun’s declination during a single day is 
very small, the Sun’s apparent path in the heavens from morn- 
ing till night is very approximately a small circle parallel 
to the equator, and may bei'egarded as such for purposes of 
explanation. The ©fleets of the variation in the declination 
will, however, become very apparent when we compare the 
Sun’s diurnal paths at different seasons of tlie year. 

Throughout this section we shall denote the obliquity of 
the ecliptic by % the Sun’s declination at any time by d, his 
zenith distance at noon by z, and the observer’s latitude by I, 

The student will do well to revise Chapter I., Section III., 
before proceeding further. 
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120. Zones of the Earth.— Definitions.— From § 24 
it IS evident that if the Sun passes through the zenith at 
noon, must = 1. 

But d lies between i (north) and i (south). 

Therefore I must lie between the limits i N. and i 8. 

Thus, if the Sun be verticallj overhead at some time in the 
year, the latitude must not be greater than 23° 27' N. or S. 

.A.gain, from § 28 we see that the Sun, like a circumpolar 
star will remain above the horizon during the whole of its 
revolution provided that 90° — t? < I 

This requires that Z > 90° — i. 

Thus, if the Sun be visible all day long during a certain 
period of the year, the latitude must be greater than 66° 33' 
In. or S. 

These circumstances have led to the following definitions. 


_ The Tropics are the two parallels to the Earth’s equator 
in north and south latitude i, or 23° 27'. The northern 
tropic IS caUed the Tropic of Cancer, the southern the 

Tropic of Capricorn. 


Antarctic Circles are respectively the 
parallels of north and south latitude 90° — i, or 66° 33' 


These four parallels divide the Earth’s surface into five 
regions or zones. 


The portion between the tropics is called the Torrid Zone 
Ihe portion between the tropic of Cancer and the arctic 
circle IS called the Worth Temperate Zone. The portion 

Capricorn and the antarctic circle is 
called the South Temperate Zone. 

The portions north of the arctic circle, and south of the 

T distill- 

guished as the Arctic and Antarctic Zones. 


Different Seasons and 
Places.— We shall now describe the various appearances 
presented hy the Sun’s diurnal motion at different times of 
wl in ®a°ii case with the vernal equinox. 

heitoll? Pi^snomena are modified as 

ne travels northward towards the pole. 

A.STK.ON. ^ 
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122. At the Earth's eq^uator, ^ =: 0, aad tlie poles of 
the celestial sphere are on the horizon (P, P', Fig. 47). 
Hence, between sunrise and sunset, the Sun has always to 
revolve about the poles through an angle 180°, and the days 
and nights are always equal, each being 12 hours long. 

On March 21 the Sun is on the celestial equator, and it 
describes the circle EZW, rising at the east point, passing 
through the zenith at noon, and setting at the west point. 

Between March 21 and Sept. 23, the Sun is north of 
the celestial equator ; it therefore rises north of PI, transits 
north of the zenith and sets north of W. Its N. meridian 
zenith distance z is always equal to its H. declination d 
(since by § 24, = d—l and I = 0). 

Hence, from March 21 to June 21, z increases from 0 to 
i N. On June 21, ^ has its greatest FT. value -i, and the 
Sun describes the circle E'Q'W'^ where ZQJ -=■ i. 



Prom June 21 to Sept. z decreases from i to 0. 

On Sept. 23, the San again describes the great circle EQ FT. 

Between Sept. 23 and March 21, the Sun is south of the 
equator, and therefore it transits south of the zenith. We 
now have z = d, both being S. 

Prom Sept. 23 to Bee. 22, the Sun’s south Z.B. at noon, 
z, increases from 0 to i. 

On Dec. 22, z has its greatest value i (south) and the Sun 
describes the circle W” where ZQ' = i 

Prorn Dec. 22 to March 21, z diminishes again from % to 0. 
On March 21, the Sun again describes the circle PQTT, and 
the same cycle of changes is repeated the following year. 
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123. In the Torrid Zone Worth of the Equator. 

On March 21, the Sun describes the equator £QJV (Fig. 
48), rising at ^ and setting at PF. Here / ZPJ^= Z, ZP W 
= 90°, and the day and night are each 12h. long. The 
Sun transits S. of the zenifch at Q, where ZQ = l 

From March 21 to June 21, d increases from 0 to % and 
the Sun’s diurnal path changes from UQW to JS'Q'W'. 

The hour angles at rising and setting increase from ZPB 
and ZP W to ZPjE' and ZP W', respectively ; hence the days 
increase and the nights decrease in length. The day is 
longest on June 21, when the hour angle ZPU' is greatest. 
The increase in the day is proportional to the angle JEJPJE , 
and is greater the greater the latitude 1. 

At first the Sun transits S. of the zenith, and 

When js!=0, and the Sun is directly overhead at noon. 

After this, the Sun transits IST. of the zenith, and z=:d — I 

On June 21, z attains its maximum H. value ZQ'= 

From June 21 to Sept. 23, the phenomena occur in the 
reverse order. The diurnal path changes gradually back to 
UQW, The day diminishes to 12h. The Sun, which at 
first continues to transit of the zenith, becomes once more 
vertical at noon when d again = Z, and then transits S. of 
the zenith. 

From Sept. 23 to Dec. 22, the Sun’s path changes from 
EQW to W'Q"W", 

The eastern hour angle at sunrise decreases to ZPE" \ 
thus the days shorten and the nights lengthen. The day 
is shortest on Dec. 22. 

Also z increases from Z to Z -f- L 

On Dec. 22, % attains the maximum value ZQ' = Z + Z, 
and the Sun is then furthest from the zenith at noon. 

From Dec. 22 to March 21, the length of the day increases 
again to 12 hours, and the Sun’s meridian zenith distance 
decreases to %=.l. 

124. On the Tropic of Cancer, Z = i . — The variations 
in the lengths of day and night partake of the same general 
character as in the Torrid Zone. But the Sun only just 
reaches the zenith at noon once a year, namely, on the 
longest day, June 21. At other times the Sun is south 
of the zenith at noon, and z attains the maximum value 2i 
on December 22. 


astronomy. 




1 25. la the North Temperate Zone I > i but, < 90" - !. 
Horu the variations in tlio lengths ol; ilay and are 

similar, l)ut luoro marked, owing to the greater totude 
Oil Miirr-ii 21, tlie Suu donenbes tke o(|U!itoi LiiWB (1 1„. 
0,9), which is l)isootod by the horizon ; hence the day is 12h. 

'riie length oE the day increases from M:arch|l b> June 21 
'I’ho day is longest on Juno 21, when the Sun describes 
amUhe hour angles are greatest 

The days diininish to I2li. on bopt. 23, when the Sun 

again deskies miWlt. f 

when the Sun describes * ii b" ii- . 

From Doc. 22 to March 21, the days increase m length, 
iind on March 21 tlio day is again 12 hoin-s long. 

The diffiwence between the longest and shortest ]f 
the time taken hy the San to doscrihe the angles h Ih , 
W'TW', and is therefore 

= * ( L P'PP!'' + L W'V\r) I'PPSl". 

the time l»ing measured in hours and the aiiglas in degrees. 

it“ai l” »,.> a»t. L « PS- i« K™>‘or i« « •)“ 

in Fiir 4B, thus the variations are more marked lu the tern- 
mrato'.one than in the torrid .one. Tlie variatums in- 

„a SX" lit. .„„ft of «u, 

distance at noon is luast on June 21. ^h » /4 ^ 

and is greatest on Dec. 22, when . = /M - ^ . At the 
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126. On. the Arctic Circle, I = 90° i. Hence on 
June 21, wlien the Sun’s N.P.D. = 90° — iy the Sun at mid- 
night will only just graze the horizon at the north point 
without actually setting. On Dec. 22 at noon, the Sun’s 
Z.l). = 90°, and the Sun will just graze the horizon with- 
out actually rising. As in the preceding case, the days in- 
crease from Dec. 22 to June 21, and decrease from June 21 
to Dec. 22 ; on March 21 and Sepfc. 23, the day and night 
are each 12h. long. 

127. In the Arctic Zone we have I > 90° — 7 ', and the 
variations are somewhat different (Fig. 50). 

On March 21, the Sun describes the circle EQW, and the 
day is 12h, long. 

As d increases, the days increase and the nights decrease, 
and this continues until d = 90° — I, When this happens, 
the Sun at midnight only grazes the horizon at n. 

Subsequently, while d > 90° — I, the Sun remains above 
the horizon during the whole of the day, circling about the 
pole like a circumpolar star. This period is called the 
Perpetual Day. 

During the perpetual day, the San’s path continues to 
rise higher in the heavens every twenty-four hours until 
June 21, when the Sun traces out the circle E'Q\ The 
Sun’s least and greatest zenith distances will then be 
ZQ! =: I and ZB' = 180° -—i '—I respectively. 

After June 21, the Sun’s path will sink lower and lower. 

When d is again = 90° — I the perpetual day will end. 
Subsequently, the Sun will be below the horizon during 
part of each day. The days will then gradually shorten 
and the nights lengthen. 

On Sept. 23, the Sun will again describe the circle EQW, 
and the day and night will each be 12 hours long. 

The days will continue to diminish till the Sun’s south 
declination d' = 90° — I, When this happens the Sun at 
noon will only just graze the horizon at s. 

While d' > 90° — Z, the Sun remains continually below 
the horizon. This period is called the Perpetual Night. 

On Dec. 22 the Sun traces out the circle E"Q" below the 
horizon. 

When d' is again = 90° — Z, the perpetual night will end. 

Subsequently, the day will gradually lengthen until 
March 21, when it will again be 12 hours long. 
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128. At the North Pole (Fig. 51) the plieiioniena are 
much simpler. The celestial equator coincides with the 
horizon. Hence, from March 21 to Sept. 23, the Sun. will 
be above the horizon, and there will be perpetual day. The 
Sun’s altitude will attain its greatest value i on June 21, 
when the Sun will trace out the circle QB'. 

Erom Sept. 23 to March 21 there will be perpetual night. 
The Sun vrill be at its greatest depth below the horizon on 
Dec. 22, when it will trace out the circle Q'B'\ 

129. Phenomena in the Southern Hemisphere. 

At a place south of the equator, the variations will partake 
of the same general character as those in the corresponding 
north latitude, but the seasons will be reversed. The south 
pole will be above the horizon, instead of the north pole, and 
the days will increase in length as the Sun passes to the south 
of the equator. In fact, if we consider two antipodal points 
or places at opposite ends of a diameter of the Earth, the day 
at one place will coincide with the night at the other. 

Hence, at any place between the equator and antarctic 
circle, Dec. 22 will be the longest day, and June 21 the 
shortest. 

Within the antarctic circle there will be perpetual day 
lor a certain period before and after Dec. 22, and perpetual 
night for a certain period before and after June 21. 

The variations in the Sun’s north zenith distance at noon 
will be the same as the variations in the south zenith dis- 
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tance iu the corresponding north latitude six months 
earlier.^ 

180. The Seasons. — Having thus described the varia- 
tions in the Sun’s daily path at different times and places, 
we shall now show how these variations account for the 
alternations of heat and cold on the Earth. 

Astronomically, the four seasons are defined as the por- 
tions into which the year is divided by the equinoxes and 
the solstices. Thus, in northern latitudes, 

Spring commences at the Vernal Equinox (March 21) , 

Summer „ ,, Summer Solstice (June 21), 

Autumn „ „ Autumnal Equinox (Sept. 23), 

Winter „ „ Winter Solstice (Dec. 22). 

It is obvious that the temperature at any place will depend 
in a great measure upon the length of the day. While the 
Sun is above the horizon, the Earth is receiving a consider- 
able portion of the heat of his rays, the remaining portion 
being absorbed by the Earth’s atmosphere through which 
the rays have to pass. When the Sun is below the horizon, 
the Earth’s heat is radiating away into space, although the 
heated atmosphere retards this radiation to a considerable 
extent. Thus, on the whole, the Earth is most heated when 
the days are longest, and conversely. 

The variations in the Sun’s meridian altitude have a still 
greater influence on the temperature. When the Sun’s rays 
strike the surface of the Earth nearly perpendicularly, the 
same pencil of rays will be spread over a smaller portion of the 
surface than when the rays strike the surface at a considerable 
angle ; hence the quantity of heat received on a square foot 
of the surface will be greatest when the Sun is most nearly 
vertical. By this mode of reasoning it is shown in Wallace 
Stewart’s Text-hooh of Lights § 15, that the intensity of 
illumination of a surface is proportional to the cosine of the 
angle of incidence, and the same argument holds good with re- 
gard to radiant heat as well as light. Hence the Sun’s heating 

* The student will find it instructive to trace out /«% the varia- 
tions in S. latitudes corresponding to those described in §§ 122-128. 
See diagram, p. 424. 
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power wliea above tbe liorizon is always proportional to 
the cosine of the Sun’s zenith distance or the sine of its 
altitude. 

In this proof, however, the absorption of heat by the 
Earth’s atmosphere has been neglected. But when the 
Sun’s rays reach the Earth obliquely, they will have to pass 
through a greater extent of the Earth’s atmosphere, and 
will, therefore, lose more heat than when they are nearly 
vertical. This cause will still further increase the efect of 
variations in the Sun’s altitude in producing variations in 
the temperature. 

131. Between the Tropics the combination of the two 
causes above described tends to produce high temperatures, 
subject only to small variations during the year. The Sun’s 
meridian altitude is always very great, and the variations 
in the lengths of day and night are small. If the latitude 
be north, the Sun’s heating power is greatest while the Sun 
transits north of the zenith. During this period the Sun’s 
meridian altitude is least when the days are longest. Tims 
the effects of the two causes in producing variations in the 
Sun^s heat counteract one another, to a certain extent, and 
give rise to a period of nearly uniform but intense heat. 

lu the Korth Temperate Zone, the Sun is highest at 
noon when the days are longest, and therefore both causes 
combine to make the spring and summer seasons warmer 
than autumn and winter. But the highest average tempera- 
tures occur some time after the summer solstice, and the 
lowest temperatures occur after the winter solstice; for 
the Earth is gaining heat most rapidly about the summer 
solstice, and it continues to gain heat, hut less rapidly, for 
some time afterwards. Similarly, the Earth is losing heat 
most rapidly at the winter solstice, and it continues to lose 
heat, hut less rapidly, for some time afterwards. For this 
reason, summer is warmer than spring, and winter is colder 
than autumn. 

A.S we go northwards, the Sun’s altitude at noon becomes 
genetully lower throughout the year, and the climate there- 
fore becomes colder. At the same time, the variations in the 
length of the day become more marked, causing a greater 
ff^uctuation of temperature between summer and winter. 
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Within the Arctic Circle there is a warm period during 
the perpetual day, but the Sun’s altitude is never sufficiently 
great to cause very intense heat. During the perpetual night 
the cold is extreme ; and the low altitude of the Sun, when 
above the horizon at intermediate times, gives rise to a 
very low average temperature during the year. 

In the Southern Hemisphere the seasons are reversed; 
for, in south latitude Z, when the Sun’s south declination is d, 
the same amount of heat will be received from the Sun as w 
north latitude Z, when his north declination is d. Hence, the 
seasons corresponding to our spring, summer, autumn and 
winter will begin respectively on September 23, December 
22, March 21, and June 21, and will be separated from the 
corresponding seasons in north latitude by six months. 

132. Other Causes affiecting the Seasons and 
Climate. — It is found (as will be explained in the next 
section) that the Sun’s distance from the Earth is not quite 
constant during the year. The Sun is nearest the Earth 
about January 3, and furthest away on July 4 (these are 
the dates of perigee and apogee respectively) . As shown in 
Wallace Stewart’s Text-hooJc of Lights § 14, the intensity of 
illumination, and therefore also of heating, due to the Sun’s 
rays, varies inversely as the square of the Sun’s distance. 
Hence the Earth receives, on the whole, more heat from the 
Sun after the winter solstice than after the summer solstice. 
This cause tends to mahe the winter milder and the summer 
cooler in the northern hemisphere, and to mahe the summer 
hotter, and the winter colder in the southern hemisphere. 

The variations in the Sun’s distance are, however, small, 
and their effect on the seasons is more than counteracted 
by purely terrestrial causes arising from the unequal dis- 
tribution of land and water on the Earth. The sea has a 
much greater capacity for heat than the rocks forming the 
land ; it is not so readily heated or cooled. In the southern 
hemisphere the sea greatly preponderates, the largest land- 
surfaces being in the northern hemisphere. Hence, the 
climate of the southern hemisphere is generally more equable, 
and the seasons are not so marked as in the northern hemi- 
sphere, quite in contradiction to what we should expect from 
the astronomical causes. 
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133. Times of Sunrise and Sunset. — The Nautical 
Almanac now gives each year a table of the times of sun- 
rise and sunset for every day of the year, and for 18 
selected values of latitude, extending from the equator to 
60° North. It also gives a table by which these data can 
be extended to the southern hemisphere, using a different 
day of the year about six months away from the actual 
date. The quantities printed are the mean solar times for 
the meridian of Greenwich. For other meridians a correc- 
tion for longitude is needed. The times given are for the 
Sun’s upper limb, and are corrected for refraction. 

The Sun’s declination very nearly repeats itself on the 
same day after four years, and the times of sunrise and 
sunset do so likewise. 

Failing a Nautical Almanac, we can use ‘‘ Tables of 
Semidiurnal and Semiuoctunial Arcs ” (see § 29) to ffnd 
the interval between sunrise and meridian passage for 
various declinations and latitudes. These tables give for 
different latitudes and declinations the interval between 
apparent noon and sunset, i.e. the appar^ujt time of sunset 
or half the length of the day. Sulkract.ing this from 12 
hours the apparent time of sunrise ia found, and is half 
tlie length of the night. 

Tim times found in this manner will he the Uml solar tbneB, 
To reduce to Greenwich solar time we must add or sub- 
tract 4in. for each degree of longitude, according as the 
place is W. or E. of Greenwich. 


lS4f. To find the length of the perpetual day and 
night at places within the Arctic or Antarctic 
Circles. 

^riie perpetual day lasts while the Stui’s thK^lination at 
local midnight is greater tlian the (uilatitude (or complement 
of the latiiaide), during spring and Hummer. The perpetual 
night lasts while Gie Bun’s B. de<d. at local noon Is greater 
than tlie colat. during autumn and winter. The Sun’s decL 
at Greenwicli noon Ixung given for every day of tin? jeiir, 
in the Nautical Abnammk, it is easy to find ap|)roximatelj 
the durations of the ptuuietual day and night in any given 
latitude? greater than 
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135. To jELiid tlie time the Sun takes to rise or 
set. — Let D" be the Sun’s angular diameter, measured in 
seconds. When the Sun begins to rise, his upper limb just 
touches the horizon, and his centre is at a depth below 
the horizon. When the Sun has just finished rising, his 
lower limb touches the horizon, and his centre is at an altitude 

above the horizon. During the sunrise, the centre rises 
through a vertical height D". The problem is closely similar 
to that of § 104, where the efiect of dip is considered. Hence 
if t seconds be the time taken in rising, d the declination of 
the Sun’s centre, and x the inclination to the vertical of the 
Sun’s path at rising {Hx'x or nxP, Fig. 40) we have 

t = 3-^5 D" sec d sec r, 

= 4 sec (Z sec a? x (O’s angular diameter in minutes). 

As in § 104, this gives, for a place on the equator, 
t = yV sec d, 
and at an equinox in latitude 1^ 

t = ^ 1 - D" sec 1. 

ExamiUjE. — A t an equinox in latitude 60®, the O’s angular diameter 
being 32', 

the time taken to rise will be = 4 x 32 x sec 60° seconds 
= 256s. = 4m. 16s. 

136. "Note. — It may be mentioned that, owing to atmos- 
pheric refraction, the Sun really appears to rise earlier and 
set later than the times calculated by theory. As the pheno- 
mena of refraction will be discussed more fully in Chapter 
VI., it will be sufficient to mention here that the rays of 
light from the Sun are bent to such an extent by the 
Earth’s atmosphere that the whole of the Sun’s disc is visible 
when it would just be entirely below the horizon if there 
were no atmosphere. 

Moreover, there is daylight, or rather twilight, for some 
time after the S- in has vanished, so that what is commonly 
called night does not begin for some time after sunset. 

For the same reasons, the perpetual day at a place in the 
arctic circle is lengthened, and the perpetual night shortened, 
by several days. 

The time taken in rising and setting is, however, prac- 
tically unaffected in moderate latitudes. 
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Skction 1L--The Ediptic. 

187. The First Point of Aries.— In (letcnniiiiug the 
right ascensions of stars, the first step must necessarily be 
to find accurately the position of the first point of Aries, 
since this point is taken as the origin from which E.A. is 
measured. In other words, we must first find the K.A. of 
one star. When this is known w© can use that star as a 
“ t*,lotr,k star,” to determine the sidereal time and clock error ; 
and, these being known, we can then find the R.A, of any 
other star, as explained in Chapter II. But until the 
[Hjsition of T has been found, tlie methods of Chapter II. 
will only enal>le us to find the difference of E.A. of two stars 
by ol)serving the dilfenmco of tlieir times of transit, as in- 
dieaf (‘d l)y the a8tronomit‘al clock, and will determine neither 
tln^ Hider(‘al time nor tht's clock error, nor the E.A.’sof the stars. 


18H, First Method.— -The position of T may he found 
thus : At the vernal (M|uinox tlie Bun’s decimation changes 
ft*om south to north, or from negative to positive. Let the 
Hun's dindi nation be observed by the Transit Circle at the 
ortMUiding and following noons, and let the observed values 
l>e -- <i, ami -f (k (he. B., and da N.). Let be the 
cornw|)«>ndiiig tinn^s of f.ransit of tlic> Bun’s centre, as 
olmerved by tlm astronomical clock, and let T, the time of 
transit of any star, 1 h% also observed. Then, 

7’ diffin*ence of E.A. of star and Btni a-t first noon, 

7’ — ,, „ „ at secoud nooii . 


Let* T /, = Uj Haul T -L = We ha\ay 

hienntHo in Bun’s decL in the day == — 

„ K.A. 

an* I both coonlinates incnsisc^ at an approximately uniform 
rate during tlu^ day. 

1*ht^reh>re tln^ O’sdecl will have increased from — (I| to0 
til a time + of a day, and the eornssponding in- 
crea'He ill K.A. will 1 m^ 

(oj X 4“ dg). 


Han is now at 
spirts Mt4i.r*H K.A, 


T» /. ©’s K.A, is now =r 0. Hence, 
^ c/|“bd,j d| 4 /hj 
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*139. Flamsteed’s Method for finding the First 
Point of Aries. — The principle of the method now to be 
described is as follows : — Let S be two positions of the 

Sun shortly after the vernal and before the autumnal 
equinox respectively, and such that the declinations 
and 8M are equal. Then the right-angled triangles T-M’j/S'i 
and £tM8 will be equal in all respects, and we shall there- 
fore have Tlfi = £ 2 = if. 



At noon, some day shortly after March 21, the Sun is 
observed with the Transit Circle, say when at We thus 
determine its meridian zenith distance and also the dif- 
ference between the times of transit of the Sun and some 
fixed star a;, whose E.A. is required. This difference, 
which is the difference of E.A. of the Sun and star, we 
shall call If be the Sun’s declination, and I the 
observer’s latitude, we shall have 

S^jifj = == Z — MiN^ai^ 

We now have to determine ifW, the difference of E.A. of the 
Sun and star shortly before September 23, when the Sun’s 
declination 8 Mis again equal to dy But the Sun can only 
be observed with the Transit Circle at noon, and it is highly 
improbable that the Sun’s declination will again be exactly 
equal to at noon on any day. We shall, however, find two 
consecutive days in September on which the declinations at 
noon, 8,^M.^ and SgAT^jare respectively greater and less thand^. 
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Let % and % be the observed meridian zenith distances at 
and ”^ 3 ; and the corresponding declinations 
SIM>^ ; and o-g the observed arcs M^N and IfgiSr, being the 
differences of E.A. of the Sun and star on the two days. 

Dui'ing the day which elapses between the observations at 
/S 2 , we may assume that the Sun’s decl. and E.A. both 
vary at a uniform rate, so that the change in the deed, is 
always proportional to the corresponding cliange in R.A.^ 


Therefore, 
MoM 
and MN ■ 


MjM^ _ ^ 2^2 

_____ d' 

do 




SiVf _ 

AM 

li-d 


■A 


dc)—~(l,^ 

" 4- 


(% — ag), 


: M,N-M^M = a,..). 

U'2 


Now we have shown that 
T =: M:£h : 

le. r N-J\LN - MN- £ 1 : N ; 

rN+ £hN'= 2riV - 
—ji^xN - 12 hotirs ; 

T N := 6h. 4* I (M^N + MN) 

= 6h. + J I ft, + "i- I . 


This determines riV", the star’s R.A., in terms of cij, (ip 
the ol)8erved differences between the timoB of transit of tlie 
Sun and Btar, and d^rdp dp the Sun’s detdinations at the three 
observations. But we need not even fuel the declinations, for 

tii<n-efor(% Bul>stituting, we liave 


Tlie star’s E.A., | ai + na— | . 

^2 ’ 

In at^plying enther of the above tu«th(Hk to tho ntnnericml <'!alcula. 
tion of the right asootision of any star, it is iwlvimlde to follow the 
various stops" as wo have desctnlmd thorn, instead of mertdj suh- 
stitutirig the innnerioal values of the date in the final forriuike. 


^ In other words, we assuino, as in I’rigojuuutstry, that th© 
** principle of proportional parts ” holds for the small variations in 
deel. and E.A. during the day* 
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*140. The Advantages of Plamsteed’s Method.— Among 
these the following may be mentioned. 

1st. The method does not require a knowledge of the latitude, for 
we do not require to find the Sun’s declination. Hence, errors 
arising from inaccurate determination of the latitude are avoided. 

2nd. One great source of error in determining Z.D.’s is the refrac- 
tion of the Earth’s atmosphere. Since the Sun is observed each 
time in the same part of the sky, Zg will be nearly equallj^ 
affected by refraction. Hence, the “principle of proportional 
parts” will hold, so that the small differences in the true Z.D.’s 
are proportional to the differences in the observed Z.D.’s. Hence 
we may use the observed Z.D.’s uncorrected for refraction. Since, 
however, refraction varies with the barometer and thermometer, it 
must not be neglected where an accurate result is desired. 


Example. 

To find the Right Ascension of Sirius and the clock errors in 
March and Sept., 1891, from the following data, the rate of the 
clock being supposed correct. (Decl. of Sirius — 16° 34' 2" S.) 



Mar.2S,1891. 

Sept. 18. 

Sept. 19. 

Deck of Sun at noon... 
Time of transit of Sun 
Time of transit of Sirius 

1° 48' 56" 

Oh. 15m. 36s. 
6h. 39m. lOs. 

r 53' 0 ' 
Uh. 42m. 42s. 
6h. 40m. 253. 

1° 29' 43” 
llh. 46m. I7s. 
6h. 40m. 25s. 


On Mar. 25, (R. A. of Sirius) - (Sun’s R. A, ) = 6h.39m. 10s. - Oh. 15m.36s. 

= 6h.23m.34s. 

Hence, in angular measure, the difference of R.A. is about 96°. 
Draw the diagram as in Fig. 52, but make the angle S^PN^ 96° ; N 
will therefore lie hetxoeen Mi and M 2 i instead of where represented. 
Also, since Sirius is south of the equator, it should be represented 
at a point x on PJSf produced through A''. In this figure we shall have 

AS'iifi = l'’48'56" ; MiN = 6h. 39ra.l0s. -0h,16m.36s. = 6h.23m.34s. 
^27lf2=l°53' 0''; Arif2===llh,42m.42s.--6h.40m.25s.==5h. 2m.l7s, 
= r 29'43” ; = llh. 46m.l7s. - 6h.40m.253. = 5h. 5m.52s. 

Also, 8M is by construction equal to SiMi, 

Hence, applying the principle of proportional parts, we have 

M^M ^S^M^-SiMi^ 4' 4" _ 244 
M 2 M 2 S 2 M 2 -S 2 M 2 23' 17" 1397’ 

and M 2 M 2 = 3m. 35s. = 215s. ; 

M^M = 215 X 244/1397 = 37*5 seconds ; 

NM = 5h. 2m. 17s. + 37s. = 6h. 2m. 51s. 
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Now, = JVT - 2iVT - I'2h. 

IIence,TA^^61i, + MiV^/^i"^^Af) = 6li. + K6h/23m.3k.--5h.2m,54 
= = ()h. 40 m. ^Oa. 

I’lius the right aHoenskm of Sirim = 61i. 4:0m. 20 b. 
i\lso,ol()ok error i ll March ™()h.4()rn.2C)s. - f)h.39m.l0s. 10s, 

, ,, ,, ,, »Sept. — 0h.40ni.20s. "5h.40ni.2r)s. ™ - 5a. 


141. Precession, of tlie Eq^uiiioxes, — Tims far we hare 
treattnl the (ir«t point of Aries as being fixed, and this will 
(evidently Ik^ the case if the equator and ecliptic are fixed 
in diriHd.ion. Bnt if tli<'. right ascensions of various stars 
a, Hi ohsivrvcd oviu' an interval of several years, it will be found 
that tlu^ position of tln^ first point of Aries is slowly chang- 
ing, a,nd that it, moves Uploug the ecliptic in the retrograde 
at the, rate of a.l>out 5()’26" in a year. Tliis motion 
is calUal I haHvssiou of the E<|viinoxeB, or, briefly, Precession, 
Ihawession is found to d\ie a.hnoBt entirely to gradual 
(*ha.ngi‘H in the direct-ion of the phtne of the equator, the 
oalipt ii‘ laovnuning almost flxed among tlie Btara. Its effect 
is t4) produci^ a yt^arly incre,ase of 5()-2t>" in tiie celestial 
hnigitudcH of all stars, thifir laiitaides lufing constant. 

In a largo numlier of yeiirs theeihxd.of precession will be 
<‘onHideralh4. 'Ihu.s, T will perform a (x>mpleto revolution 

in the perkHl years, i.c. aboui 25,800 years. 

oil ‘Hit 


Atqually the p(»riod of a. (xvmpletn revolut ion is variable by 
many Vi^sirs ; for precession varies with the amount of 
obliquity, ajul this flnetvntt.c>H, at'cerding to Newcomb, 
hot ween tin* limits 21-" 111', altained hi Oil years ago, and 
22 ' atlahnol lU.iOO years hence. 

Alumt* the yi‘ar ihl u.c. the vernal CM]iunoat;ial ipoint 
movetl out. of the constelliition Arii^s into the adjoining 
coiVHtelliition Iflsin'.s It, stilb however, retains the old 
iiiime, <')f ** First Feint, of AricH.'’ 

it will tnevt^ into the const.idlatitm Ac|iiimnB about 
file yeiir 27'^'l4l a ik 


•112. Correction for Prootision in uilaf 
Mitliod. 1 hiring l h«* int ervnl thai .ehipwes heiwetni the t%vci ol»«r» 
VfiliHiei ill FliitimiinHfw i«etht«h the right Jismuiaioii of the elmervecl 
ntiif Will ineri'ftHfst siyitlVi owing to preeemlwi, .wid thti liA. 

given liy ilm formnk will m the firilhmetiti iiiwin of the ILA.hat 
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the times of the two observations.* As the change in R. A. is very 
approximately uniform, this mean will he the star’s R. A. at a time 
exactly half way between the two observations, i.e, at the summer 
solstice. 


143. Determination of Obliquity of Ecliptic. — The 

method now used for finding the obliquity of the ecliptic is 
similar in principle to that of § 38, but the Sun’s meridian 
zenith distance is observed by means of the transit circle 
instead of the gnomon. 

The obliquity is equal to the Sun’s greatest declination at 
one of the solstices. Since observations with the Transit 
Circle can only be performed at noon, while the maximum 
declination will probably occur at some intermediate hour 
of the day, it will be necessary to apply a correction for 
the change of declination in the interval. The curvature 
formula *000273 sin 2N.P.D. seconds (see § 706) may 



be employed, the conditions in the two problems being 
analogous ; s is now the number of seconds by which the 
Sun’s R.A. differs from 6h. or 18h., and N.P.D. = 66° 83' 
or 113° 27'. In either case sin 2!N'.P.r). = *7302 numerically, 

* This may be most readily seen by imagining the equator and 
ecliptic to be at rest, and the change in R.A. to be due to motion 
of the star. 
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and tlie formula becomes *000199 seconds. Thus if a = 
200, correction = *000199" x 40,000 = 1*99" x 4 = 7*96". 
Obviously the observed declination must always be increased 
numerically by the correction found in order to give the 
obliquity. For great accuracy allowance mixst also be 
made for the Sun’s latitude (see § 429). 

144. When the position of T has been determined, the 
obliquity can also be found by a single observation of the 
Sun’s E. A. and decl. For we thus find tlie two sides t 
MS of the spherical triangle tMS, and these data are 
sufficient to determine both the obliquity and the 

Sun’s longitude tS, 


Sejction III. — The Eartlbs Orbit ahrmt the Sun. 

145. Observations of the Sun's B»elative Orbit. — 

By daily observations with the Transit Circle, the decl 
and E.A. of the Sun’s centre at noon are found for every 
day of the year. From these data the Sun’s long, is cal- 
culated, as in § 144, by solving the spherical triangle r SM 
(Fig. 53). If the obliquity of the ecli|>tic is also known, 
we have three data, any two of which suffice to determine 
the long., rS. Tlius the accuracy of the observations 
can be tested, and the Sun’s motion at various times of the 
year can be accurately determined. 

Although the determination of the Sun’s ac;tual distance 
from the Eartli in miles is an opcu’ation of great* difficulty, 
it is easy to the Bun’s distance from the Earth at 

dillerent times of the year, for this diBtance m always 
inversely proportional to the Sun’s angular diameter. This 
|')ropertj is proved in § 4, but numerotis Himple illustm- 
tions may also be used to show that the angular diameter 
of any obj^K^t varices inversely witli its distance (see § 4).*^ 

Tlie Sun’s angular diameter may lie observed by means 
of the 'Heliometer, or any form of micrometer. The Sun’s 
distances at two diiferent observatiouB will lie in the 
reciprocal ratio of the corresponding angular diameters. 
Thus, by ilally olmervatiori, the changes in the Sim’s 
distance may be iuvi‘stigai>ed. 

law only holdn when the ohjtHJt subtends in siinill an angle 
iJiat it« mm and its otroulav measure are appreoialily efpmL 
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If the circular measure of tlie Sun’s angular diameter is 
2r, then irr^ is called the Sun’s apparent area. In fact, 
this is the area of a disc which would look the same size 
as the Sun if placed at unit distance from the eye. 


Example. 

The Sun’s angular diameter is 31' 32" at midsummer, and 32' 36" 
at midwinter. To find the ratio of its distances from the Earth at 
these times. 

The distances being inversely proportional to the angular dia- 
meters, we have 

Dist. at midsummer _ 32' 36" _ 1956 _ 489 __ i i nearlr 
Dist. at midwinter 31' 32" “ 1892 " 473 ^ 

Hence the Sun is further at midsummer than at midwinter, in the 
proportion of very nearly 31 to 30. 

146. Kepler's First and Second Iiaws. — We may now 

construct a diagram of the Sun’s relative orbit. Let U 
represent the position of the Earth, -S'r the direction of 
the first point of Aries, Then, by making the angle 
eq^ual to the Sun’s longitude at noon, and i JSS propor- 
tional to the Sun’s distance, we obtain a series of points 
S, 8' . . .y Si , • representing the Sun’s position in the 
plane of the ecliptic, as seen from the Earth at noon on 
different days of the year. Draw the curve passing 
through the points Sy 8' . . 8^ , . this curve will repre- 

sent the Sun’s orbit relative to the Earth, and it will be 
found that 

I. The Sun’s annual path is an ellipse, of which 
the Earth is one focus. 

II. The rate of motion is everywhere such that the 
radius vector (i.e* the line joining the Earth to the 
Sun) sweeps out eq.ual areas in equal intervals of 
time. 

These laws were discovered by Kepler for the motion of 
Mars about the Sun, and he subsequently generalised them 
by showing that the orbits of all the other planets, includ- 
ing the Earth, obeyed the same laws. In their general 
form they are known as Kepler’s First and Second Laws. 
[See p. 261.] 
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147. Perigee and Apogee. — When the Sun’s distance 
from the Earth is least, the Sun is said to be in perigee. 
When the distance is greatest, the Sun is said to be in 
apogee. 



The position K of perigee and apogee are callcsd the two 
Apses of tlie orbit ; they are indicated at oi> in Pig. 54. 
Th«^ line p Att joining them is the major axis of the ellipse 
(Eni|)se, 4), and is sonietiines also caUed the apse line. 

148. Veridcation of Kepler’s First Xaw.— The Sun’s 
angular dianadtu' is observed to be greatc^st al)(>ut Jaxi, 8, 
and least al)out July 4; we therefore conclude that these 
are the days on which the Sun passes tli rough perigee and 
apogee respectively. The positaons of perigee and apogee 
Inang thiisdVjund,' the angle rlt'P is known, which is the 
long, of perigt'e. 

Prom the winttu* solstice to perigee is al)DUt T2 days. 
IfeiuH's during this interval the Sun will have moved 
tlirough an angle of about 12^''; 

.% longitvutle of perigee =: 27(1'’ + 12*^ = 282*^ roughly. 
To verify that the orl)it is an ellipse, it is now only neces- 
sary to sliow tliat. tlie relation connecting and the angle 
fiES is t,he same as that which holds in the case of the 
ellipse. Jf the orbit is an ellipse of «a^centricity c, we must 

EH X (1 + c cos f EH) ^ I (a constant), (p. 427.3.) 
Therefi»re' the Bun’s angular diameter must be always pro- 
portional t^;,) I “f c COB f EB. 
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As tlie result of numerous observations, it is found that 
this is actually the case, and the truth of Kepler’s First 
Law for the Sun’s orbit relative to the Earth is confirmed. 

149. To find c, the eccentricity of the ellipse, a 

simple plan is to compare the greatest and least angular 
diameters of the Sun, i.e. the diameters at perigee and 
apogee. Since at these positions pJEJS becomes 0° and ISO*^ 
respectively, we have, from above. 

ang. diam. at jp : ang. diam. at a = 1/Ep : 1/Ea 
= 1+6 cos 0° : 1 + e cos 180° 

= 1 + e : 1 — e, 

from which proportion e can be found. In practice e can 
be found far more accurately by studying the rate of the 
Sun’s motion in longitude at different times of the year. 
Using the method of § 168, we find that early in April the 
Sun is 1° 54' ahead of its mean place, while early in 
October it is the same amount behind its mean place. 
We have thus an arc of 3° 48' from which to deduce e, 
instead of an arc of 64", using the method of diameters. 

The Kautical Almanac contains a table giving the Sun’s 
angular semidiameter daily throughout the year. The 
average angular diameter may betaken as 32' approximately. 
Owing to the smallness of e, the orbit is very nearly 
circular, being, really, much more nearly so than is shown 
in Fig. 64. However, the Sun is quite appreciably out of 
the centre of the orbit, being 3 million miles nearer to the 
Earth in perigee than in apogee. 

150. Verification of Kepler’s Second Law. — It is 

found, as the result of observation, that the Sun’s increase 
in longitude in a day, at different times of year, is always 
proportional to the square of the angular diameter, and is, 
therefore, inversely proportional to the square of the Sun’s 
distance. From this it may be deduced (as follows) that 
the area described by the radius vector in one day is always 
constant. 

Let 88' represent the small arc described by the Sun in 
a day in any part of the orbit. Then the sector E88' is 
the area swept out by the radius vector. This sector does 
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not differ perceptibly from the triangle ESS' ; therefore, 
by trigonometry, 

area ESS' = ^^ES . ES ' . sin SES'. 



Since the change in the Sun’s distance in one day is imper- 
ceptible, we may write ES for ES' in the above formula 
without materially alfecting the result ; also, since the angle 
SES' is small, the sine of SES' is equal to the circular 
measure of the angle S ES'. 

Therefore, area ESS' = | X £ SES'. 

But, by hypothesis, the change of longitude SES’ varies 
inversely as ES\ so that ES^ x £SES' is constant; 

a.rea ESS' is constant, 

that is, the area described by the radius vector in a day is 
constant. Thus, tlie area described in axxy number of days 
is proportional to tlie number of days, and generally the 
areas described in equal intervals of time are equal 

151 . Bednotioxis from Kepler's Second Baw. 

(i) If the circular measure of the Sun’s angular diameter 
is 2r, then Trr^ is the Sun’s apparent area (§ 145), Hence 
the 8‘tm's daily rate of chamje of lomjUude is projmrHoml to 
the apparent area of its disc. 

(ii) If Tt E nq.) resent the Sun’s positions at the 

c^(|'uino5ces and solstices, we have 

£ rEK = £ KE£^ -£€- EL = £ LE r = 90®, 

and it is readily setm from the figure that 

area LEt < €:hEL < area tEK < area KE^, 
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and tlie lengths of the seasons, being proportional to these 
areas, are unequal, their ascending order of magnitude being 
Winter, Autumn, Spring, Summer. 

Their lengths are, at the present time (1930), about 
89d. 0*4h., 89d. 191h. 92d. 19-4h., 93d. 14*9h. 

(iii) Since the intensity of the Sun’s heat (§ 131) and its 
rate of motion in longitude both vary as the inverse square 
of its d istance, they are proportional to one another. Hence 
the Earth, as a whole, receives equal amounts of heat while 
the Sun describes equal angles. In particular, the total 
quantities of heat received in the four seasons are equal. 

(iv) The Sun’s longitude changes most rapidly on Janu- 
ary 3, and least rapidly on July 4. 

(v) Since the apse line, or major axis, jpSa, bisects the 
ellipse, the time from perigee to ajgogee is equal to the time 
from apogee to perigee. 

‘^152. To find the Position of the Apse Line, — 

The Sun’s distance remains very nearly constant for a short 
time before and after perigee and apogee, hence it is difficult 
to tell the exact instant when this distance is greatest or least. 
For this reason, the following method is generally used : — 

The Sun’s long, is observed at two points, S, S^, before and 
after the apse, when its angular diameters, or its rates of 
motion in long., are found to be equal. Then E8 = E8^, 
and the symmetry of the ellipse shows that / pE8 = 

L pE8i and Z aES = L aE8y Hence the long, of the 
apse is the arithmetic mean of the Sun’s longitudes at the 
two observations. 

158. Progressive Motion of Apse Line. — From such 
observations, extending over a long period of years, it is 
found that the apse line is not fixed, but has a forward or 
direct motion in the ecliptic plane of 11-25" in a year. 

This is referred to a fixed direction in space ; hence the longitude 
of the apse increases 11*25" + 50*26" = 61*51" in a year. 

154. The Sun’s apparent annual motion may he 
accounted for by supposing the Earth to revolve 
round the Sun. 
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The annexed diagram will show how the Sun’s annual 
motion in the ecliptic, as well as the changes in the seasons 
may be accounted for on the theory that the Sun remains 
at rest while the Earth describes an ellipse round it in the 
course of the year in a plane inclined at an angle 23° 27' to 
the plane of the Earth’s equator. 



The distance of the nearest of the fixed stars is known to 
be over 200,000 times as great as the Earth’s distance from 
the Sun. Hence, § 5 shows that the directions of the fixed 
stars will not change to any considerable extent, as the 
Earth’s position varies. We shall, therefore, in the present 
description, consider the directions of the stars to be fixed. 
Tlie directions of the various points andcircles of the celestial 
sphere, such as the first point of Aries, will also be fixed. 

On March 21, the Earth is at JS'j, and the Sun’s direction 
13 determines the direction of t , the First Point of Aries. 
The Sun is vertical at a point Q on the ecjuator, and as the 
Earth i-evolves about its axis through P, all points on the 
equator will come vertically under the Sun. There is night 
all over the shaded portion of the Eartli, day over the rest. 
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The great circle bounding tlie illuniinated part passes 
tlirougli the pole P, and, therefore, bisects the small circle 
traced out by the daily rotation of any point on the Earth ; 
thus, the day and night are everywhere equal. At the 
pole P the Sun is just on the horizon. 

On June 21, the Earth is at and the Sun’s longitude 
tB,,8 = 90°. The Sun is vertical at a point on the tropic 
of Cancer. Since the arctic circle is entirely in the illumi- 
nated part there is perpetual day over the whole arctic zone. 

On September 23, the Earth is at Pj, and the Sun’s 
longitude rP^'S' is 180°. The Sun is once more vertical 
at a point E on the equator, and the day and night are 
everywhere 12 hours long, as they are at P^. 

On December 22, the Earth is at P 4 , and the Sun’s longi- 
tude rP^P (measured in the direction of the arrow) is 270°. 
The Sun is now at its greatest angular distance south of the 
equator, and overhead at a point on the tropic of Capricorn ; 
this tropic is not represented, being on the under side of the 
sphere. Since the arctic circle is entirely within the shaded 
part there is perpetual night over the whole arctic zone. 

155. New Definitions and Pacts. — According to the 
theory of the Earth’s orbital motion, Kepler’s First and 
Second Laws must be re- stated thus for the Earth. 

I. The Earth describes an ellipse, having the 
Snn in one focus. 

II. The radius vector joining the Earth and Sun 
traces out equal areas in equal times about the Sun. 

The ecliptic is now defined as the great circle of the celes- 
tial sphere, whose plane is parallel to that of the Earth’s 
orbit. 

The Earth is nearest the Sun on January 3, and is then 
said to be in perihelion. The Earth is furthest from 
the Sun on July 4, and is then said to be in aphelion. 
Thus, when the Sun is in perigee the Earth is in perihelion, 
when the Sun is in apogee the Earth is in aphelion. The 
positions of perihelion and aphelion are indicated by the 
letters jp, a in Fig. 56. The line joining them is the apse 
line. 
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156. Geocentric and Heliocentric Xiatitnde and 
Longitude. — Hitherto we have been dealing only with the 
directions of the celestial bodies as seen from the Earth. 

In dealing with the motion of the planets, it is more 
convenient, as a rule, to define their positions by the direc- 
tions in which they would be seen by an observer situated 
at the centre of the Sun. 

In every case, the direction of a celestial body may be 
specified by the two coordinates, celestial latitude and longi- 
tude, which measure respectively the arc of a secondary 
from the body to the ecliptic and the arc of the ecliptic 
between this secondary and the first point of Aries (§ 17). 

These coordinates ax*e called the Creocentric Latitude 
and Longitude when employed to define the body’s 
geocentric position, or position relative to the centre of 
the Earth. The names Heliocentric Latitude and 
Longitude are given to the corresponding coordinates 
when employed to define the body’s heliocentre position, 
or position relative to the Sun’s centre. 

When the distance of a fixed star is immeasurably great 
compared with the radius of the Earth’s orbit, its geocen- 
tric and heliocentric directions coincide, and there is no 
difference l)etween the two sets of coordinates. There is a 
slight difference between the geocentric and heliocentric 
positions of a few of the nearest fixed stars. There are 
perhaps some 200 stars for which the difference exceeds a 
tenth of a second of arc. But, in the case of the planets, 
and of comets, the heliocentric latitude and longitude 
differ entirely from the geocentric, and laborious calcula- 
tions ani required to transform from one system of 
coordinates to the other. 

One fact may, however, he noted. Tlie direction of the 
Earth as seen from the Sun is always opposite to the direc- 
tion of the Sun as seen from the Earth. Hence, 

Th© Earth's heliocentric longitude differs from 
the Sun's geocentric longitude by 180®. 

This may b© illustrated by referring to Fig. 56. We see 
that rSF, rSM.=:m^; 

thus, the Earth’s longitude is 0® on September 2§, 90® on 
December 22, 180® on March 21, and 270® on June 21, 
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EXAMPLES.— IV. 

1. Describe the phenomena of day and night at a pole of the 
Earth. 

2. Show how to find how long the midwinter Moon when full is 
above the horizon at a place within the arctic circle of given 
latitude. 

3. Show that the ecliptic can never be perpendicular to the 
horizon except at places between the tropics. 

4. Show that for a place on the arctic circle the Sun always rises 
at 18h. sidereal time from December 21 to June 20, and sets at the 
same sidereal time from June 20 to December 21. 

5. Dind the angle between the ecliptic and the equator in order 
that there should be no temperate zone, the torrid zone and the 
frigid zone being contiguous. 

6. Show how, by observations on the Sun, taken at an interval of 
nearly six months, the astronomical clock may be set to indicate 
Oh. Om. Os. whenT is on the meridian. 

7. On March 24, 1878, at noon, the Sun’s declination was 
r 29' 5*1", and the difference of right ascension of the Sun and a 
star 6h. Im. 34 *453. On September 18, 1878, at noon, the Sun’s 
declination was 1° 49' 30*2", and it was distant from the star 
5h. 27in. 32*97s. in right ascension. On September 19, 1878, at 
noon, the Sun’s declination was 1° 26' 12*8", and it was distant from 
the star 5h. 31m. 8'3s. in right ascension. Find the right ascension 
of the star and that of the Sun at the first observation . 

8. Describe the appearance presented to an observer in the Sun 
of the parallels of latitude and the meridians of the Earth, any day 
(i.) between the vernal equinox and the summer solstice, (ii.) be- 
tween the autumnal equinox and the winter solstice. 

9. If a sunspot be situated near the edge of the Sun’s diso, 
describe how its position, relative to the horizon, will change 
between sunrise and sunset. 

10. Describe how the Sun’s apparent velocity in the ecliptic 
varies throughout the year ; and give the dates of apogee and 
perigee. Compare the daily motion in longitude at these dates, 
having given that the eceentrioity of the Earth’s orbit is 
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EXAMINATIOlSr PAPER.™IV. 

1. What is the astronotixical reason for the Earth being divided 
into torrid, temperate, and frigid zones ? 

2. Assuming your latitude to be 52®, show by a figure the daily 
path of the Sun as seen by you on June 21, December 22, and. 
March 21 respectively. 

3. Explain the causes of variation in the length of the day on the 
Earth. Give the dates at which each season begins, and calculate 
their lengths in days. 

4. Discuss the variations in the length of the day at points within 
the arctic circle ; and show how to find, by the Nautical Almanack, 
the length of the perpetual day. 

5. Prove that, in the course of the year, the Sun is as long above 
the horizon at any place as below it (neglect refraction). 

6. Explain how it is that winter is colder than summer, although, 
the Sun is nearer. 

7. Investigate Flamsteed’s method of determining the first point 
of Aries. 

8. From the following observations calculate the Sun’s R.A. at 
transit over the meridian on March 30, 1872 : — 



Sun’s 

declination. 

Sun crossed 
meridian. 

a Serpentia 
crossed meridian. 

March 30, 1872... 
Sept. 11, 1872 ... 
Sept. 12, 1872 ... 

4® 0' 8*1" 
4° 20' 58*8" 
3° 58' 3*0" 

Oh. Im. 4*47s. 
Oh. Ini. 4*09s. 
Oh. Im. 4-07s. 

15h. Im. 54-76S. 
4h. 19m. 11 *388. 
4h. 15m. 49 -338. 


9. State Kepler’s First Law for the orbit of the Earth relative to 
the Sun, and explain how the eccentricity of the orbit can be found, 
by observations of the Sun’s angular diameter. 


10. State Kepler’s Second Law, and find the relation between the 
Sun s angular velocity and its apparent area. 




CHAPTER V. 


ON TIME. 

Section I. — The Mean Sun and Equation of Time. 

157. Disadvantages of Sidereal and Apparent Solar 
Time. — ^In. Chapter I., Sections II., III., we explained two 
different ways of reckoning time. One of these, called 
Sidereal Time, was defined by the diurnal motion of the first 
point of Aries ; the other, called Apparent Solar Time, was 
defined by the Sun’s diurnal motion. We shall now show 
that neither of these measures of time is suitable for every- 
day use. 

If we were to adopt sidereal time, the time of apparent 
noon on any day of the year would be measured by the 
Sun’s E.A. on that day, and therefore would get later and 
later by 24h. during the course of the year. 

Thus, e.g. the time of noon would be Oh. on March 21, 
6h. on June 21, 12h. on September 23, and 18h. on Decem- 
ber 22, and the phenomena of day and night would bear 
no constant relation to the time. 

Apparent solar time is free from these disadvantages, but 
it cannot be measured by a clock whose rate is uniform, 
because the length of the solar day is not quite invariable. 
In § 36 we showed that the difference between a solar and 
a sidereal day is equal to the Sun’s daily increase in R.A., 
and in § 31 we showed that this increase takes place at a 
rate which is not quite the same at different times of the 
year. Hence, the difference between a solar and a sidereal 
day is not quite constant. But the length of a sidereal day 
is constant (§ 22). Hence the solar day is not quite con- 
stant, and a clock cannot be regulated so as to always mark 
exactly Oh. Om. Os. when the Sun crosses the meridian. 
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168, Tke Mean Sub.— D efimtiouis.— To obviato 

disadvantages, another kind of time, called Mean Time, 
has been introduced, and this is the time indicated by 
clocks, and used for all ordinary purposes. Moan f imo is 
defined by means of what is called the Mean Sub. Hi is is 
notreally a Sun at all, but simply a point, wliicli is inm.gined 
to move round the equator on the celestial sphoro,* Tlie 
hour angle of this moving point measures moan tiims jimt 
as the hour angle of r measures sidereal time; and the 
mean Sun has to satisfy the following re(|uiremeniH : — 

1st. It must never be very far from the Sun in hour angle. 

2nd. Its E.A. must increase uniformly during the year. 

Now the inequalities in the motion in K. A,, which reinhn- 
the true Sun unsuitable as a timekeeper, are due in two 
causes. 

1st. The Sun does not move uniformly in the ecliptic, its 
longitude increasing less rapidly in summer than in wiutin* 

2nd. Since the Sun moves in the ecliptic, and not. in tlif> 
equator, its celestial longitude is in general diflereni from its 
E.A. (§ 81). Hence, even if the Sun were to revolve uni- 
formly, its E.A. would not increase uniformly. 

In defining the mean Sun, or moving point wliich meitsurf‘8 
mean time, these two causes of irregularity are oliviiitiwi 
separately as follows : — 

The Bynamical Mean Sun is defined to be a point wliirfi 
coincides with the true Sun at perigee, and which moves 
round the ecliptic in the same period (a year) as tlwi trim 
Sun, but at a uniform rate. 

Thus, in the dynamical mean Sun, irregularitioi tiue to 
the Sun’s unequal motion in longitude are removed, liui 
those due to the obliquity of the ecliptic still remain. 

The Ast.rottom.ical Moan Bun is defined to l>e a point 
which moves round the equator in such a way that itn It A. 
is always equal to the longitude of the dynamical iiimii Smi . 

_ * The oouoeptioa of the mean Sun as Skmomigpoini is impiirtiiiiit. 
It would he physically impossible for a body to move in tlii« 
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Since the longitude of the dynamical mean Sun increases 
uniformly, the E.A. of the astronomical mean Sun increases 
uniformly. Hence the motion of the latter point does give 
us a uniform measure of time. 

The astronomical mean Sun is, therefore, the moving 
point chosen in defining mean time. It is usually called 
simply the Mean Sun. 

159. Mean Hoon and Mean Solar Time. — Eq^uation 
of Time. 

Mean Noon is defined as the time of transit of the mean 
Sun. 

A Mean Solar Day is the interval between two succes- 
sive mean noons. Like the apparent and sidereal days, it 
is divided into 24 mean solar hours. During this interval, 
the hour angle of the mean Sun increases from 0° to 360^^. 
Hence the mean solar time at any instant is measured by 
the mean Sun’s hour angle, converted into time at the rate 
of Ih. per 15°, or 4in. per 1°. 

The Sun itself is frequently spoken of as the True Sun, 
or Apparent Sun, to distinguish it from the mean Sun. 
As explained in § 36 the hour angle of the true Sun 
measures the apparent solar time, and its time of transit is 
called apparent noon. 

The Equation of Time’^ is the name given to the 
amount which must be added to the apparent time to 
obtain the mean time. 

Thus, the time indicated by a sun-dial (§ 167) is deter- 
mined by the position of the shadow thrown by the true 
Sun, and is the apparent solar time ; while a clock, which 
should go at a uniform rate, is regulated to keep mean time. 
The equation of time will then be defined by the relation, 

(Time by clock) = (Time by dial )+ (Equation of time). 

At apparent noon the sun-dial will indicate 12h., or, as 
it is more conveniently reckoned, Oh. Hence, 

Equation of time = Mean time of apparent noon. 

* Thus, “equation of time’’ is not an equation at all in the 
generally accepted sense of the word, but an interval of time 
(positive or negative). 
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The equatioa of time is positive if the Sun is ‘‘ after the 
clock,” or the true Sun transits after the mean Sun. If the 
Sun is “ before the clock,” or the true Sun transits first, the 
equation of time is negative. The value of the equation of 
time for every day in the year is given in most almanacks, 
under the heading “ Sun before clock,” or after clock.” 

160. The equation of time is divided into two parts. The 
first, which is called the equation of time due to the eccen- 
tricity, or to the unequal motion, is measured by the 
di:fference between the hour angles of the true and dyna- 
mical mean Suns. The second, or the equation due to 
the obliquity, is measured by the difference of hour angle 
between the dynamical and astronomical mean Suns. 

161. Equation of Time due to Unequal Motion.— 

We shall now trace the variations during the year of that 
portion of the equation of time which is due to the Sun’s 
unequal motion in the ecliptic. We shall denote this por- 
tion by 

Let the true Sun be denoted by and the dynamical 
mean Sun (which moves in the ecliptic) by 8y If angles 
are measured in time, then 

= (hour angle of 8^) — (hour angle of /S) = Z ; 
E, = (E.A. of 8) - (E.A. of S ,) ; 
since E.A. and hour angle are measured in opposite direc- 
tions. 

When the Sun is in perigee (j?) (on December 81), Sj 
coincides with 8 by definition ; JEj =z 0. 

From perigee (p) to apogee (a), the Sun has described 
180*^, and the time taken is (§ 151, v.) half that of a com- 
plete revolution. Hence, 8^ will also have described 180® ; 
at apogee (July 1), is again 0. 

How (§ 151, iv.) 8 is moving most rapidly at perigee, and 
most slowly at apogee. Hence, after perigee, 8 will have got 
ahead of 8^, and after apogee, 8 will have got behind 

Thus : From perigee to apogee, is positive, 

From apogee to perigee, Bj_ is negative, 
and vanishes twice a year, viz. at perigee and apogee. 
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162. Equation of Time due to OTiliquity.— Let tlie 
portion of tlie equation of time due to the obliquity be 
denoted by JE^. 

Take 8 ^ on the equator so that T = T Then 8 ^ 
will be the astronomical mean Sun. Draw F8-^M^ the 
secondary to the equator through 8^ Then 

= hour angle of 8^ — hour angle of 8^ 

= Z E8^ (taken positive if /Sg is west of 8{) 

= zrP^i-- ZTPb\=: rdf- r& = tJ/- 
all angles being supposed converted into time at the rate 
of 15° to the hour. 



At the vernal equinox when 8i is at r » ^2 
at T ; •'* -^2 

Between the vernal equinox and summer solstice, the 
angle therefore, < rMS^; 

hence, ; 

**• negative. 

* The vernal and autumnal equinoxes are, strictly, the times when 
S and not 81, coincides with the equinoctial points, hut, as 8^1^ 
always near 8 , the distinction need not be considered here. Ihe 
same remarks apply to the solstices. 

ASTBON. ^ 
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At the summer solstice, is at G, and So at Q, where 
rQ = rG=: 90°. Hence (Sph. G-eom., 21), V QG = 90° ; 
and if is also at Q ; /. /i’g = 0 . 

Between the summer solstice and autumnal equinox we 
shall have if^^ < £i:. But y' if = 0 : = T S'^£b=: 180° ; 

r if > T /S^i ; r if > r ^2 5 positive. 

At the autumnal equinox, since = tQ = 180°, 

Si, S^ will both coincide with fi'a = 0. 



In a similar manner we may show that : 

From the autumnal equinox to the winter solstice, Eo is 

negative. * 

At the winter solstice, JE^ = O. 

From the winter solstice to the vernal equinox, JEo is 

positive. 


Collecting these results, we see that 
(i.) From equinox to solstice is negative, 

(ii) From solstice to equinox is positive. 

(iii.) E^ vanishes four times a year, viz. at 
equinoxes and solstices. 


the 
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163. Graphic Representation of Eg^nation of Time, 

— The values of the equation of time at different seasons 
may now he represented graphically by means of a curved 
line, in which the abscissa of any point represents the time 
of year, and the ordinate represents the corresponding 
value of the equation of time. 



In the accompanying figure (Fig. 59) the horizontal line 
or axis from to represents a year, the twelve divisions 
representing the different months as indicated. The thin 
curve represents the values of the portion of the equa- 
tion of time due to the unequal motion; this curve is 
obtained by drawing ordinates perpendicular to the hori- 
zontal axis and proportional to Ey Where the curve is 
below the horizontal line 
^ B L 

The thick curved line is 
drawn in a similar manner, 
and represents, on the same 
scale, the values of E^, the 
equation of time due to 
the obliquity. 

In drawing the diagrams 
to scale, it is necessary to 
know the maximum values 
of Ey E^. 

We can calculate Ei with 
more than sufficient accuracy 
by the following method. 

In Fig. 59a, S is the Sun, AG A' the major axis, ff the second 
focus (see Appendix, § 2), SLy GB, HK are perpendicular to A A\ 

If we neglect the slight curvature of BfC (which is really much 
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less than in the figare, SG and BG being exaggerated) the triangle 
BKM is equal to 3GM. To each add the figure A LBMS, then the 
sector ALBKM8 = ALBG = :| of the whole ellipse. Hence the 
time of describing the arc ALBK is ^ of the periodic time ; there- 
fore an imaginary Earth whose angular velocity about 8 is uniform 
has moved through 90° from A, and is at L when the true Earth is 
at K. 

The angle K8L has KLfLS for tangent ; now KL = HS = of 
GA ; and 8L is nearly equal to GA. Hence tan KSL ~ = *0333. 

Erom the tables KSL — T 54'. This is the difference of R. A. between 
the true sun and the dynamical mean sun. In time it is equivalent 
to 7m. 36s. or 7‘6in. 

Since this is the difference of R.A. at the middle of the period 
from perihelion to aphelion, we assume that it is the maximum 
difference. 

As a corollary it may be noted that the angular velocity of the 
Earth about iiT, the unoccupied focus, is very nearly uniform 
throughout the revolution. 

j ^2 cannot be calculated without spherical trigonometry, but it 
can easily be deduced graphically from any globe, either celestial 
or terrestrial, that marks the ecliptic. Since vanishes for longi- 
tudes 0° and 90°, we may assume it a maximum for longitude 45“. 
'Trace a meridian line through the point of longitude 45“ on the 
ecliptic, we find that it outs the equator about 42J° from the 
equinox. Whence maximum value of E^, = = 10m. in time. 

Using the formulae for right-angled triangles given on page xvii, 
we have cos i = cot 45“ tan R.A. Now cos i = 0*9174, and 
cot 45° = 1, whence tan R.A. = 0*9174, and R.A. = 42° 32'. 

The greatest value of is about 7 minutes. 

»» »» •> E.;> „ 10 ,, 

Hence the greatest distances of the thin and thick curves 
from the horizontal axis should he taken to be about 7 and 
10 units of length respectively. 

We may now draw the diagram representing E, the total 
equation of time. We have 

E = E^ + E.^, 

Hence, at every point of the horizontal line we must erect 
an ordinate whose length is equal to the algebraic sum of 
the ordinates (taken with their proper sign) of the two 
enryes which represent and The extremities of these 
ordinates will determine a new curve which represents E. 

This curve is drawn separately in the annexed diagram 
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(Fig, 60) . It cuts the horizontal axis in four points. At 
these points the ordinate vanishes, and JE is zero. Hence, 

The Equation of Time vanishes four times a year 




164. Alternative Proof. — But without representing 
the values of the equation of time graphically, it can be 
readily proved that JE vanishes four times a year. The 
proof depends on the fact stated in the last paragraph, that 

The greatest equation of time due to the obliquity is greater 
than the greatest equation due to the eccentricity. 

From § 162 it is evident that must attain its greatest 
positive value some time between a solstice and the following 
equinox, and its greatest negative value between an equinox 
and the following solstice. These maxima occur, in fact, in 
the months : 

February, May, August, November. 
Their values, with the proper signs, are respectively about 
+ 10m., — 10m., + 10m., — 10m. 

Now, is never greater than the maximum value of 7m. ; 
hence, whether is positive or negative, the total equation, 
A'j +J^ 2 , corresponding to either of these maxima, must have 
the same sign as E^. Hence, in the year beginning and ending 
with the date of the maximum value of E^ in February, E 
will have the following signs alternately : 

+ — + “ 


-4- 
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Tlius, M changes sign, and therefore vanishes, four* 
times in the year. 

165. Miscellaneous Remarks.— From Fig. 59 it will 
be seen that the largest fluctuations in the equation of time 
occur in the autumn and winter months ; during spring and 
summer thej are much smaller. 

The "days on which the equation of time vanishes are 
about April 16, June 15, September 1, and December 25. 

Between these days E increases numerically, and then 
decreases, attaining a positive or negative value at some 
intermediate time. These maxima are : 

+ 14m. 23s. on February 11 ; — 3m. 49s. on May 14 ; 

4- 6m. 22s. on July 27 ; — 16m. 22s. on hTovember 3. 

166. Inequality in the Lengths of Morning and. 
Afternoon. — If we neglect the small changes in the Sun’s 
declination during the day, the interval from sunrise to 
apparent noon is equal to the interval from apparent noon to 
sunset (§37). But by morning and afternoon are meant tlie 
intervals between sunrise and mem noon, and between mean 
noon and sunset respectively. Hence, unlessmean and appa- 
rent noon coincide, i.e. unless the equation of time vanishes, 
the morning and afternoon will not be equal in length. 

Let r, 8 be the mean times of sunrise and sunset, E tlie 
equation of time. Then 

12h. — r = interval from sunrise to mean noon. 

But apparent noon occurs later than mean noon by E-, 

12h. —r-\‘E= interval from sunrise to apparent noon . 
Similarly, s — E=: interval from apparent noon to sunset ; 
/. 12h. + 

or r + 5 = 12h. + 2E, 

so that the sum of the times of sunrise and sunset! 

exceeds 12 hours hy twice the equation of time. 

The len^h of the morning is 12h. — r, and that of the 
afternoon is 8. How the last relation gives 
2A:=s~(12-r); 

2 (equation of time) 

= (length of afternoon) — (length of morning) » 
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About the shortest day (December 22) the curve represent- 
ing the equation of time is going upwards, hence E is 
increasing. But the length of day is changing very slowly 
(because it is a minimum), hence, for a few days, the half 
length, s — E, may be regarded as constant. Hence, s must 
increase, and, therefore, the mean time of sunset is later 
each day. Similarly, it may be shown that sunrise is als('> 
later. The afternoons, therefore, begin to lengthen, while 
the mornings continue to shorten. 

Similarly, about June 21, the afternoons continue to 
lengthen after the longest day, although the mornings are 
already shortening. 

Example. — On Kov. 1, the sun-dial is 16m. 20s. before the clock. 
Given that the Sun rose at 6h. 54m., find the time of sunset. 

Time from sunrise to mean noon = 12h. -6h. 54m. = 5h. 6m. 

„ ,, apparent noon to mean noon = Oh. 16m. 203. 

,, ,, sunrise to apparent noon = 4h. 49m. 40s. 

.*. ,, ,, apparent noon to sunset = 4h. 49m, 40s. 

,, mean noon to sunset 

= 4h. 49m. 40s. - 16m. 20s. = 4h. 33m. 20s. 
Hence, the time of sunset was 4h. 33m., correct to the nearest 
minute: 



Section IT. — The 8im-dial, 

167. The Sun-dial consists essentially of a rod or fiat 
blade, called a gnomon or style (OA, Pig. 61), which is 
fixed with its edge parallel to the Earth’s axis, and therefore 
pointing in the direction of the celestial pole< The shadow 
from OA is thrown on the dial-plate, which is usually either 
horizontal or on a wall facing south. The direction of the 
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edge of the shadow determines the hour angle of the Sun, 
and thei’efore the apparent time. 

The plane through OA, the edge of the style, and through 
the edge of the shadow, evidently passes through the Sun ; 
also it passes through the celestial pole, therefore it will meet 
the celestial sphere in the Sun’s hour or declination circle- 

Let 0 Jlxii. be the meridian plane, which is the plane of the 
shadow at apparent noon, and whose position is supposed 
known. Then, in order to graduate the plate for the times 

1, 2, 3... o’clock, it is only necessary to determine the posi- 
tions of the planes OAi., OJ.ii., OJiii., etc., which make 
angles of 15*^, 30°, 45°, etc., with the meridian plane. Since 
the Sun’s hour angle increases 15° per hour, tliese planes will 
be the planes bounding the shadow at 1, 2, 3... o’clock 
respectively. 

If we join the points Oi., On., Oni., etc., these will be the 
corresponding lines of shadow in the plane of the gnomon, 
and will meet the circumference of the dial-plate (winch 
is usually circular) at the required points of graduation 1, 

2, 3, etc. 


168. Geometrical Method of Graduating the Bial- 
plate.—To find the planes 0 Ji., OA n., etc., suppose a plane 



AKB dmwn t^rougli A perpendicular to OA, meeting the 
pkneof the dial-plate in STB a,ud the meridian plane in ®xii 
If, in this plane, we take the angles xii.Ji., i.Jxx., Tr.Jur., 



ON TIME. 


131 


etc., eacli = 15°, tlie points i., ir., iii...., etc., will eyidently 
determine the directions of the shadow at 1,2, 3,... o’clock 
respectively. 

But in practice it is much more convenient to perform the 
construction in the plane of the dial itself- Imagine the 
plane AKB of Fig. 62 turned about the hne EJR till it is 
brought into the plane of the dial, the point A of the plane 
being brought to U (Fig. 62). Then, by making the angles 
xti.Ui., i.JIti., II. Z7m., etc., each =15°, we shall obtain the 
same series of points i., ii,, in. as before. 

If the dial-plate is horizontal, and I is the latitude of the 
place (xii.OJ.), we have evidently therefore the following 
construction *. — 

On the meridian line, measure Oxii. = OA sec I, and 
XII. 17 = XII. = Oxii. sin Z. Draw xii. B perpendicular 
to OU, Make the angles xii.Ui., i.Uii., ii.Uiii., etc., 
each = 15°, taking i., ii., in., etc., on KE. Join Or., On., 
Oiii., etc., and let the joining lines meet the circumference 
of the dial in 1, 2, 3, etc. These will he the reqnired 
points of graduation for 1, 2, 3,... o’clock respectively. 

Section III. — Units of Time — The Oalendcir. 

169. Tropical, Sidereal, and Anomalistic Years, — 

Hitherto we have defined a year as the period of a complete 
revolution of the Sun in the ecliptic. In order to give a 
more accurate definition, however, it is necessary to specify 
the starting“point from which the revolution is measnred. 
We are thus led to three diferent kinds of years. 

A Tropical Year is the period between two successive 
vernal equinoxes, or the time taken by the Sun to perforin 
a complete revolution relative to the first point of Aries. 

The length of the tropical year in mean solar time is very 
approximately 365d. 5h. 4i8m. 45‘98s. at the present time. 
For many purposes it may he taken as B65|: days. 

A Sidereal Year is the period of a complete revolution 
of the Sun, starting from and returning to the secondary 
to the ecliptic through some fixed star. Thus, after a 
sidereal year the Sun will have returned to exactly the 
same position among the constellations. 
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If r were a fixed point among the stars, the sidereal and 
tropical year would he exactly of the same length. But T 
has an aimnal retrograde motion of 50*26" among the stars 
(§ 141). Consequently, the tropical year is rather shorter 
than the sidereal. 

An Anomalistic Year is the period of the Sun’s revo- 
lution relative to the apse line— in other words, the interval 
between successive passages through perigee. 

Owing to the progressive motion of the apse line, the 
positions of perigee and apogee move forward in the ecliptic 
at the rate of 11*25" per annum (§ 158). Hence the 
anomalistic year is rather longer than the sidereal. 

It is easy to compare the lengths of the sidereal, tropical, 
and anomalistic years. For, relative to the stars, 

In the sidereal year the Sun describes 360°, 

. In the tropical year it describes 360° — 50*26", 

In the anomalistic year it describes 360° 11*25" ; 

.*. (Sidereal year) : (tropical year) ; (anomalistic year) 
= 360 ° : 360°— 50 26 " ; 360 ° + 11 - 25 ". 

From this proportion it will be found that the sidereal 
year is about 20m. longer than the tropical, and 4Jm. 
shorter than the anomalistic. 

170. The Civil Year. — For ordinary purposes, it is 
important that the year shall possess the following qualifi- 
cations : — 

1st. It must contain an exact (not a fractional) number 
of days. 

2nd. It must marh the recurrence of the seasons. 

How the tropical year marks the recurrence of the seasons, 
but its length is not an exact number of days, being, as we 
have seen, about 36 5d. 5h. 48m. 45* 98s. To obviate this 
disadvantage, the civil year has been introduced. Its 
length is sometimes 365, and sometimes 366 days, but its 
average length is almost exactly equal to that of thci 
tropical year. 

Taking an ordinary civil year as 365d., four such years 
will be less than four tropical years by 23h. 15m. 3*92s., or 
nearly a day. To compensate for this difference, every 
fourth civil year is made to contain 366 days, instead of 
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865, and is called a leap year. For convenience, the leaj) 
years are chosen to he those years the number of which is 
divisible by 4, sncli as 1892, 1896. 

The introdnction of a leap year once in every four years 
is due to Julius Caesar, and the calendar constructed on this 
principle is called the Julian Calendar. 

Now three ordinary years and one leap year exceed four 
tropical years by 24h.— 231i. 15ni. 3-92s., i.e. 44m. 66-08s. 
Thus, 400 years of the Julian Calendar will exceed 400 
tropical years by (44m. 56-08s.) x 100, i.e. by 3d. 2h. 
58m. 30s. 

To compensate for this difference, Pope G-regory XIII. 
arranged that three days should be omitted in every 400 
years. This correction is called the Gregorian correction 
and is made as follows: Every year whose number is a 
multiple of 100 is taken to be an ordinary year of 365 days, 
instead of being a leap year of 366, unless the number of the 
century is divisible by 4] in that case the year is a leap year. 

Examples.— ( i) 1S92 is divisible by 4, .*. the year 1892 is a 
leap year, (ii) 1900 is a multiple of 100, and 19 is not divisible by 
4, 1900 is not a leap year, (iii) 2000 : the number of the cen- 

tury is 20, and is divisible by 4, .*. 2000 is a leap year. 

The Gregorian correction still leaves a small difference 
between the tropical year and the average length of the civil 
year, amounting to only Id. 4h. 55m. in 4,000 years. 

170^1. The Julian Day. — The change of style, com- 
bined with the change of sign in b.c. years, and the two 
methods of expressing these years, all make it desirable to 
have some mode of reckoning time that goes on continu- 
ously, without any change either of sign or of method. 
Such a system was devised by Joseph Scaliger (1540- 
1609) ; he simply made a count of mean solar days, his 
zero point being the year b.c. 4713 ; his reasons for choos- 
ing this date need not be given ; the important point is 
that it is earlier than any events to which accurate dates 
can be assigned, so that the reckoning is always positive. 
His father’s Christian name was Julius, so he called it 
the system of Julian days. He was mainly occupied 
with dating early events, so he chose the longitude of 
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Alexandria by which to reckon the beginning of his days ; 
but in modern times the J ulian Day has been considered 
to begin at G-reenwich Mean Noon. 

At the beginning of the year 1925 tlie astronomical 
day was made to begin at Greenwich midnight, and many 
astronomers wished the beginning of the J ulian day to be 
changed to the same point. But at an international 
meeting of astronomers at Cambridge in 1925 it was 
decided that the Julian day should still begin at Green- 
wich Noon; the reasons were: (1) Observations of 
variable stars are usually recorded in Julian days, and a 
change of system would be likely to lead to mistakes in 
these. (2) Many astronomers disliked the change in tlie 
astronomical day ; these could adhere to the old system if 
they made their record in Julian days. 

The Nautical Almanac has for many years given tables 
for reducing calendar dates to Julian days ; the Ahnanjic 
for 1931 gives very full tables ; it will suffice to give here 
the equivalents for noon on January 1 in the years 1900, 
1930, 2000, respectively: they are 2415021, 2425978, 
2461545. The student will find the Julian system tiseful 
in calculating the dates of future eclipses by the cycles 
given in Chapter IX. We can also use it for finding the 
clay of the week ; divide the Julian number by 7 ; them 
remainder 0 is Monday, 1 is Tuesday, 2 is Wednesday, 3 is 
Thursday, 4 is Friday, 5 is Saturday, 6 is Sunday. 

171. A Synodic Year is a period of 12 lunar months, 
being 354-367 days. The name is, however, rarely used. 


Section IY. — Comparison of Mean and Sidereal Times. 

172. Relation between Units. — One of the most im- 
portant problems in practical astronomy is to find 
sidereal time at any given instant of mean solar time, and 
conversely, to find the mean time at any given instant of 
sidereal time. Before doing this it is necessary to compare 
the lengths of the mean and sidereal days. 

We have seen (§ 169) that a tropical year contains about 
365^ mean solar days. In this period both the true and 
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mean Sun describe one complete revolution, or 360® from 
west to east relative to -jp ; or, what is the same thing, y' 
describes one revolution from east to west relative to the 
mean Sun. But the mean Sun performs 365 J revolutions 
from east to west relative to the meridian at any place. 
Therefore y performs one more revolution, Le. 366J revo- 
lutions, relative to the meridian. 

Now, a sidereal day and a mean solar day have been de- 
fined (§§ 22, 159) as the periods of revolution of the mean 
Sun and of y relative to the meridian ; 

365 J mean solar days = 366J sidereal days. 


From this relation we have, 

One mean solar day = ^1 + g^) sidereal days 

= (1 -H *002738) sidereal days 
= 24h. 3m. 56*5s. sidereal time 
=1 sidereal day 4m, -4s.nearly ; 
one mean solar hour = Ih. -f 10s. — -|s. sidereal time, 
and 6m.of mean solar time = 6m. -f- Is. sidereal time nearly. 


In like manner we have 


One sidereal day 


one sidereal hour 
and 6m. sidereal time 


= ^1 ^ g^j^mean solar days 

= (1 — *002730) mean days 
~ 23h. 56m. 4*1 s. mean time 
= 1 mean day — 4m. 4s. nearly ; 

= Ih. — 10s. + As. of mean time, 
= 6m. — Is. mean s olar time nearly. 


173. From the results of the last paragraph we have the 
following approximate rules : — 

(i) To reduce a given interval of mean time to 
sidereal time, add IQs. for every hour, and Is. for every 
6m. in the given interval. For every mimde so added, sub- 
tract Is. 

(ii) To reduce a given interval of sidereal time to 
mean time, subtract IQs. for every hour, and Is. for every 
6m. in the given interval. Then add Is. for every mimite 
80 subtracted. 
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H. 

= 13 


Example 1 .-— Express in sidereal time an interval of 13h. 23m. 
25s. mean time. 

The calculation stands as follows : 

Mean solar interval 

Add 10s. per hour on 13h 

,, Is. per 6m. on 23m 


Subtract Is. per Im, on 2ni. I3*8s. 
, KecLuired sidereal interval 


M. 

23 

2 


s. 

25 

10 

4 


JUJU 

14h. 45m. 53s. of sidereal time. 

The calculation stands as follows : — 

Griven sidereal interval •** ." 

Subtract 10s. per hour on 14h. = 2m. 20s. \ 

,, Is. per 6m. on 46m. (nearly) = 8s. J 

Add Is. per Im. on 2m. 28s. ... 

Eequired interval of mean time ... ... ... = 


13 

' 25 

39 

2 

13 

25 

3T 

responding \ 

n. 

M. 

s. 

14 

45 

53 


2 

28 

14 

43 

25 

3 


; 14 43 28 


If accuracy to within a few seconds is not required, tlie 
second correction of Is. per Im. may be omitted. On tlio 
other hand, if the interval consists of a considerable num- 
ber of days, or if accuracy to the decimal of a second is 
needed, the results found by the rules will no longer be 
correct. We must, instead, add 1/365| of the given mean 
solar interval to get the sidereal interval, or subtract 1/366^J 
of th© given sidereal to get the mean solar interval. 

In order to simplify the calculations still further tables 
have been constructed ; in most cases, these give the quan- 
tity to be added or subtracted according as we are changing 
from mean to sidereal, or from sidereal to mean time. 


174. To find the sidereal time at a given instant of 
mean solar time on a given date at Crreenwich. 

The Kautical Almanac* gives the sidereal time of mean 
midnight at Greenwich on every day of the year. Before 
1931 it was given for mean noon. 

hlow the given mean time represents the number of 
hours, minutes, and seconds which have elapsed since 

* Or Whita'k&ds Almanack, which may be used if the Nautical ih 
not at hand. 
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mean midnight,* expressed, in mean time. Convert this 
interval into sidereal time ; we then have the sidereal 
interval which has elapsed since mean midnight. Add 
this to the sidereal time of mean midnight ; the result is 
the sidereal time required. 

Thus, let m be the mean time at the given instant, 
measured from the preceding mean midnight, the 
sidereal time of mean noon from the Nautical Almanac, 
and let h = 1/365 ; so that 1 + ifc is the ratio of a mean 
solar unit to the corresponding sidereal unit. 

Then, from mean noon to given instant, 

Interval in mean time = m ; 

interval in sidereal time = m + hn. 

But, at mean noon, sidereal time = Sq ; 

at given instant, 

required sidereal time, « = + /cm. 

If the result be greater than 24h,, we must subtract 24h., 
for times are always measured from Oh. up to 24h. 

Example. — Eind the sidereal time corresponding to 8h. 15m. 40s. 
A.M. on Dec. 20, given that the sidereal time of mean midnight was 
5h. 55m 8s. 

From mean midnight to the given instant, the interval in mean 
time is 8h- 15m. 40s. 

Converting this interval to sidereal time, by the method of § 173, 
we have 

Mean solar interval = 8li. 15m. 40s. 

Add 10s. per hour on 8h. Im. 20s. 

Add la. per 6m. on 15m. 40a. 3s. 

8h. 17m, 38. 

Subtract Is. per Im. on Im. 238. Is. 

Sidereal interval since mean midnight = 8h. 17m. 2s. 

But sidereal time of mean midnight = 5h. 55m. 8s. 

.•. Sidereal time at instant required = 14h. 12rn. 10s. 

175. To find the mean solar time corresponding to 
a given instant of sidereal time at Greenwich. 

Subtract the sidereal time of mean midnight from the 

^ Since the beginning of the year 1925, mean time has been 
reckoned from midnight, not from noon. 
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given sidereal time; this gives the interval which liaa 
elapsed since mean midnight, expressed in sidereal time. 
Convert this interval into mean time; the result is fine 
mean time required. 

Let y = 1/366^ ; so that 1 — y is the ratio of a sidereal 
to a mean solar unit. 

Let the given sidereal time ^ = s, 

and let the sidereal time of the precedi np^ inean 

midnight = ; 

Then from mean midnight to given insta.nt, 

Interval in sidereal time = s — ; 

interval in mean time = (s -- 

/. required mean time m> =: {s — — /r (jst 

If s be less than Sq, we must add 24h. to s in order that 
the times s, Sq may be reckoned from the mmc transit of T- 

Example. — Find the solar time corrospomling to lOh. 3n». 4*In. 
sidereal time on May 5, 1931, sidereal time at mean midnight being 
14h. 47m. 36s. 

Sidereal interval since mean midnight 

= 16h. 3m. 42s. — 14h. 47m. — llu IBrn. fls. 

.*. Mean solar interval (§ 173) 

” ~ Ih. 16ni. 6s, — IOh. ~ s:s Ih, h5m. 

Hence ih. 15in. 63s. is the mean time. The sidereal time was 
also 16h. 3m. 42s. a sidereal day or 23h. r)6m 4s# previouHly, i.f# 
Ih. 19m. 49 b. a.m. on the morning of May 4. 


176. To find the mean time corresponding to n 
given instant of sidereal time at Greenwich (alterna- 
tive method). — The Nautical Almanack also containe thci 
mean time of “ Sidereal Noon,^’ i.e, the mean time when T 
is on the meridian, and when the sidercMd clock marks 
Oh. Om. Os. Let this be m^, and let $ be tlio given sideiml 
time, y the factor 1/3 66| as before. Then 

From sidereal noon to given instant, sidereal interval $ ; 

M „ „ mean solar „ = s ¥». 

But, at sidereal noon, mean time ; 

at given instant, 

The required meau time =: + s 
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177. To find the sidereal time from the mean solar, 
or the mean time from the sidereal, in any given 
longitude. — If the longitude is not that of Greenwich, 
the above methods will require a slight modification, be- 
cause the sidereal time of mean midnight, and mean time 
of transit of t tabulated for Greenwich. 

In such cases, the safest plan is as follows : — Find the 
Greenwich time corresponding to the given local time 
(§ 96). Convert this Greenwich time from mean to side- 
real, or sidereal to mean, as the case maj be, and then find 
the corresponding local time again. 

Let the longitude be L® west of Greenwich (L being 
negative if the longitude is east), 
let be the mean and the sidereal local time, 

m, s the corresponding times at Greenwich, 
and let Sq have the same meanings as in §§ 172-4. 

By § 96 we have, whether the times he local or sidereal, 
(Greenwich time) — (local time in long. W.) = Lh. 
= 4L m. Therefore, 5 — = m — 

(i.) If mi is given and is required, we have (in hours), 
m = 4- 5^ L. 

By § 174, 5 = Sfl-f m+/^m = + + ; 

= s — + km^ + 

(ii.) If §1 is given and is required, we have 

By §§ 175, 176, m (s — — 7c' (s — s^) or = mo+ s—Jc's^ 

le. m = (Si ~ s,) ~ kXs, — O 4 — -^glc'L 

= mo 4 Si — 7c's^ 4 -3^5 ^ ; 

= m - — ^o) — 7c' {s, - s,) — 

= fiiQ + — k'Sy — -^glc'L. 

178. Example. — Find the solar time when the local sidereal time 
is5h. I7m. 32s, on March 21, the place of observation being Moscow 
(long. 37° 34' 15" E.) ; given that sidereal time of mean midnight 
was llh. 50m. 12s. at (Greenwich. 

Reduced to time (§ 23), 37° 34' 15" is 2h. 30m. 17s. 

Greenwich sidereal time at instant required 

= 5h. 17m. 32s. - 2h. 30m. Hs. = 2h. 47m. 158. 

10 
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Sidereal interval since Greenwich midnight 

= 2h. 47m. 15s. + 241i. - llh. r>()in. 12 h. 14h. 57nu 3s, 

Greenwich mean time = 14h. 57m. — 2m, ‘i7H. 

.... I4h, 54nL S6fl. 

Moscow mean time = 141i, 54m. 36s. -1- *2h. 30in. 17 h. 

1711. 24in. 63s. 

179. Practical Applications.— -In §41 we hIiovvihI luev 
to determme roughly the time of iiight at whitdi a given 
star would transit on a given day of the year, W iih the 
introduction of mean time, in the present ehaidcu*, we are 
in a position to obtain a more accurate solution ol the 
problem. 

For the E.A. of any star (expressed in tinny) w its side- 
real time of transit. If this be given, we only have to iiml 
the corresponding mean time; this will lie f lie rerjuiied 
time of transit, as indicated by an ordinary eloek. 

In the calculations required in converting t ln^ time from 
one measure to the other, it is advisable ntd to ^|m>le the 
formulae of §§ 174-177, but to go through the various 
steps one by one. 

If neither the sidereal time of mean noon nor tin* nn*an 
time of sidereal noon is given, we must, fall liack on the 
rough method of § 35. 

The disadvantages of using local time are oliviafed in 
Great Britain by the universal use of **Grwnwich Mean 
Time.” 

Examples—!. As an example of the motlKKl of reokoidug time 
before 1925, find the solar time at 5h. 5i9in. 288* iidertml timii on 
July 1, 1891 ; mean time of sidereal noon being 17h. 20rm H». 

Sidereal interval from sidereal nooti to the given in«tiint -s 
5h. 29m. 28s. 

,*. Mean solar interval 5h. 29m. 2H«. r»0«. fw. | In, 

5h. 28m. 34s. 

1. e. Mean solar time = 5h. 28m. 34 b. + I7h. *Jlm. 8«, SSIh. 

48m. 42s. ; 

or, lOh. 48m. 42$. A.M., July 2, 

It was also 5h. 29m. 28s., a sidereal day or 23h, Utliii. 4«, pre- 
viously, i.e, lohu 62m. 88s. a.m. July 1. 

2. To find, the mean time of transit of AhUhamn at Green wioh on 

December 12, 1931. Given H. m. h. 

^.A. oi Aldelaran 4 ;;|2 2; 

Bidereal time of midnight, December 12,’ iilSl ..1 5 ii m! 
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Since the star’s R.A. is less than the sidereal time of noon, we 
must increase the former by 24h., in order that both may be 


measured from the same ‘‘sidereal noon.” 

H. 

M. 

s. 


Sidereal time of transit -h 24h. ... = 

28 

32 

2 


Subtract ,, ,, midnight = 

5 

18 

55 


/. Sidereal interval from noon to transit ... = 

23 

13 

7 


To convert into mean solar units, subtract 

0 

3 

48 


.*. Mean Solar interval from midnight to transit = 

23 

9 

19 


Aldebaran transits at 23h. 9m. 19s. mean time. 

3. To find the (local) sidereal time at New York at 9h. 25ra. 31s. 

(local mean time) on the morning of September 1, 1931. 




Longitude of New York = 74° W. 

Sidereal time of mean midnight at Greenwich, Sept. 1 

= 22h. 36m. 47s. 

Add for 74° west longitude reduced to time 

= 

H. 

4 

M. 

56 

s. 

0 

Greenwich mean time is, September 1 


14 

21 

31 

To convert this interval to sidereal units, add 


0 

2 

22 

*. Sidereal time elapsed since Greenwich midnight 

= 

14 

23 

53 

But at Greenwich midnight sidereal time (bj’’ data) 

= 

22 

36 

47 

Sidereal time at Greenwich is 


13 

0 

40 

Subtract for 74° west longitude 


4 

56 

0 

.•. Sidereal Time at New York 


8 

4 

40 

4. To find the Paris mean time of transit of Recfithcs at Nice 

on 

December 26, 1931. 


H. 

M. 

s. 

Longitude at Paris == 2° 21' E.R.A. of Beguhcs 

= 

10 

4 

46 

„ Nice = 7° 18' E. 

Sidereal time at Greenwich midnight 


6 

14 

7 

Here local sidereal time of transit at Nice ... 

=: 

10 

4 

46 

Subtract east longitude of Nice, 7° 18', in time 


0 

29 

12 

Greenwich sid. time of transit at Nice 

=: 

9 

35 

34 

Subtract Greenwich sidereal time at midnight 


6 

14 

7 

.*. Sidereal interval since Greenwich midnight 

= 

3 

21 

27 

To convert to mean solar units, subtract 

= 

0 

0 

33 

Greenwich mean time 


3 

20 

54 

Add east longitude of Paris, expressed in time 

= 

0 

9 

24 

Paris mean time of transit 


3 

30 

18 


That is, 3h. 80m. 18s. in the morning on December 26. 
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This is given as an example of the old method of time reckoning. 

5. Tind the B.A. of the Sim at true noon on OctohorB, 1801, givcm 
that the equation of time for that day is - 12m. 24 h., and that the 
sidereal time of mean noon on March 21 was 28h. 54m. 52 h. 

Mean solar interval from mean noon March 21 to mean noon Ock H 

2(11 days. 

Mean solar interval from moan noon to apparent noon on Oct. B 

12m. 24 h. 

.*. interval from mean noon on March 21 to apparent noon on Oct. B 

2tdd. — 12m. 248. 

Now, in 365J days the mean Sun’s K.A. increaHes 24h., and the 
increase takes place quite uniforynly. 


increase in mean Sun’s B.A. in 201 days 

H. 

M. 

8. 

= 24h. X 201 365| 

13 

12 

27 

Add mean Sun’s B.A. on March 21 

(= sidereal time of mean iKHm) 

. 23 

54 

52 

.*. mean Sun’s B.A. at mean noon Oct. 8 

37 ' 

7 

HI 

or, subtracting 24h 

13 

7 

Hi 

Subtract change of B.A. in 12m. 24s 

mean Sun’s B.A. at apparent noon Oot. 8... 

13 

7 

2 

17 

Buttme Sun’s B.A. ~ mean Sun’s K.A. 

= equation of time 


-12 

24 


True Sun’s B.A. at apparent noon Oot. 8 12h. tSs, 


EXAMPLES.— V. 


1. To what angles do Sidereal Time, Solar Time, and Mean Tinm 
correspond on the celestial sphere? Ar© tliese angles measured 
direct or retrograde ? 


2. Draw a diagram of the Equation of Time, on the supposition 
that perihelion coincides with the vernal equinox. 

3. On May 14 the morning is 7*8 minutes longer than the after- 
noon : find the equation of time on that day. 


% Bun-dial placed on a vertical wall facing iouth, thes 
position of the end of the shadow of a gnomon at mean mKjn in 
marked on every, day of the year. Show that the curve pawing 
through these points is something like an inverted figure of eight. 


5. 

that 


Why are not the graduations of a level dial uniform ? Hhow 
they will he so if the dial be fixed periiendiciilur Uj Uws index. 
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6. Show that if every 5th year were to contain 366 days, every 
25th year 367 days, and every 450th year 368 days, the average 
length of the civil year would be almost exactly equal to that of the 
tropical year. How many centuries would have to elapse before the 
difference would amount to a day ? 

7. Give explicit directions for pointing an equatorial telescope to 
a star of R.A. 22h., declination 37® N., in latitude 50° N". , longitude 
25° E., at lOh. Greenwich mean time, when the true Sun’s R.A. is 
14h. 47m. 17s., and the equation of time is — 16m. 14s. 


8. If the mean time of transit of the first point of Aries be 
9h. 41m. 24 *48., find the time of the year, and the sidereal time of 
an observation on the same day at Ih. 22m. 13 ‘Ss. 

9. At Greenwich, the equation of time at apparent noon to-day is 

- 3m. 39 •42s., and at apparent noon to-morrow it will be — 3m. 
35*39s. Prove that the mean solar time at New York correspond- 
ing to apparent time 9 a.m. there this morning is 8h. 56m. 20 ‘Os., 
having given that the longitude of New York is 74° 1' W. ’ 


10. Pind the sidereal time at apparent noon on Sept. 30, 1931, at 
Louisville (long. 85° 30' W.) having given the following from the 
Nautical Almanac : — 


Sun’s apparent right 
ascension. 

Sept. 30 12h. 21m. 32-60s. 
Oct. 1. 12h. 25m. 9*38s. 


At mean midnight 


Equation of time 
to be added to mean time. 
9m. 34 -268. 

9m. 54 03s. 


EXAMINATION PAPER.— Y. 


1. Define the dynamical mean Sun and the mea^t Sun, stating at 
what points they have the same R.A., and when the former coin- 
cides with the true Sun. Show that the mean Sun has a uniform 
diurnal motion, and state how it measures mean time. 

2. Define the equation of time. Of what two parts is it generally 
taken to consist? State when each of these parts vanishes, is 
positive, or negative. Give roughly their maximum values, and 
sketch curves showing their variations graphically. 

3. Show that the equation of time vanishes four times a year, 

4. If, on a certain day, the sun-dial be 10 minutes before the clock, 
what is the value of the equation of time on that day ? Will the 
forenoon of that day or the afternoon be longer, and by how much ? 
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5. Define the terras solar day^ mean solar day, sidereal da?/. 
What is the approximate difference and the exact ratio of th© 
second and third ? 

6. Define the terms civil year, anomalistic year, equinoctial tmie. 
Why was this last introduced ? 

7. Show how to express mean solar time in terms of sidereal 
time, and vice versa. 

8. If the mean Sun’s B.A. at mean midnight at Greenwich on 
June 1 be 4h. 36m. 54s., find the sidereal time corresponding to 
2h. 35m. 45s. mean time (1) at Greenwich, (2) at a place in longi- 
tude 25° E. 

9. On what day of the year will a sidereal clock indicate 
lOh. 20m. at 4 p.m. ? 

10. In what years between 1800 and 2100 are there five Sundays 
in February ? 


* Equinoctial time was reckoned in days and fractions of a day 
from the time of the vernal equinox in each year, so as to be 
independent of the meridian of the place. It was in use for a 
short time about 1840, but it was found very inconvenient, and 
was dropped. A somewhat similar usage still remains in which 
time is measured by the fraction of year dapsed. For this pttrpose 
the year is considered to begin when the Sun’s mean longitude is 
280°. In this method the length of all years is the same ; there ia 
no greater length in leap year. It is chiefly used in problems 
connected with the precession of the equinoxes and the proper 
motion of stars. In the Nautical Almanac for 1931, pages 271 to 
285, the quantity r is the fraction of the year measured from the 
time when the Sun’s mean longitude is 280°. (See § 454.) 
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ATMOSPHERICAL EEFEACTION AHH 
TWILIGHT. 


180. Laws of Eefraction.— It is a fundamental prin- 
ciple of Optics that a raj of light travels in a straight line, 
so long as its course lies in the same homogeneous medium ; 
hut when a raj passes from one medium into another, or 
from one stratum of a medium 
into another stratum of dif- 
ferent den sit j, it, in general, 
undergoes a change of direc- 
tion at their surface of separa- 
tion. This change of direction 
is called Refraction.'^ 

Let a raj of light SO (Pig. 

64) pass at Ofrom one medium 
into another, the two media 
being separated hj the plane 
surface AE, and let OT he the 
direction of the raj after re- 
fraction in the second medium. 

Draw ZOZ' the normal or perpendicular to the plane AB 
at 0. Then the three laws of refraction may he stated as 
follows : — 



I. The incident and refracted rays SO, OT and the normal 
Z07J all lie in one plane. 


II. T7ie ratio 


sin ZOS 
sin Z'OT 


is a constant quantity, being the same for all direct ions of the 
rays, so long as the two media are the same.f 
This constant ratio is called the relative index of 
refraction of the two media, and is usually denoted by tlie 
G-reeh letter fx. 

^ For a fuller description, see Stewart’s Light, Chap. VI. 
t The value of the ratio varies slightly for rays of different 
colours, but with this we are not concerned in the present chapter. 
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146 


ASTRONOMY. 


Tlius, if TO be produced backwards to 8', 

sin ZOS = fj. siu Z'OT = /x sin ZOS\ 

The angles ZOS and Z'OT are usually called the angle 
of incidence and the angle of refraction respectively. 

III. When light passes from a rarer to a denser medium, 
the angle of incidence is greater than the angle of refraction. 

Since £Z08> L Z'OT, siu ZOS> sin Z'OT and /x> 1 . 

181. General Description of Atmospherical Befrac- 

tion. — If the Earth had no 
atmosphere, the rays of light 
proceeding from a celestial 
body would travel in sti'aigh t 
lines right up to the obser- 
ver’s eye or telescope, and we 
should see the body in its 
actual direction. 

But when a ray 8a (Fig. 
65) meets the uppermost 
layer AA' of the Earth’s 
atmosphere, it is refracted 
or bent out of its course, 
and its direction changed to ah. On passing into a denser 
stratum of air at BB', it is further bent into the direction 
he, and so on; thus, on reaching the observer, the ray is 
travelling in a direction OT, diferent from its original 
direction, but (by Law I.) in the same vertical plane. 

The body is, therefore, seen in the direction OS\ 
although its real direction is aS or 08. Also, since the 
successive horizontal layers of air AA', BB', GO', . . . are 
of increasing density, the effect of refraction is to bend 
the ray towards the perpendicular to the surfaces of 
separation, that is, towards the vertical. 

Hence: The apparent altitudes of the stars are 
increased by refraction. 

In reality, the density of the atmosphere increases 
gradually as we approach the Earth, instead of changing 
abruptly at the planes AA', BB', , . . Conse( 5 [uently, th© 
my, instead of describing the polygonal path SabcO, 
desenbes a curved path, but the general effect is the same. 
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182. Law of Successive Refr actions. — Let there be 
any number of different media, separated by parallel planes 
AA\ BB\ CO, KH! (Fig. 66), and let SahoOT represent 
the path of a ray as refracted at the various surfaces. 
Then it is a result of experiment that the final direction 
S'T of the ray is parallel to what it would have been if the 
ray had been refracted directly from the first into the last 
medium without traversing the intervening media. 

Thus, if a ray SO, drawn parallel to 8a, were to pass 
directly from the first medium to the last by a single 
refraction at 0, its refracted direction would be the same 
as that actually taken by the ray 8a, and would coincide 
with OT. 



188. The Formula for Astronomical Refraction. — 

We shall now apply the above laws to determine the change 
in the apparent direction of a star produced by refraction. 

Since the height of the atmosphere is only a small frac- 
tion of the Earth’s radius, it is sufiacient for most purposes 
of approximation to regard the Earth as flat, and the sur- 
faces of equal density in the atmosphere as parallel planes. 
With this assumption, the effect of refraction is exactly 
the same (§ 182) as if the rays were refracted directly into 
the lowest stratum of the atmosphere, without traversing 
the intervening strata. 
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Lot OS (Fig. 67) be the true direction of a star or other 
celestial body. Then, before reaching the atmosphere, the 
rays from the star travel in the direction SO. Let their 
direction after refraction be iS' 037, then OS' is the 
ofpareni direction in 'which the star will be seen, and the 
angle SOS' is the apparent change in direction due to 
refx-action. The normal OZ points towards the zenith. 
Hence ZOS is the star’s true zenith distance, and ZOS' 
or Z'OT is its apparent zenith distance, and the first an<I 
third laws of refraction show that the star’s apparent 
direction is displaced towards the zenith. 

Let Z ZOS' = L S'OS and Z ZOS = 
and let ja he the index of refraction. 

By the second law of refraction, 

sin (z + ti) = sin 
sin ^ cos + cos z sin u=: ^ sin z. 

Now the refraction u is in general very small. Hence, if 
u be measured in circular measure, we know by Trigonometry 
that sin u = w, and cos ^ = 1 very approximately. There- 
fore we have 

sin z -h u cos z=: [I Bin Z-, 

= (/X — 1) tan z. 

Let IT be the amount of refraction in circular measure 
when the zenith distance is 45°. Putting 0 = 45°, we have 
I7=/x~-L 
U tan z. 

Thus the amount of refraction is proportional to 
the tangent of the apparent zenith distance. 

The last result does not depend on the fact that the 
refraction is measured in circular measure. Hence, if u'% 
XJ" he the numhers of seconds in ix, U, we have 
u" = V" tan 0 . 

The quantity U" is called the coefficient of refraction , 
Since U is the circular measure of U", we have 

P„_1|0_>£602^0 u = 206265 (/* — 1), 

TT 

whence, if U" is known, /x can he found, and conversely. 
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184. Oljservations on the preceding* Formula. — In 

tlie last fonniila n!' represents the correction which must be 
added to the apparent or observed zenith distance in order 
to obtain the true zenith distance. Ej the first law, the 
azimuth of a celestial body is unaltered hj refraction. 

Thus the time of transit of a star across the meridian, or 
across any other vertical cixxle, is unaltered by refraction. 

In using the transit circle, there will, therefore, be no 
correction for observations of right ascension, but in finding 
the declination the observed meridian Z.E. will require to 
be increased by tan z. 

A star ill the zenith is nnaf ected by refraction, and the 
correction increases as the zenith distance increases. When 
a star is near the horizon, the formula = JJ" tan z fails, 
since it mahes = co , when z == 90°. In this case % is no 
longer a small angle, so that we are not justified in putting 
sin %i = w and cos = 1. But there is a more important 
reason why the formula fails at low altitudes, namely, that 
the rays of light have to traverse such a length of the Earth’s 
atmosphere that we can no longer regard the strata of equal 
density as hounded by parallel planes. In this case, it is 
necessary to take into account the roundness of the Earth 
in order to obtain any approach to accurate results. 

Eor zenith distances less than 75°, the formula gives 
satisfactory results ; for greater distances the correction is 
too large. 

The coefficient of refraction is found to be about 57'', 
when the height of the barometer is 29*6 inches and the 
temperature is 50°. But the index of refraction depends on 
the density of the air, and this again depends on the pressure 
and temperature. Hence, where accurate corrections for 
refraction are required, the height of the barometer and 
thermometer must be read. Any want of uniformity in the 
strata of equal density, or any uncertainty in determining 
the temperature, will introduce a source of error ; hence it is 
desirable that the corrections shall be as small as possible. 
Observations near the zenith are the most reliable. 

Since the circular measure of 1° is the refraction at 1® from 
the zenith is almost exactly 1", at 2° it is 2", and so on, so long as 
the tangent oan he taken as equal to the circular measure. 
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•^185. Cassini's Formula.— Tlie law of rofraotion waHnlno jiivost^*- 
gated by Dominuiuo Cassini on the Iiypoth(wiH thai tba aimospber<^ 
is spherical but homogeneous throughout; in thm way bo t>i)tain€a 
the approximate formula 

?i = {A-l)tans(l-wseo“2)T 

where n is the ratio of the height of the hoinogoneoim atmospbera 
to the radius of the Kartii. 


Cassini’s formula may be proved as follows : -Ctvt *SO O l>e tbo 
path of a ray of light from a star K. 
By hypothesis this ray tnulergoea a 
single refraction on entering the homo* 
geneous atmosphere at O'. J>t 0 h« 
the position of the olwerver, G thn 
centre of the hlarth. Produce (X.y 
to S', CO to Z, and CO' to Z', L«*fc 
u — I SOS' in circular measure), 
2= lZOS',i = iZ'OS', 

Then, by § IB% if u m small, we have 
u .•== (jU 1 ) tan 2 ' ; 

but here z' is not the apparent zenith 
distance, so that we must express tan z" 
in terms of ta*n 2 . 

Draw CT perpend ioular U) O'O pro- 
duced, and GN perpend icmlar to COZ. 
Then O'T tan z' TU OT tan z ; 
. tanz^O'T. , , 0'0 

•' tan'? of 07'” 

^ I OX 

Of'vmz Of’ 

But ON is very approximately the height of the honmgeneoun 
atmosphere OB', and is therefore = . OC ; 



l514=l-t-MSOO*Zi 
tan z 


tan s' ^ 


tan s . 
1 + a sec'ii 


whence, by substituting in the formula, we have 


i4 = (g-l) 


tan z 

i +- a seo’-^z 


= (ju- 1) tan s {1 -n seo^z + n^sec^z -* etc. } 

Now w is very small ; we may therefore neglect its square and higher 
powers ; hence we obtain approximately 

u= (a - 1) tan s (1 - w seo^s), 
which is Cassini’s formula. 


If the value of n he properly chosen, Cassini’s formula is found 
to give very good results for all zenith distances up to SO*’. 
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186. To determine the Coefficient of Refraction 
from Meridian Observations. — ^Assuming tlie “ tangent 
law,” n = U tan z, the coefficient of refraction U may be 
found from observations of circumpolar stars as follows. 

Let the apparent zenith distances of a circumpolar 
star, be observed at upper and lower culminations re- 
spectively. Then the true zenith distances will be 
-h tangjj and -h TI tan^ 2 - 

^ Now, the observer’s latitude is half the sum of the meri- 
dian altitudes at the two culminations (§ 28), hence if I be 
the latitude, we have 

^ = ■1 {(90^--^-UUnz,) + (OO^-^^-Utan^f^)}, 
or 90"^— Z = ^ (z^ (tan ^^H-tan z^) (i). 

Now let a second circumpolar star be observed. Let its 
apparent zenith distances at upper and lower culminations 
be z' and z". Then we obtain in lilm manner 

90*^ — l=z^(z' + z'^) + -I I/ (tan z'-^ tan z'^) (ii) . 

Eliminating I from (i) and (ii) by subtraction, we have 

(^1 •4- %) — 4- 

(tan?;^ -f tanjsj — (tan»' 4- tana'^) 

If the two stars have the same declination, we shall have 

= z' and a^nd the above formula will fail. Hence 

it is important that the two observed stars should differ 
considerably in declination ; the best results are obtained 
by selecting one star very near the pole (e.^. the Pole Star), 
and the other about 30° from the pole. 

187. Alternative Method (Bradley^s). — Instead of 
using a second circumpolar star, Bradley observed the Sun’s 
apparent Z.D.’s at noon at the two solstices. Let these be 

By § 38, since the true Z.D.’s are 

Z'l -H 17 tan and IT tan 

l7tan.Zi = r— i, irtanZ '2 = 2: (^ = obliquity.) 

4-^2 + l7(tanZ^i 4- tanZo) (iii) 

Eliminating I from (i), (iii), we have 
TJ (tan z^ 4- tan z,^ 4- tan -f- tan = 1 80° — {z^ 4- ■+ , 

whence U is found. 
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188. Other Methods of fiadingp the 3tt©fraotio3a^.— 
Suppose that at a station on the Eartli'a er|'UJif,or, a 

star on the celestial equator, or the Suu at an or|iuiiox^ i*i 
observed during the day. Its diurnal paili from ejiHt to 
west passes through the zenith, aiitl ^hiring f lit* eourso i»f 
the day its true zenith distance will unihuiuly at 

the rate of 15° per hour. Thus the true ZJ). at> anj tiirie 
is known. Let the apparent Z.I). be olwi^rvcwl with u,n 
altazimuth. The difference between the ohsein^eti awl tlio 
calculated Z.D. is the displacement of thc^ IhhIv ^lue to 
refraction. 

By this method we find the corrections for rid'rael ioit at 
different zenith distances without nmkiiig any asHumptious 
regarding the law of refraction. 

Except at stations on the Eartli’s equator, it i« not poggi* 
ble to observe the refraction at different zenith fliMfaneiw 
m such a simple manner. Hevertlielewss, nndlmfis more or 
less similar can be employed. For this pur|>oH(^ tlin zenilfe 
distances of a known star are observed at diflVu-imt tlimm. 
The true zenith distance at the time of cuu*h olwcu*Vfitii>ii 

known E.A. ami diHjlinatiori 
(§ 26). Hence the refraction for differeitt zenith di«taiici« 

01 the star can be determined. 

This method is very useful for verifying the law of re- 
iractiou after the star’s declination and tho olmerver’n 
latitude have been found with tolerable accnracv. More- 
over, it can be employed to find thci cornictiong for riifriu^- 
tion at low altitudes when the^‘tangont law ’* ca^aKcn to 
give approximate results. 


Tables of Mean Re&aotion.— From the resnttH 

refraction lmv«» bwui 
W* ^ i= calculated fertemnera- 

ture 50 and height of barometer 29 6 inehoH; Ihev trivo 

teterS'S^'l+^r/^^Fx®' altitude up to 10*'. for 'larger 
mtervals at altitudes between 10° and 54°, and for every 1” 

tee “SSseJrr ^0° Oiber 

added to ofsuhWtlr must 1 h, 

the first ta Wo the mean refraction given iu 

the test table in allowing for differences in the f muprut are 

See any book of Mathematical Tables, suoh as Ohamtow. 
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and barometric pressure. The corrections for temperature 
and pressure are applied separately. 

Still more refined tables, published by the Pulkova Obser- 
vatory, have now been generally adopted. 


190. Effects of Eefraction on Rising and Setting. 

At the horizon the mean refraction is about 33' ; conse- 
quently a celestial body appears to rise or set when it is 
33' below the horizon. Tims, the effect of refraction is 
to accelerate the time of rising, and to retard, by an equal 
amount, the time of setting of a celestial body. In par- 
ticular, the Sun, whose angular diameter is 32', appears to 
be just above the horizon when it is really just below. 


The acceleration in the time of rising due to refraction 
can be investigated in exactly the same way as the accelera- 
tion due to dip (§ 104). If vJ' denotes the refraction at 
the horizon in seconds, d the declination, a; the inclination 
to the vertical of the direction in which the body rises, the 
acceleration in the time of rising in seconds 


15 


v!' sec % sec d. 


Taking the horizontal refraction as 33', or 1980", and 
putting oj = 0, cZ = 0, we see that at the Earth’s equator 
at an equinox, the time of sunrise is accelerated by about 
2m. 12s. owing to refraction. 

When the Sun or Moon is near the horizon, it appears 
distorted into a somewhat oval shape. This effect is due 
to refraction. The whole disc is raised by refraction, but 
the refraction increases as the altitude diminishes ; so that 
the lower limb is raised more than the upper limb, and 
the vertical diameter appears contracted. The horizontal 
diameter is almost unaSected by refraction. Hence, the 
disc appears somewhat flattened or elliptical, instead of 
truly circular. 

Even the horizontal diameter is slightly reduced, for its 
two extremities are moved towards the zenith on converg- 
ing great circles. The amount is nearly constant at all 
altitudes, about 0*5". 

According to the tables of mean refraction, the refraction 
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on the horizon is 33', while at an altitude 30', the x’efractioii 
is only 28' 23", and at 35' it is 27' 41". Hence, taking the 
Sun’s or Moon’s diameter as 32', the lower limb when on 
the horizon is raised about 5' more than the ripper. The 
contraction of the vertical diameter, therefore, amounts to 
5', i.e. about one-sixth of the diameter itself, so that the 
apparent vertical and horizontal angular diameters are 
approximately in the ratio of 5 to 6. 


191. Illusory Variations in Size of Sun and Moon. 

The Sun and Moon generally seem to look larger when 
low down than when high up in the sky. This is, however, 
merely a false impression formed by the observer, and is 
not in accordance with measurements of the angular di- 
ameter made with a micrometer. When near the horizon, 
the eye is apt to estimate the size and distance of the Sun 
and Moon by comparing them with the neighbouring ter- 
restrial objects (trees, hills, etc.). When the bodies are at 
a considerable altitude no such comparison is possible, and 
a diuerent estimate of their size is instinctively formed. 


of Refraction on Dip, and Distance of 

refraction increases as we approach 
tie Earth, its effect is always to bend the path of amy of 
iignt into a curve which is concave downwards (Fig. 69). 



tte Earth’s surface nnd lof 

aistan<^;f 

OT, lhai or would be the tangent 

if there were distance of the visible horizon 

%ure thin is evident from the 
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Tke Bistauce of the horizon is increased by 
refraction. 

Draw OT\ the tangent at 0 to the curved path OT\ then 
OT' is the apparent direction of the horizon. Hence, from 
the figure we see that 

The Bip of the horizon is diminished by refraction. 

^ Both dip and distance are still approximately propor- 
tional to the square root of the height of the observer. 

198. £:ffect of Xtefraction on liunar BclipsCs and 
on lunar Occnltations. — In a total eclipse the Moon's 
disc is never perfectly dark, hut appears of a dull red 
colour. This effect is due to refraction. The Earth 
coming between the Sun and Moon prevents the Sun's 
direct rays from reaching the Moon, but those rays which 
nearly graze the Earth's surface are bent round by the 
refraction of the Earth’s atmosphere, and thus reach the 
Moon's disc. The red colour is due to the same cause that 
makes the setting sun look red. The long red light waves 
have more penetrating power than the short violet ones. 

From observing the ‘‘occnltations” of stars when the 
unilluminated portion of the Moon passes in front of them, 
we are enabled to infer that the Moon does not possess an 
atmosphere similar to that of our Earth. For the direc- 
tions of stars would be displaced by the refraction of such 
an atmosphere just before disappearing behind the disc, 
and just after the oceultation ; and no such effect has been 
observed. 

194, Twilight . — The phenomenon of twilight is also due 
to the Earth's atmosphere, and is explained as follows : — 
After the Sun has set, its rays still continue to fall on the 
atmosphere above the Earth, and of the light thus received 
a considerable portion is reflected or scattered in various 
directions. This scattered light is what we call twilight, 
and it illuminates the Earth for a considerable time after 
sunset. Moreover, some of the scattered light is trans- 
mitted to other particles of the atmosphere further away 
from the Sun, and these reflect the rays a second time ; 
the result of these second reflections is to increase further 
the duration of twilight. Twilight is said to end when 
ASTEON. 11 
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this scattered light has entirely disappeared, or has, at 
least become imperceptible. From numerous observa- 
tions, twilight is found to end when the Sun is at a depth 
of about below the horizon. 

If the Sun does not descend nioi*e than 18° below tlie 
horizon, there will be twilight all night. 

Let I = latitude, d = Sun’s declination, then it is easily 
seen by a figure that the Sun’s depth below the horizon, 
at midnight = 90° — d Z. 

This depth is less than 18°, if Z > 72° — d. 

But the greatest value of d is i, or nearly 23i° (raid.- 
summer). Hence, there is twilight all the night aboirt 
midsummer, at any place whose latitude I is not less than 
72° — 23 J°, or 48^°. This includes the whole of the 
British Isles. 


EXAMPLES.— YI. 

1. What would be the effect o£ refraction on terrestrial objects 
as seen by a fish under water? 

2. For stars near the zenith show that the refraction is approxi- 
mately proportional to the zenith distance, and that the number of 
seconds in the refraction is equal to the number of degrees in tho 
zenith distance. (Take coefficient of refraction = 57'^) 

3. From the summit of a mountain 2,400 feet above the level of 

o possible to see the summit of another, of height 

feet, at a distance of 143 miles. Find approximately th© 
r^ius of the Earth, assuming that the effect of refraction is to 
alter the distance of the visible horizon in the ratio 12 : 13. 

4 Trace the changes in the apparent declination of a star due to 
retractaon in the course of a day, at a place in latitude 45" N., tho 
actual decimation being 50“ N 


ia declination of a star observed off the meridia.n 

and thn culminates between the polo 

azimuth of the star from the north 
IS a maxiinum at the instant considered. 

gi^«« ^ of the 

isL latitude in the arotio oirole at which there 

from the if orth Po W^i;sT'^ corresponding distance 
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EXi.MIN'A.TIOlT PAPER.— YI. 

effect has refraction on the apparent position of a star? 
bnow that the greater the altitude of the star the less it is displaced 
by retraction, and that a star in the zenith is not displaced at all. 

■P (stating what optical laws are assumed) that, if the 

Jiarth and the layers of the atmosphere be supposed flat, the 
refraction depends solely on the temperature and pressure 
at the Earth’s surface. 


3. Prore^ the formula for refraction, r = (/a - 1) tan s. Is this 
lormula universally applicable ? G-ive the reason for your answer. 


optical coeflacient of refraction of air (a) 
-1-0003, find the astronomical coefficient of refraction {XT) in 
seconds. ^ ^ 


5. What is the refroLctioii error? How may we approximately 
determine the correction for refraction from observations made 
on the transits of circumpolar stars ? 

how the constant of refraction (on the usual assumption 
that the refraction is proportional bo the tangent of the zenith 
distance) might be determined by observing the two meridian alti- 
tudes of a circumpolar star whose declination is known. 

7. Assuming the tangent formulae for refraction, find the latitude 
ot a place at which the upper and lower meridian altitudes of a cir- 
cumpolar star were 30“ and 60“ (^3=1 -732), the coefficient of 
refraction being 57". 

8. Why is the Moon seen throughout a total eclipse ? 

9. In the &cie7itijic American., June 18, 1887, it was stated by the 
editor that “ The atmosphere by its refraction acts as a lens, pro- 
ducing an apparent increase in the diameter (of the Sun and Moon) 
near the horizon. When we consider that the atmosphere, as seen 
from the surface of the globe, is a section of a yast lens whose j;adius 
is the semi-diameter of the Earth, it is reasonable to assume a small 
increase m the size of the objects seen through it, and a still greater 
increase when seen in the obliquity of the horizon.” Why is the 
above statement altogether incorrect ? 

10. Eind the duration of twilight at the equator at an equinox. 



CHAPTER VTI. 


THE DETEEMINATIOF OE POSITION ON THE 
EARTH* 


Section I. — Instruments used in Navigation,. 


195. Among the different uses to wliicli Astroiionij Iiaa 
been put, perhaps the most important of all is its applica* 
tion to finding the geographical latitude and loiigitude of 
anj^ place on the Earth from observations of celestial 
bodies. Such observations may be made for either of the 
following purposes : — 


1. The determination of the exact latitude and longitude 
of an observatory. These must be known accurately before 
the coordinates of a star can be found or observations 
taken at different observatories can be compared. 


2. The construction of maps. The geographical latitude 
and. longitude of a place form a system of coordinakw 
wnicn enable us to represent its exact position on a map. 


3. The detemination of the exact position of a ship in 
md-ocean. This is the most useful application of all ; on a 
It IS necessary to calculate daily the ship^i 
latitude and longitude correct to within a mile or so. 


rocking of a ship, all the 
hitherto described are useless at 
others -wrliicli *^®refore obliged to hare recourse to 

ves^ unsteadiness of the 

iSe fulfilling this condition 

describe. Chronometer, whicn -we shall now 


168 
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196. Tke Sextant. — Tlie use of tie Sextant is to^ measure 
tlie angular distance Ijetween two objects by observing them 
both simultaneously. It consists of a brass framewort 
forming a sector CDU graduated along the circular arc or 
limb DE; the angle DGE is usually about 60° or rather 
more. To the centre G of the arc is fixed an arm j5J, 
capable of turning about 0, and which carries the small 
mirror JB, called the incLex glass- Another small mirror 
Af called the hori2s on-glass, is fixed to the arm CD, 
making an angle of about 60° with BJD. Of this mirror 
half the back is usually silvered, the other half being 
transparent. Finally, at T is fixed a telescope, pointed 
towards A in such a manner as to receive the rays of light 
from the mirror B after reflection at A (Figs. 70, 71). 



On looking through the telescope T we shall see two sets 
of images, for objects at if will be seen directly through 
the unsilvered part of the mirror A, while objects at 8 will 
be seen after two reflections at the mirrors JB and A. The 
mirror is so near the object glass of the telescope as to be 
quite out of focus ; hence these two sets of images will not 
appear separate, but will overlap one another. 

The arm BI carries at I an index mark or pointer by 
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'w'Mcli its position can be read off on tlie graduated scale I)W. 
Tbe pointer should read zero when the mirrors A, JB are par- 
allel (as in the position B'M, Fig. 7 0) . ‘W'hen this is the case, 
the two images of any very distant object JEC will coincide, 
For when a raj of light is reflected in succession at two par- 
allel mirrors, its £nal direction is parallel to its initial 
direction,^ Hence if ff' GAT represents the path of a mj of 
light from the object H, as reflected in succession at and 
A, the portion AT is parallel to H'O, and therefore coincides 
with the ray HAT, by which the object is seen directly. 

ITow let it be required to find the angular distance ba- 
leen the two objects H and 8, To do this, the mirror JB 
is rotated by means of the arm JBI until the image of 8 
(formed by the two reflections) is seen to coincide with S, 
The angle JB €1, through which the mirror B has been turned 
from its original position, is then half the required angular 
distance between H, S. 

perpendicular to the two positions 
of the mirror respectfrelj. Since in reflection at a 
plane mn*ror the angles of incidence and reflection ai'e equal, 

IN'CH = AGH' md lAOH'=:2lAG]Sr; 
also IHCS = ACN and lAOS:=2lAON, 
Hence LAOS-i AOW = 2(1 AGN - AACW), 

L S'GS = 2.1 WON 


/.JUVl-, 


^he^ngxolar distance beWeen the objects is double the 

On the seHe ED, ererj half-degree is maried aa 1° The 

^^nfthfs ^'ble the angle 

■BOi, and this IS the angular distance required. 


* See Stewart’s Text-hock of Light, Chap. IV. 
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1P7. Shades, Clamp and Tangent Screnr, Beadintr 
Glass, Vernier, 

For TiewiEg the Sun, the sextant is provided vdth 
shades. These consist simply of plates of glass blackened 
for the purpose of reducing the great intensity of the Sun’s 
rays. There are two sets of shades, G, Q, hinged to the 
frame OE in such positions that one set can be inserted 
between A and 0, to deaden the rays from 8, while the other 
set can be turned behind A to deaden the rays from H. 
They are called respectively the “index shades” and 
“ horizon shades.” 



iTa. 71. 


The arm or index bar BO is furnished with a clamp, by 
means of which it can be clamped at any desired part of the 
graduated limb BE. When this has been done the arm can 
be moved slowly by means of a tangent screw K, and in 
this way can be adjusted with great precision. 

The arc BE is usually graduated to divisions of 10',* and 
is used by means of the lens M, called the “ reading glass.” 
But the index bar also carries a scale V called a Vernier 
(§ 198) which, sliding beside the scale on the limb, enables 
us to read off observations to within 10". 

* Of course these divisions are only S apart, but in what follows 
we shall speak of half-minutes as minutes. 
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^ 198. Tke Vernier is a scale the distance between whoso gradua- 
tions is 10' — 10", ^^e. 9' 50", or 10" less than the dis tance between 
the graduations on the limb. These graduations are marked 0", 
10", 20", etc., being measured in the same direction as on the limb. 
For example, let us suppose the zero point on the vernier is between 
the marks 26° 20' and 26° 30' on the limb. We take the reading by 
the limb as 26° 20'. We then look along the vernier scale until w© 
find that om of the marJea on, if exaUly coincides with om of the markB 
on the limK Suppose that this is the 25th graduation from tho 
zero point of the vernier, i.e. the point marked 4' 10". We add 
this 4' 10" to the 26° 20' read on the limb, and the sum gives the 
correct reading, namely, 26° 24' 10". 

The principle is as follows. Let us denote by F the mark which 
coincides on the two scales. 

Then from zero of vernier scale to P is 25 divisions of mmm\ 
f.e. an arc of 25 x (10' -* 10"). 

Also from 26° 20' of scale on limb to P is 25 divisions of limb, i.e> 
an arc of 25 x 10'. 

from 26° 20' on limb to 0 of vernier, represents an arc of 
25 X 10' - 25 X (10’ - 10") ; i.e. 25 x 10", or 4' 10". 

Hence the zero mark of the vernier scale is at a distance 26° 2C)' 
4- 4' 10" from the zero on the limb, and the reading is 26° 24' 10". f 


199. TheBrrors of the Sextant need not be described in detail. 
If the ^xtantdoes not read zero when the two mirrors are parallel, 
it is said to have an Index Error, and a constant correction for 
i^ex error must be added to all readings made with the instrument. 
Th^e are also errors due to eccentricity or want of ooinoideno© 
betwem the centre about which the index bar turns, and tho 
centre of the limb, errors of graduation, etc. 


Sextant.— In all 

^ gr^oated limb is continued backwards for about 

thezero point. This portion of the limb is called the “ axo 

j follows. The 

M<»n 18 observed; the two images of its disc axe 
mtooon^t. Let e be the index-errorfr the sextant read- 
^.D|lie angi^ ^meter of the dise, then we have evidently 
^ 4.-1 l®t the index bar be moved alone: the arc of eicoess 

wSl < 1 ^® image which was^before uppermost 

2e=:r' — r^ 


“e provided with a 

toOie n^resT^dre^ ^ * the meroury is read oflf to 

The student should exaxiine the'S^^ in such an 
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9 I. To take altitudes at Sea ky the Sextant. — 

principal use of the sextant is for finding altitudes. 
^ the altitude of a star is its distance from the nea>resi 
j.t of the celestial horizon. To find this, the sextant is 
4jHsted that the reflected image of the star appears to 
>31. the ojffing or visible horizon ; when the plane of the 
0,nt is slightly turned, the image of the star should just 
the horizon without going below it. The sextant 
[ing then gives the star’s angular distance from the 
fcst point of the “ offing.” Subtract the dip of the 
%oii and the correction for refraction, both of which 
given in books of mathematical tables. The star’s true 
,t:ide is thus obtained. 


)2. To take the Altitude of the Sun or Moon. — 

Ibserving the Sun’s altitude, the “ index ” shades must 
Timed into position between the two mirrors, and the 
;ument adjusted so that the Sun’s lower limb appears 
to graze the horizon. The reading of the sextant, 
% corrected for dip and refraction, gives the altitude 
tie Sun’s lower limb. Add the Sun’s angular semi- 
leter; the altitude of the Son’s centre is obtained. 

3th the Sun’s altitude and its angular diameter may be 
ined by observing the altitudes of the upper and lower 
S. The difference of the two corrected readings gives 
3un’s angular diameter, and half the sum of the read- 
gives the altitude of the Sun’s centre, 
this method is used, allowance must be made for the 
Lge in the Sun’s altitude between the observations. For 
purpose, three observations must be made. First take 
altitude of the Sun’s lower limb, then of the upper 
► , and lastly, again of the lower limb. Also note the time 
ich observation. The difference between the first and 
I readings determines the Sun’s motion in altitude,* 
L this, by a simple proportion, the change in altitude 
’■em the first and second observations is found, and 
the altitude of the lower limb at the second observation 
Lown. We can now find the Sun’s angular diameter, 
the altitude of its centre at the second observation. 

S uch observations are made in twilight or bright moonlight, the 
5 being invisible in a dark sky. 
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Let ifjcrtiine of 1st observation, wlien a=alt. of lower linib ; 
i53=tinie of 2nd observation, wlien &=alt. of up^^er liinb ; 
if 3 =tinie of 3rd observation, wlien a'=alt. of lotoer limb ; 
Then in time the alt. of lower limb increases a'— a. 


in time — ifj ifc increases (a/ • 


. A. - f, 


£3 — 

Hence if denote the alt. of lower limb at second observation, 

ao = a 4- (a' — a) huli = (A h) ^ + 

3^8 ~ 3^1 i^y — 

This finds and we then have 

Sun’s angular diameter = 6— 

Alt. of Sun’s centre at second observation = |(& -f- a^). 


^ In taking the altitude of the Moon, the altitude of the 
illuminated limb must be observed, and the angular senai- 
diameter, as given in the ‘^ Nautical Almanack,’’ must be 

• "Ti . , ^^oted, according as the lower or upper limb 

IS illuminated. 


203. Artificial Horizon for Land Observations, 

Owing to the absence of a well-defined offing on knd an 
artificial horizon must be used. This is simplj a shallow 
dish ^ niercury, protected in some manner from the disturb- 
ing eftect of the wind. The sextant is used to observe the 
angular distance between a star and its image as reflected in 
tne mercury. Half this angular distance is the star’s ap- 
parent altitude; correcting this for refraction, the true 
altitude IS obtained (c/. § 65). 

1 - 1 . sextant is generally an arc of not more 

measure angular distances 
of more than 140 , and it can, therefore, only be used -with 
an artificial horizon for altitudes of under 70°. For 
greater altitudes the zenith sector must be used. 

are measured from the oflSng, this 
objection ^es not apply. On account of the motion of the 

Ian ^°™™less ; hence, no observations 

can be teken when the offing is ill-defined, which, fre- 
quently happens, especially at night. The mariner is 
^ dependent upon observations of the 
Sun and Moon, and such stars of the first magnitude or 
planets, as are visible about dusk *«««mcuae, or 
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204. The Chronometer is the form of timepiece used on 
board ship, and in all observations in which clocks are un- 
available, owing to their want of portability. In principle, 
the chronometer is simply a large and very accurately con- 
structed watch ; its rate of motion being controlled, not by a 
pendulum, but by a balance-wheel, which oscillates to and 
fro under the influence of a steel hair- spring. In order that 
the chronometer may go at a uniform rate, the balance-wheel 
is constructed in such a manner that its time of oscillation 
is unaflected by changes of temperature. If the wheel were 
made of one continuous piece of metal, any increase of tem- 
perature would cause the whole to expand, and the couple 
exerted by the spring would not reverse its motion so readily, 
so that the time of oscillation would be increased. To 



Fig. 72. 


obviate this, the rim of the wheel is made in several (generally 
three) disconnected arcs, each being formed of steel within 
and of brass without. When the temperature rises, the sup- 
porting arms or spokes expand, pushing the arcs outward ; 
but in each arc the outer half of brass expands more than 
the inner half of steel, and this causes it to curl inwards, 
bringing the extremity actually nearer the centre than it 
was before. The arcs carry small screw weights, and by 
adjusting these nearer to or further from the supports, the 
compensation can be arranged with great accuracy.^ 

* The student who has read a little Rigid Dynamics will notice 
that the compensation must be so arranged that the “moment of 
inertia” of the balance-wheel is unaffected by the temperature. 
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Another peculiarity of the chronometiU' consistB in the 
“detached escapement.” The action of tlie main spring, 
while keeping up the oscillations, must not affect their 
periodic time, and to secure this condition the escapement 
is so arranged that the balance-wheel is only acted on during 
a very small portion of each oscillation. 

The chronometer is usually suspended in a framework, in 
such a manner that when the Ycssel rolls the instrument 
always swings into a horizontal position ; the framework 
also serves to protect it from violent shaking. 

206. lirror and Bate of the Chronometer. —A chrono- 
meter is constructed to keep Greenwich mean solar time. 
As in the case of the astronomical clock, the amount that a 
chronometer is slow when it indicates noon is called its 
error, and the amount which it loses in 24 hours is called 
its rate. If the chronometer is fast, the error is negative ; 
if it gains, the rate is negative. 

The essential qualification of a good elirononieter is that 
its rate must he quite uniform. It is not nec^essary that the 
rate shall he zero, provided that its amount is known, since 
a correction can easily he applied to obtain the correct 
time from the chronometer reading. During sea voyages 
extending over a large number of days, the correction for rata 
may become considerable, and there is no very satisfactory 
method of finding the chronometer error at sea j for this 
reason the instrument is rated, i,e, has its rate determined 
by comparisons with a standard clock, wlienever the ship is 
in port. Moreover, many ships carry several chronometers, 
which serve to check each other ; if the rate of one should 
vary slightly, this change would be detected by comparison 
with the others. 

To-day, wireless time-signals, giving the Greenwich 
time, are available several times daily from numerous 
stations. Some of these can be i-eceived by ships at sea 
provided with wireless apparatus. 

Many of the best chronometers used in the Navy and 
elsewhere are tested at the Greenwich or Kew Observa- 
tories. They are there kept in a special room, in whicli 
they can be subjected to artificial variations of tempera- 
ture, with a view of ascertaining whether the compensation 
for temperature is perfect or not. The chronometers are 
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compared daily with the standard clock. The process of 
rating is performed by two assistants whohaye acquired the 
powerof counting the beats of the clock while reading off the 
errors of one chronometer after another. In this manner, 
about a hundred chronometers can be rated in half an hour. 

Section II. — Finding the Latitude hy Observation. 

206. The methods of finding latitude may he conveniently 
classified as follows : — 

A. Meridian Observations. 

(1) By a single meridian altitude of the Sun or a known 

star. 

(2) By meridian altitudes of two stars, one north and one 

south of the zenith, taken with the sextant. 

(3) By two observations of a circumpolar star. 

B. Observations not made on the Meridian. 
Ex-meridian Observations.”) 

(4) By a single observed altitude, the local time being known. 

(4a) By '‘circum-meridian altitudes.” 

(4b) By observing the altitude of the Pole Star. 

(5) By observations of two altitudes. 

(6) By the Prime Yertical instrument. 



"We now proceed to examine the various methods in 
detail, but it must be premised that the “ ex- meridian ” 
methods cannot be thoroughly explained without spherical 
trigonometry. 
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207. Latitude by a Single Meridian Altitude*— liOt 
S (Fig. 73) represent the position of the Sun or a star of 
known declination when southing 

Let the meridian altitude sS be observed, and Ic^t it be=:u ; 
also let z be the meridian Z.D. so that «=r:9()”—- a Lot 

d be the known 'E. deck Q/S^,and ^^the required N. latitude 

Then in the figure we have 

Q;Zr=:QS + 8Z; 

• \ Zzz (I z 

zzd + 90^ — a (r/. I 24), 

which determines 1. 

If the declination be south, d must be taken negative ; if 
the body transits between the zenith and the norili pole, z 
must be taken negative; and Z will be negative if tlie 
latitude is south. The first formula will tlien 1)6 applic- 
able in all cases. 

In order that the second formula may be universallv 
applicable, a must be the angular distance from tlie south 
point of the horizon. If the star transits nortli of the 
zenith, as at a?, and denote the altitude nx, tlie angular 
distance sa? is a = 180° — 

Therefore Z = d -f Uj - 90°. 

In the case of a circumpolar star aj' observed at inferior 
culmination, the declination cZ = 90° ~ Fx/ = 180 ° OF, 
Hence, Qaj' = 180° — and the formula gives 

I = 180° — d + z = 180° — cZ — = 90° — d 4- (i,j, 

where z^ is the north zenith distance and = — af. 

Li numerical calculations the student will find it advis- 
able, in every case, to draw a suitable diagram, and not to 
rely on mere formulae. 


208 In finding the latitude at Sea, the Sun’s meri- 
altitude IS fotmd by means of the sextant in the 
maimer :-Eegm to observe the altitude of either 
apparent noon, and as the 
f ^*™™s to mcrease, continue to move the 
tangent screw, so that 
the visible horizon. 

bSns to meridian, and its altitude 

egins to decrease, the adjustment of the sextant mmf not 
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he reversed, but sliould be stopped. The reading then 
gives the greatest altitude of the observed limb. 

Owing to the north or south motion of the ship, and, to 
a less extent, to the Sun’s motion in declination, the great- 
est altitude is, in general, slightly greater than the meridian 
altitude. A correction may be applied, taken from a table. 
From the sextant reading subtract the corrections for dip 
and refraction, also add or subtract the Sun’s semi-diameter 
according as the lower or upper limb is observed ; thus the 
Sun’s meridian altitude is found. 

The Sun’s declination is then to be found from the 
Nautical Almanack, which gives the declination at G-reen- 
wich noon, and its hourly rate of variation. To apply the 
latter correction, the Greenwich time of the observation ' 
must be known roughly by the ship’s chronometer. The 
declination at the time of the observed transit can then be 
found. The latitude is given by the formula. 

209. In. finding the latitude on land, by this method, 
the meridian altitude of a fixed star can be observed with a 
sextant furnished with an artificial horizon, the declination 
of the star being found from astronomical tables. 

If the Sun be observed, a dark glass cap may be fitted on 
to the telescope, instead of using the shades. The altitude 
of the Sun’s centre might be found by adjusting the two 
images to coincide, but it is much more easy to adjust the 
images to touch, and thus to find the altitude of the lower 
or upper limb, preferably the former. Add or subtract the 
Sun’s semi-diameter according to circumstances ; thus the 
meridian altitude of the centre is found. 

The meridian Z.D. of a star may also be observed by the 
zenith sector (§ 112). By selecting a star which transits 
near the zenith, the liability of error in the correction for 
refraction may be greatly reduced. This is the method 
employed by a number of observatories engaged in study- 
ing the small Variations of Latitude, There are two 
terns in this variation, one with a period of 14 months, 
the other with an annual period. They are both small 
fractions of a second of arc. 

210. In a riaced Observatory, the meridian altitude is 
found by the Transit Circle. The best determinations of 
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the latitude are those resulting from a large series of 
observations of different stars, extending over a considtu*- 
able number of years ; from such observations tlie latituclo 
of the transit circle can be found to within a small frimtioii 
of a second, representing a distance of only a few yards. 


ExAMI‘LK. 

In longitude 8® 12’ E. (roughly) with an artifioial horizon, tfi« 
ineridian reading of the sextant for tho Bun's lower limb wm 
observed to be 107° 59' 48". Barometer 30*7 inches, tlierinometer 
72 ; Find the latitude, given the following data : — 

®’s (Sun’s) decl. at Greenwich noon, Ap. II : 

Hourly variation of deol ... 

®’s semi-diameter 


19 4 From 

5frl - Nautioiil 
15 59 Almaniitek. 


Mean refraction at altitude 54'' 
Correction for barometer 

,, for thermometer ... 


41 

+ I 


From 

Tablw. 


The oaloulation is best arranged as follows : ■*” 


(i) Double observed alt. of lower limb 

observed alt 

Corrected refraction at this alt. 

(which is nearly 54°) .. 

.'.true alt. of lower limb 

Ang. semi-diam 

Merid. alt. O’s centre 

Subtract from 

Merid. Z.D. of ©’s centre ... 


107 59 48 
5.3 59 54 

53 ii 

15 59 (4"*) 

90 


= 35 44 47 B,. 




(ii) Long. 8° 12' E. in time 
.*. time of observation . . . 


JU. 8. 

= 32 48 

= 32 48 before Greenwich ricxm. 


©’s deol. at Greenwich noon April 11 
V ariation in 30m. before noon 
), 2m. 48s. (about) ... 

©’s deol. at time of observation 
Add ©’s merid. Z.D. from (i) 

Eequired north latitude ... 


B 19 


^N‘.(inoi*eftgiiig). 

"3(1) 


B 18 34n7"‘ 
35 44 47 H. 


44° 
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211. To find the latitude by sextant observations 
of the meridian altitudes of two stars which culmi- 
nate on opposite sides of the zenith. — This is really 
only a modification of the first method. Two stars of 
known declination are selected which culminate, one south 
and the other north of the zenith, at very nearly the same 
altitude. The latitude is calculated independently from 
observations of the meridian altitudes of either star, and 
the mean of the two results is taken as the correct latitude. 

This method possesses the following advantages : — 

1st. There is no need to correct the observed altitudes 
for dip of the horizon ; 

2nd. The result is unaffected by any constant instru- 
mental errors (index error, etc.) which affect both altitudes 
equally ; 

3rd. The correction for refraction is reduced to a mini- 
mum, or even entirely eliminated, if the altitudes are 
almost equal. 

Tor let dp d,^ be the north declinations of the two stars ; 
2 ?^ (south) and (north) their true meridian Z.B.’s; 
cfci and their observed meridian altitudes ; 

and u.^ the corrections for refraction ; 

D the dip of the horizon ; 
e the correction for constant instrumental errors 

For true meridian altitudes of the two stars we have 
90° — -f e — B — 

90° — % = ttg + e— I) — ^^2* 

The two observations give, therefore, for the latitude (by 
§ 204) 

I = d^ + Zi = di+90°— di— e + B+%, 

I = d^“^Z2 ^ d2‘““90°*4- 6 — B — 

Therefore, taking the mean of the two results, 

= iHi+otaH- -(“a — }. 

a result involving no corrections beyond the difference of 
refractions, 

Moreover, if the altitudes and are greater than 45°, 
and their difference (cit 2 ”"^i) than a degree, then 

ASTRON, 12 
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i is <1^ and ther^foro the mfrmimi ecinwtloa 

may be entirely neglected. 


212. Latitude by Cir0nmpola*Y#.—Ti:i^ iiw^iIumI Ji».« 

already b^n mentioned in § 28, but w© will li©r© r#»|wmt 
tne investigation for convenience. 

Let a , «' (Pig. 74) represent the poHitioiiH of a oirouni|H4»r 
star at its upper and lower transits. Ltd its rotTatiim 
altitudes nm and be observed, and let their rorm'h rf 
values be and respectivelj. Since 

Px = star’s N.P.I). 

= Pa/, 

. . nP — ^(%x + was') , 
or ^ = + 



required! bmhe^obse^^ilff^^^ ster’sdeeliimtkm is 

for refraction; etc. " ^ altitudes require to l>o com»eti*«l 

latitude “ detenniniag 

^nebeforethe dwliimtioii ^ ««>«* 

^temsit circle be doterini««*i 

tildes at tb© two cnlminations^^^^^^^ »i©ricliaa ii.lt i« 

^^ion imj be foittd^^ar^^S^ift^ correction for 
titudes may then be coi^d ob«»rv«a 
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As the declinations of a large number of stars are giTen 
in astronomical tables, the circumpolar method is never 
used at sea. It would possess no advantage, and would 
have the disadvantage of requiring a correction for the 
change in the ship’s place between the two culminations. 


Examples. 


1. The observed meridian altitude of jS Geti (deol. 18 36 ^*5 S.) 
is 36° 43' 12", and that of a Utscb Minoris (decl. 88° 41' 53 *1' N. ) at its 
upper culmination is 36° 9' 57'^ both altitudes being measured from 
the offing,” and the dip being unknown. Eind the latitude, given 
Refraction at alt. 36° = 1' 20" ; at alt. 37° = 1' 17". 


This is an example of the method of § 211. The calculation stands 
thus 


8 Geti (south). 

36° 43' 12" 

~ 0 1 18 

Observed altitudes 
Refraction corrections 

a UrscB Minoris (north). 
36 9' 57" 

- 0 1 19‘5 

36 41 54 

Corrected altitudes 

36 

8 

37‘5 

90 0 0 


90 

0 

0 

+53 18 6 S. 

Zenith distances 


51 

22*5 N. 

-18 36 44'5S. 

Declinations 

4-88 

41 

63*1 N. 

34 41 21-6 N. 

Calculated Latitudes 


50 

30-6 N. 


Thus, lat. by star north of zenith = 34° 50' 30*6" N. 
„ ,, south „ = 34 41 21*5 N. 

2)69 31 52 1 


Mean latitude = 34° 45' 68" N. 


Here, owing to dip, one of the calculated latitudes is 4=' 3^6 too 
great, and the other is 4' 34*5" too smaU, but the mean of the two 
results is the correct latitude. 

2 The observed altitudes of /5 Urm Minoria at lower and upper 
culmination are 29° 68' 15" and 60° 45' 3". Eind approximately the 
latitude, assuming the ooefiSoient of refraction to he 57 . 

Bv the “ tangent formula,” refraction at altitude 30 (approx.) 

^ =: 57" tan 60° = 57" x J3 = 57" x 1 *732 = E 39". 

Refraction at alt. 60° = 67" tan 30° = 57" x ^/3/3 = I' 39"-3 = 33". 
Hence true alt. at lower culmination = 29° 58' 15" - 1' 39" =29° 56' 36" 
„ „ upper „ =60 45 3-^ 33" =60 44 30 


2) 


90 41 6 


Required North latitude = 45° 20' 33" 
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LATITUDE BY EX-MERIDIAN OI^SER VATIC) NS. 

213. To find the latitude by* a single altitude^ the 
local time being known. — If the local time be known, a 
single altitude of the Sun or a kiiovvii star is suilieieiit to 
determine the latitude. 

For let 8 be the observed body, Z the zeiiitli, P tlio pole.t 

Then in the spherical triangle FZ8, the known local time 
enables us to find the hour angle ZF8. For, if the Sun Im 
observed, its hour angle ZF8 

= 15 X (apparent local time) 

= 15 X (mean local time— equation of time) ; 
and if a star be observed, its hour angle ZFS 

= 15 X (local sidereal time— star’s B.A.). 

Also ZS = observed body’s Z.D. = 90*^ — (obserred alti- 
tude) ; 

F8 = . „ „ N.P.D. = 90^ - (known decl.). 

Hence, ZS^ PS, and the angle ZF8 are known. These 
data completely fix the spherical triangle ZFS, and from 
them ZP can he found by Spherical Trigonometry. 

Hence the latitude is found, being = 90® ----ZF, 

The formula (3) on page xvii gives sine altitude = sine 
latitude sine deck + cos latitude cos deck cos hour-angle. 


*214. By Circum-meridian Altitudes.— This is a pai"- 

ticular case of the method last described. In attempting 
to find the latitude by meridian observations, it may 
happen that passing clouds prevent the body from being 
observed at the instant of transit. In this case the latitude 
can be found from the observed altitude when very near 
the meridi^. The hour angle ZF8 is then small, and the 
aitterence between the observed and meridian altitudes 
IS also small. This difference is called the ** Redaction,” 
and IS found by approximate methods. Take a number 
01 altitudes of the body before and after passing the 


Altitude of the Polo Star.— The 

w 1 ?/■ is dimiaishioK 

by 18 per anaum. Hence, if its altitude is observed, the 
latitude may be found by adding to, or subtracting from, 
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tins altitude, a small correction, never greater than 1° 4' 
for the next three centuries. 

Tables for facilitating the reduction were given in the Nautical 
Almanac up to 1916, but have now been discontinued. Treating 
the triangle as plane, the difference between the star’s altitude and 
Star’s N.P.D. multiplied by cos Hour- Angle. The 
altitude IS greater than the latitude when the star is within 6h. of 
Its upper culmination. 


^2 16. Latitude by observation of Two Altitudes. — observ- 
ing the altitudes of two known stars, both the latitude and the 
local sidereal time can be found. 

The same method can be employed to determine the latitude by 
two observations of the Sun’s altitude, separated by a known interval 
of time. ^ 

T’lie necessary calculations are very complicated, involving 
Spherical Trigonometry, and they cannot be materially simplified 
even by the use of tables. 

A very useful geometrical^ construction, enabling us, from the two 
observed altitudes, to indicate the exact position of a ship on a 
globe without calculation, will be detailed in Section VI. 

^ 217. Latitude by the Prime Vertical Instrument. — 

The latitude of a fixed observatory may be found by means 
of an instrument similar to the Transit Circle, bnt whose 
telescope turns in the plane of the prime vertical instead of 
the meridian. A star will cross the middle wire of such an 
instrument when its direction is either due east or westj 
the times of the two transits are observed. Let 8, 8^ be the 
positions of a known star at its eastern and western transits, 
Z the zenith, P the pole. The sidereal interval between 
the two transits determines the angle 8F8', and this is 
evidently twice the angle ZP8. Hence IZPS is known. 
Also P8i the star’s N.P.D*, is known, and PZ8 is a right 
angle. The spherical triangle ZP8 is completely deter- 
mined, and the colatitude ZP can be found. Formula (1), 
p. xvii, gives cos Hour- Angle = tan colatitnde cot N.P.D. 

The times of the transits are unaffected by refraction, and 
this fact constitutes the principal advantage of the method. 

The observations may be performed by an altazimuth, 
whose horizontal circle is clamped so that the telescope 
moves in the prime vertical. The instrument must be so 
adjusted that the interval of time between the first transit 
and culmination is equal to the interval between culmina- 
tion and the second transit. 
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Section III. — To find the Local Time hj Ohsermiwn. 

218. In determining the longitude of a place on the Earth, 
the first step is to find the local time by observations of the 
hour angle of a known celestial body. If the time indicate<l 
by a chronometer or clock at the instant of observation Im 
also noted, we shall find the difference between the true 
local time and the indicated time. This difference is the 
error of the clock on local time. 

In § 167 we described one instrument for observing local 
time— the Sun-dial. This cannot, however, be used except 
for very rough observations, as the boundary of the shadow 
cast by the style is not sufficiently well defined to admit of 
accurate measurements. Moreover the Sun-dial is not 
portable. 

Eor this reason the local time is usually found by one or 
other of the following methods : — 

1st. By meridian observations. 

2nd. By equal altitudes. 

3rd, By a single altitude, the latitude being known, 

4th. By observation of two altitudes. 


219. Local Time by Meridian Observation^.— In a 

fixed observatoiy, the local sidereal time is found by means 
of the Transit Circle, as explained in §§ 24, 54. The transit 
of a known star is observed j the local sidereal time of 
tr^it is equal to the star’s E. A., and is therefore known. 
Or by observing the transit of the Sun’s centre, the time 
^5 apparent local noon may be found. The equation of 
« apparent noon, and is given in tlie 

J^utical Almanack ” ; hence the local mean time is foimd. 
ihese methods are not available at sea, as the Transit 
Circle cannot be used. It might be thought that we could 
^ ascertain the instant when the body’s 
^^de IS greatest, hut, for a short interval before and 
• 4 - • transit, the altitude remains very neaxlv constant : 

accuracy 

is? perceptibly, so that the meridian 

altitude may be observed with great accuracy, as in § 208. 
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220. Method of EQ[ual Altitudes.— When it is required 
to find the local time from observations taken with a sextant, 
the simplest method is as follows : — Observe the altitude of 
any celestial body some time before it culminates. After 
the body has passed the meridian, observe the instant of 
time when its altitude is again the same as it was at the 
first observation. Half the sum of the times of the two 
observations gives the time of transit. 



For let St S' be the two observed positions of the body, 
Z the zenith, and P the pole. 

The altitudes of SXy S'X' being equal, the zenith 
distances are equal ; 

ZS=:ZS'. 


Also PS=::PS't 

and the spherical triangles ZPS, ZPS' have ZP in common. 
lSPZ=z LZPS'. 


Now let and be the times of the two observations, 
t the time of transit. 

Then is the time taken to describe the angle SPZ -, 

%-t 


Since the two angles are equal, 

. . t — ^2 ” ^ > 

^ ^ (tj + tg). 

Prom the time of transit the local time can be found, as 
in the last article. 
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221. lu observing the Equal Altitudes with a 
Sextant, the following method is used : — At the first ob- 
servation clamp the index bar at an altitude slightly greater 
than that of the body. Continue to observe the body as it 
rises, till its image is in contact with the horizon, and note 
the instant of time (t^) at which this happens. Keep the 
index bar clamped until the second observation ; commence 
observing the body again just before it has reached the same 
altitude again, and note the instant of time (t^) when its 
image is again in contact with the horizon. The two 
observed times are the times of equal altitude. 

If an artifioial horizon he usedf we must observe the two 
instants of time when the two images are in contact. 


222. Equation of Equal Altitudes. — If the Sun be the 
observed body, its declination will, in general, change 
slightly between the two observations ; hence FS will not 
be exactly equal to PS\ and the angles 8PZ, ZP8^ will not 
be quite equal. Por this reason a small correction must be 
applied, ^ in order to allow for the effect of the change of 
dechnation.^ This correction is called the Equation of 
Equal Altitudes, and may be found from tables which 
have been calculated for the purpose. 

At Sea allo-wance must also be made for the cbauge of 
position of the ship between the two observations, and this 
correction is also effected by means of tables. 


223. The method of Equal Altitudes possesses the 
foUowiug advautages : — 

unafEected by errors of graduatioa of 
the sextant, for the actual readings are not required. 

semi-diameter of the observed body need not 

made othL correction need be 

i small ones depending on cbano*e in 

tb. “f betleen S.3r," 
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224. With, a Gnomon, the time of apparent noon be 
roughly found in a very simple manner. A rod is nxed 
vertically in a horizontal plane, and on the latter are 
drawn several circles, concentric with the base ot the rod. 
Let the times be observed, before and after noon, ^ ^ ® 

extremity of the shadow cast by the rod just touches one 
of these circles. At these two instants the Sun s altitudes 
are, of coui-se. eciual, and thei-efore the time of apparent 
noon is the arithmetical mean between the observed times. 
Greater accuracy is secured by mounting a small bead on 
a needle at the top of the rod, and observing the centre of 
the shadow of the bead. This is a more definite point 
than the shadow of the top of the rod. „ 

EKAMPLE.-Tho shadow of 9^27111^ A M. Tnd 

.T' 40' W.) ia observed to have the Ji^atiouof time on 

Sh. Im. 40a. P.M., Greenwich time. Emd the equation ot mme 

tlio day of observation. 

Greenwich mean dmeonoealapp^en^m^^^ ^ ^ 

But, hy§96, Greenwich mean time of local meannoon - 22m. a. 

.-. Eq^of time = local mean time of apparent noon _ 8m. 

«225. The latitude may also he found by the 
e<inal altitudes, though. the altS S eShS 

Observation must distance 8Z is there- 
for refraction, dip, etc. The joeing half the 

determined and ^P. 

S is the Linplement of the .latitude can be found. 
The formula is the same as that given in § 213. 

<226. local Time by a Single Altatu^.^thelatitude^b 

in known latitude, we know^b, o.r, ^ ^ l^oal 

determines, not only ^ these determine the local time, 

liodies at the two is in reality only a particular ease. 

The method of equal altitudes IS in rea jr 
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Sbctioit IV . — Determination of the Meridia.n Line, 

228. Before setting up a transit circle or tiquatorial in a 
fixed observatory, it is necessary to know with consicleral>la 
accuracy the direction of the meridian line, i.e, the line 
joining the north and south points of the horizon. At sea, 
the directions of the cardinal points are determined by a 
mariner’s compass ; but here, too, it is of great use, on long 
voyages, to determine the variation of the compaa^i or 
the deviation of the magnetic needle from the meridian line. 
This deviation is different at different parts of the Earth. 

There are three ways of finding the meridian line : first, 
by two observations of a celestial body at equal alt itudes ; 
second, by a single observation of the azimuth ; third, by 
one or more observations of the Pole Star. 


Equal Altitudes.— When a body has equal 
altitudes before and after culmination, the corresponding 

azimuths are equal and oppo- 
site. 

For if 8, 8^ denote the two 
positions of the body, the tri- 
angles ZP8, ZP8^ are equal in 
all respects ; 

^ LPZ8 :=: IPZ8^ 

lsZ8 = lsZS'. 

230. At Sea, the Sun’s 
compass bearing may be 
taken, and the local times 
latitude, the Sun’s a 7 im„+T. from the latter and the 

compass foxmd. variation of the 

shSowSt directions of the 

1m« equal lengths • for this ^ Ircnzontal plane when it 
which the end of thfshSl^”??® T Points at 

with the base of the S concentric 

neroa {ef. § 224). Bisecting the angle 
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l>etweeE the two directions, the north and south points are 
found. 

If greater accuracy is required, an altazimuth may he 
used. The readings of the horizontal circle are talien when 
the altitudes of a star are equal ; the meridian reading is 
the arithmetical mean of the two readings. While ohserv- 
iug the equal altitudes, the vertical circle must obviously 
be kept clamped. * 

*232. By a Single Observation. — ^If the direction of 
the vertical plane through a single celestial body 8 be 
observed at any instant, the direction of the meridian line 
may be found by means of Spherical Trigonometry. 

For if any three parts of the triangle ZP8 are known, 
the triangle is completely determined, and the angle FZ8 
can be found. (TJs'e Fig. 75, page 177.) 

The azimuth sZS = 180° — FZ8, and is then known ; 
hence the meridian line Z8 is found. 

Now the sides P8, Z8, ZP are the complements of the 
declination, the altitude, and the latitude ; and the hour 
angle ZP8 is known, if the local time be known. Any three 
of these data are sufiScient to determine the angle PZ8. 

Thus the Sun’s direction, either at sunrise or at sunset, 
determines the meridian line, if either the local time or 
latitude is known. This should not be used if accuracy 
5 b required ; refraction near the horizon is uncertain. 

283. By Observations of the Pole Star. — The direc- 
tion of the meridian may be very accurately determined by 
observations of the star Polaris, If the azimuthal readings 
of this star be observed at the two instants when it is 
furtliest from the meridian, east and west respectively, the 
reading for the meridian is half their sum. The observa- 
tions may be made with an altazimuth. The azimuth 
at either observation is a maximum, and it remains very 
nearly constant for a short interval before and after attain- 
ing its maximum. Hence, a slight error 
observation will not perceptibly afect the azimuth. ^ ihe 
same method is applicable to any star which culminates 

between the pole and the zenith. 

An alternative method is that employed in nnmng 
the deviation error of the Transit Circle (see § 5y), 



182 


ASTRONOMY. 


If tlie telescope always moves in tlie plane of the 
the interval from upper to lower cnlminai ion, and tlio in- 
terval from lower to npper culmination, will botli l)e exactly 
twelve sidereal hours. If not, the small ainonnt l)y which 
the vertical plane swept out by the telescope is ejist or west 
of the meridian, can be found by observing the amounte by 
which the two intervals are greater and less than 12h, 


Section V. — Longitude hy Ohserimtiink 

234. In Section III. of the present chapt^er we sliowed 
how the local time can be found by observing tlie celestial 
bodies. When this has been done, the longitude of tlu^ 
place of observation may be found l)y comparing the ob- 
served local time with the corresponding Qrecmwich time. 

Por in § 96 we showed that if the longitude of a place 
west of Q-reenwich be I/®, then 

(G-reenwich time) — (local time) = Al^h. = 4Ijm . ; 
whence, knowing the difference of tlie two times, L may l>e 
found. 

The methods of finding Greenwicli mean time, and hence 
longitude may be classified as follows, the best ones being 
put before inferior ones : — 

A. Methods availMe at Sea, 

( 1 ) By wireless signals from a shore station. 

(2) By the chronometer. 

(3) By the method of lunar distances. 

(4) By celestial signals. 

B. Methods suitable for Land Ohsermtmm, 

(5) By wireless signals or telegraphic time signals recorded 

on the chronographs of both Observatories. 

(6) By repeated transmission of chronometers. 

(7) By Moon culminating stars. 
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235. Longitude “by the Chronometer. — ^By reading 
the chronometer used on board ship, and mahing the 
necessary corrections for error and rate, the G-reenwich 
mean time at any instant may be found. If, then, the 
local mean time is determined by observing the Sun, or 
one of the other celestial bodies, and the observations are 
timed by tlie chronometer, the difference between the local 
and Greenwich mean times will be found, and this deter- 
mines the ship’s longitude measured from Greenwich. 


Exa-MPLE 1. — At apparent noon a chronometer indicates 
19h. 33tn. 25s., Greenwich mean time, and the equation of time is 
- ‘irn. la. To hnd the longitxide. 


Here the local mean time is 

/. Greenwich mean time— local mean time 
Mult, by 15, we have long. W. of Greenwich 
or sub. from 360“, long. E. of Greenwich 


-2m. Is. 
= 19h. 35m. 26s. 
= 293“’ 51' 30" 

= 66° 8' 30" 


BxamHuE 2.— Find the longitude, from the following data 
Sun’s computed hour angle = 75° E. Time by chronometer = 
2Sh. 7m. 31s, Equation of time = -H 3m. 55s. Correction for error 
and rate, - Im. ISs. 


(i.) Here G’s hour angle in time 
apparent local time 

Equation of time 

.*. mean local time 

(ii.) Observed time 

Correction ... 

Greenwich time 

W. Long, in time 

A required long 


= 5h. before noon 


19h. 

Om. 

Os. 


3 

55 

19h. 

. 3m. 

55s. 

23h 

.7m. 

31s. 


-1 

18 

23 

6 

13 

19 

3 

55 

T 

2 

18 



15 


34' 

30" W. 


Kx*.MW.E 3.-0n June 29, from a ship “ 

(Wn the Sun was observed to have equal altitudes when the 

find the ship’s longitude. 
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The process stands as follows : — IL M. «. 

Chronometer time of first observation ^-11 27 211 

,, ,, ,, second observation f 12h. — IH 4« il'J 

2 ) :$i’r if m2 

111 ' 7 ' 41 # 

Hence the chronometer time of local apparent n(K»n s 7 511 

Correction for chronometer error J une2l5 = - Sa . 

,, ,, ,, rate in 4 days^^ - 328. 

j, „ „ „ „3 hours-- Is. 

Greenwich time of local apparent noon 

Subtract equation of time (since immn noon 

occurs first) , : 2 5H 

Greenwich time of local mean noon c. S 4 25 

15 

longitude west of Greenwich » . 


}l_„ 

3 7 23 


236. Metliod of Xiunar Distances. — If the sliip’i 
chronometer should stop, or its indications become imrii** 
liable, or the wireless installation breaks clown, (Iresnwieli 
time may be found by obseryations of lunar distencei. 
In this method the Moon, by its rapid motion among the 
stars, takes the place of a chronometer, its position relatiy© 
determining the (Ireenwieb tiim 
The Moon moTes through 360° in 27§ days; bene© it 
travels at the relative rate of about 33' per boiir, or ratlier 
over 1 m ©very 2s., and this motion is suflSiciently mpid 
to render it available as a timekeeper. 


used so seldom tliat sijice tho 
ye^ 1907 the Kautical Almanack has discontiniMKl tl» 
puDiication of the lunar distances from stars. It still 
Sir which the distance of the Mooii’s 

1 ^ calculated from the 

hourly places of the Moon in the Almanack. 


the star from the nearest oi 
t^hest point of the Moon’s disc (aocordinir as one oi 
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237. Clearing the Distance. — One of the great draw- 
baclis of the lunar method consists in the laborious cal- 
culations necessary for what is called clearing the 
distance.” The angular distance between the Moon and 
the star will be affected by refraction, and this alone 
requires a correction to be applied to the observed lunar 
distance ; but there is another correction, for what is called 
parallax, which is far more important. This latter correc- 
tion depends on the fact that the Moon’s distance from the 
Earth is only about 60 times the Earth’s radius, and at 
this comparatively small distance the direction of the 
Moon cannot be considered as independent of the observer’s 
position on the Earth, as has been done with the fixed 
stars^ (§ ^)- 

For this reason, the lunar distances of a star, as calcu- 
lated from the Nautical Almanack, are the angles which 
the arcs from Moon to star subtend at the centre of the 
Earth, They are, therefore, sometimes called the geo- 
centric lunar distances. Hence it is necessary to calculate 
the Moon’s geocentric position from that observed, before 
the Greenwich time of the observation can be determined. 

The correction for parallax will be dealt with more 
fully in the next chapter. Suffice it to mention here that 
the parallax, like the refraction correction, depends only on 
the Moon’s zenith distance, and therefore, the only data 
needed for clearing the distance are the altitudes of the 
two bodies at the time of observation. The calculations 
are then greatly simplified by the use of tables. 

238. Advantages and Disadvantages of the Iiunar 
Method. — The method of lunar distances was introduced 
at a time when chronometers were very imperfectly con- 
structed, and could not be relied on during a moderate 
voyage. At the present time, owing to the high degree of 
accuracy attained in the construction of chronometers, 
combined with the reduction in the length of sea voyages 
and the use of wireless time signals the lunar method has 

* Indeed, if a star happens to be behind the Moon’s disc, it will 
freq^uently appear on opposite sides of the Moon to two observers at 
nearly opposite points ot the Earth. 
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been almost entirely superseded by the use of obroxiouieters. 
It is still used, however, for the occasional correction of a 
chronometer if the voyage be extremely long ; and explorers 
still use it occasionally. 

The principal disadvantages of using lunar disiam’cs are ; 

1st. The calculations necessary for clea.riiig tlie <lislaiice 
are very tedious, and not such as could be perforiuiHl riHitlily 
by a seaman possessing little or no knowledge of inatliiv 
matics. Moreover, the corrections are often considfuiilde, 

2nd. A slight error in the observed lunar distance would 
introduce a considerable error in the estimated longituile. 
The best sextants are only divided to eveiy 10'^ and an error 
of 10" in the observed lunar distance would inf roducci an 
error of 20s. in the computed Gtreenwich time. O'his would 
give, in the longitude, an error of B', or of 5 geograjdiiciil 
miles at the equator. Even this degree of accuracy wauahl 
be difficult in practice, while the rate of a weIl-c<>nHtriictad 
chronometer can be depended upon to within Is, {ler day. 

Another uncertainty is due to the fact that tlie Nautical 
Almanac positions of the Moon are frequently wroiig by 
several seconds of arc. However, since the introduction in 
1923 of Brown’s Hew Lunar Tables, the error of the Moon’i 
longitude remains nearly constant each year, and may liti 
allowed for. 


239. longitude by Celestial Signals,— The eclipses 

of Jupiter’s satellites begin and terminate at tinieH wliich 
can be calculated beforehand; it would, tlierefore, apiMmr 
possible to ascertain the Greenwich time by ol)serving tlie 
instants at wliich a satellite disappears into, or etnergaa 
from, the shadow cast by the planet. But, as the di«* 
appearance and emergence take place gradually, it ia im. 
pqssi^ to einploy this method with accumcy to the dotar- 
mination of longitude. The same objection appHoii gfill 
more forcibly in the case of eclipses of the Moon. 

By observing the occultatioiis of stars behind the dim* of 
the Moon, we have another way of determining the (Inten- 
wich time and finding the longitude. This is merely a 
particular case of the method of lunar distences, since at 
the instant of disappearance, the star’s apparent (uii« 
corrected) distpce from the Moon’s centre is eciiial tu tim 
Moon s semi-diameter. 
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The methods of this article, especially that of star- 
occultatioas, have been successfully used by Polar explorers. 
They are indeed dependent on these or similar methods to 
obtain their G-reenwich time unless provided with wireless 
receiving sets, since they are frequently absent for years, 
and chronometers cannot be depended upon for such long 
periods. 

METHODS OP PIHDIhra LOHaiTUDE OH LAND. 

240. Iiongitnde by repeated transmission of Chro- 
nometers. — This method has some historic interest, but 
the introduction of wireless time signals has rendered it 
practically obsolete. Where it is employed the trans- 
mission of the chronometers by aeroplane shortens the 
time of the journey. 

The chronometer method of comparing longitudes can 
be employed with far greater accuracy on land, on 
account of the possibility of taking repeated journeys 
to and fro in order to efect the comparison of the local 
times. The rate of the chronometer is determined by 
observing its error at the first station, both before and 
after taking it to the second. 

Suppose, for example, that it is required to find the 
difference of longitude between two stations, A and JB. 
A chronometer is compared with the standard clock at Ay 
and its error is noted. It is then carried to JB, and its 
indications are compared with those of a clock regulated 
to keep local time. It is then again brought back to A, 
and compared a second time with the standard clock. The 
increase in the chronometer error during the whole interval 
serves to determine the rate of the chronometo. We can 
now correct for error and rate the time indicated by the 
chronometer at A, and thus determine the difference 
between the local times at A and P. By converting this 
difference into angular measure at the rate of 15° to the 
hour, the required difference of longitude of the two 
stations is determined. 

Incidentally, the rate of the chronometer may not be 
the same while it is being shaken about on its journey as 
while it is at rest : this must be allowed for. 
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In order to obtain a result as free from error as poasible, 
a number of journeys to and fro are performed, and seveml 
chronometers are used on each journey. The mont mmmim 
result is found by taking tho mean of the ealculat4Hl values 
for the difference of longitude. 


Kxamh/eh. 

1. At 17h. by a ohronomoter, thcdroenwicsh moan tinin wiw fctuml 
to be 16h. 59mr67-2s. It wastakonto a pliioo , and nidieiUed 4h. , 
■when the looal mean time was 3h. 47in. 40 -Uh. ; f 

llh., the Greenwich time was llh. Om. O'/h. l<> hail the hmgilmle 

of A in time and in angle. 

Here, at 17h., the chronometer error by Green wieli t ime wii8 
„ ,,24+llh. „ 

in 18h. the chronometer lost 12‘0 b. ; 

/. the loss in llh. = ^ X 12-58. »7*648. nearly ; 
the Greenwich time, when the ohronoiuetor indioated 4h.» w$M 
=r 4h. - 2 '8a. + 7 -648. = 4h, Om. 4 ‘848. » 
and the local time at the same instant was - 3h. 47nn 46’9i. 
required longitude = 12in. 17*9s. W. =0’ 4t 29" W, 


2. As a ship starts from Liverpool, its ohronomoter indhjakiJi 
and is correct by Greenwich mean time. After 16 days, as it 
Quebec, the chronometer indicates 7h. Om. 23s., and Qucdwaj tiiii© ii 
2h. 5in. 42s.- Nearly seven days afterwards, tlio ship dij|mrti at 
Quebec noon, the chronometer then reading 4h, 54nL 3lhi. j wai 
when it reaches Liverpool, after a voyage of just over fourteon 
days, it is found to be 17s. slow by Greenwich mean time, r iwl 
the longitude of Quebec. 

By Quebec time, the ship stayed in port 7ti -2h. 5rn. 42i. 

6d. 2lh. 54»i. 18i. 

By ohronometer, the ship stayed in port 7d. 4h. 54ni. SOi. « 7ln Clin/2S». 

^ 6d, 21h. 54im Itk 


in 7 days in port, ohronometer lost ... ... ... 

But in 37 days altogether, ,, ,, ... ... ... ... 17«» 

in 30 days at sea, ,, ,, ... IS** 

in 16 days, from Liverpool to Quebec, it lost ... ... 8*. 

But chronometer time on arrival was 71 l Otii» 1^1*. 

Greenwich time was ... . . . 71n Gni * SI i. 

And local time was ... 2h. 5m. 4*A. 


Jhe differenoe = longitude of Quebec (in time) » 4h. 54m. 
Longitude of Quebec (in angle) » 70® W 10'^ W. 

[Actually Quebec does not now keep local time, but time differing 
by exactly 5 hours from Greenwich time.] 
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241. Longitude hy tlie Chronograph. — When two 
observatories are in telegraphic comrannication, the local 
time may he readily signalled from one to the other by 
means of the electric current, and the diference between 
the longitudes thus determined. 

This method is employed in connection -with the chrono- 
graphic method of recording transits, the chronographs 
being connected by the telegraph line, so that a transit is 
recorded nearly simultaneously at both stations. 

Let us call the two stations A and B. "When the star 
crosses the meridian at A, the observer presses the button 
of his chronograph. Let be the times of transit at A 
as thus recorded at A and B respectively. When the same 
star crosses the meridian at the times of transit are 
again recorded at A and B. Let these recorded times he 
and Tj respectively. 

The transmission of the signal from one station to the 
other is not q^nite instantaneous, because a small interval 
of time must always elapse before the current has attained 
sufficient strength to make the signal at the distant station. 
Let this interval he x. Then the transit at A will he re- 
corded too late at B by the amount a?, and the transit at B 
will be recorded too late at A by the same amount a?. 

When this correction is applied, the true times of the 
two transits, as determined by the chronograph record at 
A, will be and T^—x. Hence, if L denote the diference 
of lon<yitude in time measured westwards from A to B, 
the chronograph record at A gives 
X = — a? — 

Again, the true times of the two transits, as determined 
by the chronograph record at X, will he %—x and T^. 
Hence the chronograph record at B gives 
L= — — % 

By addition, we have 

a result which does not involve x. 

Thus we see that, by using both chronograph records, 
and taking the mean of the separately calculated differences 
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of longitude, the coiTections due to tin’s time occupied 
by the passage of the signals are entirely elimiimtiMi 
Actually it suffices to find the error of tlH3» clock at eacli 
station by star-transits, and then com|>are the clocks by 
chronograph signals. 

Wireless signals are now frequeut-ly Bul>st ittifed for 
telegraphic ones; a very accurate deteriuiuatioii c^f the 
difiEerence of longitude between Paris and WaBhiiighiii 
was made in this way. And in 1927, a general com|)arison 
of longitudes of all the loading observatories was luacla. 

*242. Elimination of Personal Equation,— In the 
above investigation we have taken no account of the 
personal equations of the two observers. Ibit if a ii the 
correction for personal equation of tlie observer at A, and 
E is that of the observer at JB, the observed t imes f must 
both be increased by e, and must l)oth iuereaied 

by E. Introducing these corrections, the hirmufa gives 

To eliminate the corrections, let the two observers ehanga 
places, and repeat the operations, and let the new recorded 
times of transit be denoted by accented letters. Tim cor- 
rection .E7 must now be applied to the times t/, and the 
correction e must be applied to T/, T/. 'I'lierefore 

L = I (T/ ^ t' + T/ ij) + (e - E). 

By again taking the mean of the two results wa get 

L = (T, 1\ - 1;) + (T/ - + t; 1 * 

a result in which the personal equation is eliminated. 

The introduction of the “moving wire** method of 
taking transits (§ 50, page 44) has practically cilimiimted 
personal equation, so that exchange of observers is no 
longer considered necessary. 

.243. longitude by Terrestrial Signals.— More the 
introduction of the electric telegraph and the chronometer, 
other signds had to be used. Among such signals inaj be 
mentionedflashes of light and rockets visible sittuiltfineouily 
om two_statioiis at a considerable distejace apart. The 

eUograph, m wlueh signals are transmitted by flaahea 
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of reflected sunlight, forms another means of determining 
differences of longitude between two stations visible one 
from the other ; and this method is still often found verj 
useful in surveying a country. A flash of lightning and 
the bursting of a meteor have also occasionally been used, 
hut they are far too uncertain in their occurrence to be of 
much value. The local time of the signal is noted at each 
place, and the difference of these times gives the difference 
of longitudes. 

The signals must in every case be seen, not heard, as an 
explosion, even if audible at two distant stations, would 
not he heard simultaneously at both, owing to the com- 
paratively small velocity of sound.* Where the distance 
between the two stations is great, a chain of intermediate 
stations must be established, and the local time of each 
station compared with that of the next ; this method was 
used in most of the earliest determinations of longitude. 
Now such methods are entirely superseded by the use of 
the chronometer, the telegraph, and wireless signals. 

244. Longitude by Moon, culminating Stars. — Here, 
as in the method of lunar distances, the Moon’s position 
determines the G-reenwich time, hut instead of observing 
the Moon’s angular distance from a neighbouring star, we 
observe the difference of right ascension between the 
Moon and the star by taking their times of transit with a 
transit circle. 

The method is not available at sea, because transits 
cannot be taken with a sextant. It has been used to deter- 
mine, by means of a portable transit circle, the longitude 
of a temporary observatory set up in a country where there 
was no means of telegraphic communication with the outer 
world.t Its great advantage over the method of lunar 
distances is that it does not involve the laborious process 
of clearing the distance,” because the times of passage 
across the meridian are unaffectedby parallax and refraction. 

Tbe necessary data for the calculations are given in the 

* This does not apply to sound signals transmitted by wireless, 
as the signals do not travel as sound hut as electric waves. 

t There are now, however, very few regions where wireless time 
signals oannot be utilised. 
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Il^autical Almanac. The time of transit of the star deter- 
mines the local sidereal time at the place, and when the 
observatory clock is thus corrected, the time of the Moon’s 
transit is its E.A. The tables in the hTantical Almanac 
give the Moon’s E.A. at the time of its transit at G-reen- 
wich. The increase of E.A. is proportional to the time 
vrhich elapsed between the transits at G-reenwich and at the 
place of observation, and hence the Greenwich time of the 
local transit is known. Hence, the longitude may be found. 

*245. Iiongitude by Meridian Altitude of the Moon. — An- 
other method of jSnding the longitude has sometimes been used, 
namely to find the Greenwich time by observations of the Moon’s 
declination. For this purpose, the Moon’s meridian altitude is 
observed with a transit circle and its declination deduced (§ 24). 

Section YI. — Captain Sumner^s Method, 

246. We shall now show that, by taking two altitudes of 
the Sun with a sextant, and noting the G-reenwich times of 
observation with a chronometer, we can construct a ship’s 
position on a terrestrial globe geometrically. 

The Sub-Solar Point. — We can at once find the position 
on the terrestrial globe of a place at which the Sun is in the 
^nith on a given day, at a given instant of Greenwich time. 
For,^ evidently, the latitude of the place is equal to the Sun’s 
declination, and is, therefore, known ; while the longitude 
west of Greenwich is equal to the G-reenwich apparent time, 
which may be found by subtracting the equation of time 
from the mean time. The place is called the Sub- Solar 
Point, 

The Circle of Position. — ^Assuming the Earth to he 
spherical, the Sun’s Z.D. at any place is equal to the angular 
dist^ce of the place from the sub- solar point. (For it is 
e^dently the angle between the directions of the zeniths at 
the given place and at the sub-solar point.) Hence, the 
p^s at which the Sun has a given Z.D. all lie on a small 
circle of the terrestrial globe, whose pole is at the sub- solar 
pomt, and whom angular radius is equal to the Sun’s Z.D. 
This circle is the circle of position. 

geometrical Construction for the Position of the 
Ship, ^If, then, two altitudes of the Sun be observed, 
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and the G-reenwicli times noted with a chronometer, we can 
find the sub-solar points, and thus construct the circles of 
position and we hnow that the ship lies on each circle. 
The ship must, therefore, be at one of the two points in 
which the two circles cut. To decide which is the actual 
position, the Sun’s azimuth must be verj roughly estimate<3 
at the two observations. On the globe it will be easy to 
see at which of the two places the Sun had the observed 
azimuths. Thus the ship’s exact position on the globe is 
found. It is easy to allow for the ship’s motion between 
the observations. We know its rate and direction of 
motion fairly closely, and have only to select points on the 
two position circles at the required distance and direction 
from each other. 

If two stars are observed, the two substellar points (or 
places at which the stars are in the zenith) can be con- 
structed. For the latitude of either is equal to the corres- 
ponding star’s dec!., and its longitude is equal to the star’s 
hour angle at G-reenwich = sidereal time — star’s E.A. 

The ship’s place can now be found by drawing the circles 
of position as before. 

EXAMPLES.— VII. 

1. At noon on the longest day a oircnmpolar star is passing over 
the observer’s meridian, and its zenith distance is the same as that 
of the Sun’s centre ; at midnight it just grazes the horizon. Find 
the latitude. 

2. On January 2, 1881, on a ship in the North Atlantic in longi- 

tude 48® W. , it was observed that the Sun’s meridian altitude was 
15“ 45". The Sun’s declination at noon at Greenwich on the 

same day was 22® 64' 33", and the hourly variation 13*78". Find 
the ship’s latitude. 

3. Show how to find the latitude by observing the difference of 
the meridian zenith distances of two known stars which cross the 
meridian on opposite sides of the zenith at nearly equal distances 
from it. Explain whether the stars chosen should be near to or 
remote from the zenith. Give also the advantages and disadvan- 
tages of this method of finding the latitude, as compared with the 
method of circumpolars. 

4. On a certain day the observed meridian altitude of a Ga8si<ypei(je 
(declination 55° 49' 11*1" N.) was 85° 10' 18". The eye of the 
observer was 18 feet above the horizon, and the error for refraction 
for the altitude of the star is 6" ; determine the latitude. 
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5. Describe the altazimuth, and show how it oan be used to find 
the time of apparent noon and the azimuth ot the meridian by the 
method of equal altitudes. 

6. A vertical rod is fixed exactly in the centre of a circular foun- 
tain basin, and it is observed that on the 25th of July the extremity 
of the shadow exactly reaches the margin of the water at lOh. 7ni. 
A.M., and at 2h. 25m. P.M. The equation of time on that day is , 
+ 6m. What is the error, compared with local time, of the watch 
by which these observations were taken ? 

7. In the railway station at Ventimiglia is a clock one face of 
which used formerly to indicate Paris time, the other Roman time. 

It was observed that, when the former indicated 12h. 39m. 4s., the 
latter indicated Ih. 19m. 40s. The longitude of Paris being 2° 21' E. , 
find the longitude of Rome. 

8. In Question 9, what is the corresponding local time at Venti- 
miglia, the longitude being T 35' E. ? 

9. A chronometer is set by the standard clock at Greenwich at 
6 A.M. It is then taken to Shepton Mallet, and indicates noon when 
the local time is llh. 49m. 50s. The chronometer is then brought 
back to Greenwich, and indicates 9 p.m., when the correct time is 
8h. 59m. 55s. Find the longitude of Shepton, supposing the chrono- 
meter rate uniform. 

10. In applying the lunar method, find the error in the calculated 
longitude of the observer due to an error of 1' in the tables of the 
Moon’s longitude. 

11. Amerigo Vespucci is said to have found his longitude in lati- 
tude 10® N. in the following manner. At 7.30 P.M. the Moon was 
1® E. of Mara, at midnight the Moon was 5|® E. of Mars. The 
Nuremberg time of conjunction of the Moon and Mars was mid- 
night. Hence he calculated that his longitude was 82J® W. of 
Nuremberg. Discuss the accuracy of the method, and point out 
the necessary corrections. 

12. A chronometer whose rate is uniform is found at Greenwich 
to have an error of 8i hours when the time which it indicates is ifj. 
It is then taken to a place A, and when it indicates it is found 
that the excess of the observed local time of the place A over i® 
Sg hours. It is now again brought back to Greenwich, and the 
chronometer time and error are observed to be and hours 
respectively. Prove that the longitude of A east of Greenwich is 

15(5213 + ^3^1 + ^ 1^2 ~ ^2^3 - ^ 3^1 - h^ 2 )Jih ~ ^i) dcgrees, 

13. The sidereal times of transit of a certain star across the 
mendmn of an observatory A, as recorded at A, and by a tele- 
grap^o signal at R, are ti, respectively. The sidereal times of 

of the same star across the meridian of S, recorded by 
telegraphic signal at A, and at H, are Ti, respectively. If the 
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signals take the same time to travel in either direction, show that 
the difference of the longitudes of B and A in angular measure 
= [Ti -- t-iA" T^- to). 

14. The altitudes of two known alars are observed at a given 
instant of time. Show how to find on a terrestrial globe the places 
at which the stars are vertically overhead, and give a geometrical 
construction for the place of observation. 

15. In Question 14, find the condition that there should be two, 
one, or no possible positions of a ship at which the altitudes of the 
known stars have certain given values. 


EXAMINATION PAPER.— VIl. 


1. Give a description of the Sextant, and explain how to use it 
for taking altitudes (1) at sea, (2) on land. 

2. How does a Chronometer differ from an ordinary watch? 
What are its error and rate ? 

3. Prove that a single meridian altitude of a star, whose declina- 
tion is known, will determine the latitude. W^hy is a zenith sector 
sometimes preferred to a transit circle for this purpose ? 

4. Show how the latitude is determinable by two meridian obser- 
vations of a circumpolar star. Why is this method not generally 
applicable on board ship ? 

5. Show how to find the latitude of a place (1) by observing the 
Sun’s altitude at a given time ; (2) by the Prime Vertical Instru- 


ment. 

6 Describe the method of equal altitudes for finding the time of 
transit of a celestial body. If the times be observed by the ship s 
chronometer, show how to find the longitude. 

7. What methods are available for the determination of Greenwich 
time at sea ? Describe the method of taking lunar distances. 

8 How is the difference of longitude determined by electric 

telegraph? Explain how the personal equation and the time ot 
transmission of the signal are eliminated. ^ ^ 

9 Contrast the method of Moon-culminating Stars mth that of 
Lunar Distances in respect of the instruments eniployed, and of the 
intricacy of the calculations involved. What other celestial signals 
have been proposed, and what is their disadvantage ? 

10 Knowing the Greenwich time and observing the altitude and 
direction of thi Sun, show how to construct graphically on a globe 
the position of the ship without any calculation whatever. 



CHAPTER VIII. 


THE MOON. 

Section- I. — Parallax — The Moon's Distance and 
Dimensions. 

247. Definitions.— By the Parallax of a celestial body 
is meant the angle between the straight lines joining it to 
two different places of observation. 

In § 5 we stated that the fixed stars are seen in the same 
direction from all parts on the Earth ; hence such stars have 
no appreciable parallax. The Moon, Sun, and planets, on 
the other hand, are at a (comparatively) much smaller dis- 
tance from the Earth, and their parallax is a measurable 
quantity. The distance of the Moon from the Earth’s 
centre is about 60 times the radius of the Earth* The 
effects of parallax in connection with the method of Lunar 
Distances have already been mentioned (§ 237). 

^ To avoid the necessity of specifying the place of observa- 
tion, the direction of the Moon or any other celestial body 
is always referred to the centre of the Earth- The direc- 
tion of a line joining the body to the Earth’s centre is 
called the body’s geocentric direction. The angle between 
the geocentric direction and the direction of the body 
relative to any given observatory is called the body’s Geo- 
centric Par^ax, or more shortly, its Parallax. Thus 
the geocentric parallax is the angle subtended at the body 
by the radius of the Earth through the point of observation. 

The Horizontal Parallax is the geocentric parallax of 
a body when on the horizon of the place of observation. 
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248. General Effects of Geocentric Parallax. — 

Assuming the Earth to be spherical, let G (Fig. 77) be 
the Earth’s centre, 0 the place of obserYation, and M the 
centre of the Moon or other observed body. Then the angle 
CMC is the geocentric parallax of M. 

Produce CO to Z; then OZ is the direction of the zenith 
at 0, and ZOM is therefore the zenith distance of M as 
seen from 0 (corrected of course for refraction). Now 

IZ0M=^IZCM + AOMG; 

therefore the apparent zenith distance of M is increased by 
the amount of the geocentric parallax. Conversely to find 
LZGM we must subtract the parallax OMG from the 
observed zenith distance ZOM. 

The azimuth is unaltered by parallax, because OM^ CM 
lie in the same plane through OZ, 



249. To find the Correction for Geocentric Parallax. 

In Fig. 77, let 

a GO =■ Earth’s Eadius, 

d = CJlf= Moon’s (or otherbody’s) geocentric distance, 
z = ZOM = observed zenith distance of M, 
f = OMG = parallax of M. 

By Trigonometry, since the sides of AO MG are propor- 
tional to the sines of the opposite angles, 

. sin GMO _ GO 
•* sin GOM CM 
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sm z d 

Therefore sin p zz sin z. 

a 

Let P be the horizontal parallax of M, Then, when 
z = 90^^, I? = P, and therefore the last formula gives 

sm IP zz — sm 90 = 

d d 

Hence, by substitution, 

sin p = sin P. sin. z» 

This formula is exact. But the angles jp and P are in 
every case very small, and therefore their sines are very 
approximately equal to their circular measures : for the 
Moon this assumption involves an error of 0*15" ; for all 
other bodies it is insensible. Hence we have the approxi- 
mate formula ^ . 

pzz P , sin z, 

or, The parallax of a celestial body varies as the 
sine of its apparent zenith distance. 

The last formula holds good no matter what be the unit 
of angular measurement. Thus, if j)", P" denote the num- 
bers of seconds in p, P respectively, we have, by reducing 
to seconds, p' = P" sin z. 


Examples. 

1. Supposing the Sun’s horizontal parallax to be 8 *8", to find the 
correction for parallax when the Sun’s altitude is 60°. 

Here z = 90° -60° = 30°, P" = 8*8", and therefore 

p" = P" sin 30° = 8*8" X i = 4-4". 

2. To find the corrections for the Moon’s parallax for altitudes of 
30° and 45°, the Moon’s horizontal parallax being 57'. 

In the two cases we have respectively z = 60° and z = 45°, and 
the corresponding corrections are 

p" = 57' sin 60° = 57' X W3 = 28' 30" x ^3 
= 1710" X 1-7320 = 2961*7"= 49' 21-7", 
p" = 57' sin 45° = 57' X 1^/2 = 28' 30" x 
= 1710"X 1*4142 = 2418*3" = 40' 18*3". 


and 
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250. Helation between the Horizontal Parallax 
and ^Distance of a Celestial Body- — tlie last para- 
graph we showed that sin P = 

This formula may be proved independently by drawing 
MA to touch the Earth sut A. Mis on the horizon at A ; 
the L OMA is therefore the horizontal parallax P, and we 
have immediately 

sin P = sin OMA == GAfCM = a/d. 

Since P is small, we have approximately 

Circular measure of P = 
and therefore in seconds 

- 180 X 60 X 60 _ 206265-?^, 

which shows that, The horizontal parallax of a body 
varies inversely as its distance from, the Earth. 



Fig. 78. 


If we Icnow the Earth’s radius a and the distance <2, the 
last formula enables us to calculate the horizontal parallax 
P". Conversely, if we know the horizontal parallax ot a 
body we can calculate its distance. 

Fyamptto 1— Given that the Moon’s distance is 60 times the 
EaSradiu;, to find the Moon’s horizontal parallax. 

_ 1 . 


We have 


d 60’ 


okouUr measure of -P = ^ approximately. 


Now the unit o£ circular measure - 57*2957° ; 

P (in angular measure) = A K 57-2957° = 57 2957' 
= 67' 17 -7", 

and this is the required horizontal parallax. 
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Example 2. — G-i\ren that the Sun’s parallax * is 8*8", to find the 
Sun’s distance, the Earth’s radius being 3,960 miles. 

The circular measure of 8*8" is = 

180 X 60 X 60 

and, by the formula, we have, for the Sun’s distance in miles, 

^ a 3960 X 180 x 60 x 60 

oirc. meas. ot F S’S x ir 

^ Taking tt = 3^, and calculating the result correct to the first three 
significant figures, we find the Sun’s distance d 

— 92,800,000 miles approximately. 

251. Comparison between Parallax and Befraction, 

— ^It will be noticed that while parallax and refraction both 
produce displacements of the apparent position of a body 
along a vertical circle, the displacement due to parallax is 
directed away from the zenith, and is always proportional 
to the sine of the zenith distance, while that due to re- 
fraction is directed towards the zenith, and is proportional 
to the tangent of the zenith distance, provided the altitude 
is not small. Also the correction for parallax is inversely 
proportional to the distance of the body, and is imper- 
ceptible, except in the case of members of our solar 
system ; while the correction for refraction is independent 
of the body’s distance, and depends only on the condition 
of the atmosphere. 

The Moon’s horizontal parallax is about 57', while the 
horizontal refraction is only 33'. Hence, by the combined 
effects of parallax and refraction, the Moon’s apparent 
altitude is diminished, or its Z.I). increased. The time of 
rising is, therefore, on the whole retarded, and the time of 
setting accelerated. The effect of parallax on the times 
of rising and setting may be investigated by the methods 
of §§ 104, 190. 

Eor other bodies, including the nearest planets, but 
with the occasional exception of comets, the correction for 
refraction far outweighs that due to parallax. The comet 
Pons-Winnecke in June 1927 passed within 3^ million 
miles of the Earth. It parallax at altitude 60*^ was 2', 
whereas the refraction was 33". Lexell’s comet in July 
1770 passed within 1| million miles of the Earth, the 
nearest cometary approach on record. 
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252. To find tKe Mioon’s Parallax Tiy Meridian 
Cbservations.—The Moon’s parallax may “be conveniently 
determined as follows. Let A and B be two observatories 
situated on the same meridian, one north, the other south 
of the equator. Let M denote the Moon’s centre, and let 
oj be a star haying no appreciable parallax, whose It. A. is 
approximately equal to that of the Moon, their declinations 
being also nearly equal. 

Let the Moon’s meridian zenith distances ZAM and 
Z'BM he observed with the transit circles at A and JB, and 
let xAM and xBM, the differences of the meridian Z.D.’s 
of the Moon and star at the two stations, be also obseryed 

Let = Z ZAM, = Z Z'BM, 

a^= L xAM, = / xBM. 

P = Moon’s required horizontal parallax. 

By § 249, we have, approximately, 

Z AMG = P sin Z BKC = P sin 213 . 



aJ-MB = P (sin 4 - sin iSg) (i) 

Moreover, if MX be drawn parallel to Ax or Bx, 

Z XMA = L MAx = ; 

lXMB=^ = 

Z AMB (ii) 

Prom (i) and (ii), 

P (sin H- sin ; 

... p ^2 

sin asi + sin z, ’ 

whence the Moon’s parallax, P, may be found. 
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258. If the two observatories are not on the same 
meridian, allowance must be made for the change in the 
Moon’s dechnation between the two observations. Let the 
stations be denoted by A, B, and let B' be the place on 
the meridian of A, which has the same latitude as B. 
Then, if the Moon’s meridian Z.D. be observed at B, we 
can, by adding or subtracting the change of declination 
during the interval, find what would be the meridian Z.D. 
if observed from B\ Moreover, the star’s meridian Z.D. 
is the same both at B and at B\ Hence it is easy to 
calculate what would be the angles at J5' corresponding to 
the observed angles at B, From the former, and the ob- 
served angles at A, we find the parallax P, as before. 

To ensure the greatest accuracy, it is advisable that the 
difference of longitude of the two stations should be so 
small that the correction for the Moon’s motion in dechna- 
tion is trifling. It is necessary, however, that — a.^ 
should be large; for this reason the stations should be 
chosen one as far north and the other as far south of the 
equator as possible. The observatories at Greenwich and 
the Cape of Good Hope have been found most suitable. 

The principal advantage of the above method is that the 
probable errors arising from any uncertainty in the correc- 
tions for refraction are diminished as far as possible. 

For, since the Moon and observed star have nearly the 
same declination, the corrections for refraction to be applied 
to a^, their small differences of Z.D., are very small indeed. 
The errors are not of so much moment in the denominator 
sin -f sin as the latter is not itself a small quantity. 

From such observations, the mean horizontal parallax of 
the Moon has been found to be 57 ' 2 ’ 63 ". 

This value corresponds to a mean distance of 60*27 times 
the equatorial radius of the Earth, or 238,862 miles. The 
distance and parallax of the Moon are not, however, quite 
constant ; their greatest and least values are in the ratio of 
(roughly) 19 : 17. For rough calculations, the Moon’s 
distance may be taken as 60 times the Earth’s radius. 

Heither this method nor the next (§ 254) gives accurate 
results for the Sun, for the brilliancy of the rays renders 
all stars in its neighbourhood invisible. 
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254. To find tlie Parallax of a Planet from Observa- 
tions made at a Single Observatory. — The parallax of 
Mars, when nearest the Earth, has also been determined by 
the following method, depending on the Earth’s rotation. 

Since the apparent altitude of a body is always diminished 
by parallax, it can easily be seen by a figure, that, shortly 
after a planet has risen, its E.A. and longitude appear 
greater than their geocentric values (the planet being dis- 
placed eastwards), while shortly before setting they appear 
less than their geocentric values (the displacement being 
westwards). The planet’s position, relative to certain fixed 
stars, is observed soon after rising and before setting by 
means of an equatorial furnished with a micrometer or 
heliometer : or by photography. 

The observed change of position is due partly to parallax 
and partly to the planet’s motion relative to the Earth’s 
centre during the interval between the observations, which 
produces displacements far greater than those due to 
parallax. But by repeating the observations on successive 
days, the planet’s rate of motion can be accurately deter- 
mined, and the displacements due to parallax can thus be 
separated from those due to relative motion. We must 
apply the small difierences of refraction between the planet 
and stars, since the parallax problem is one of refinement. 

This method can be used for the Moon, but its motion 
is so rapid that the calculations are complicated. Also 
different stars would have to be used in the two positions, 
as the Moon would have moved through several degrees. 

*255. Effect of the Earth’s Ellipticity. — The effect of parallax 
is made rather more complicated by the spheroidal form of the 
Earth. For, by § 249, the magyiitvde of the horizontal parallax at 
any place depends on its distance from the Earth’s centre, and since 
this distance is not the same for all places on the Earth, the 
liOTizontal parallax is not everywhere the same. Again, the direc- 
tion in which the body is displaced is away from the line (produced) 
joining the centre of the Earth with the observer (§ 248). But this 
line does not pass exactly through the zenith (§ 117). Hence the 
displacement is nob in general along a vertical, so that the azimuth 
as well as altitude is very slightly altered by parallax. 

256. The EQ[uatorial Horizontal Parallax is the geo- 
centric parallax of a body seen on the horizon of a pi ace at 

AST RON, 14 
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the Earth’ s equator. It is generally adopted as the measure 
of the parallax of a celestial body. Its sine is equal to 
(Earth’s equatorial radius) /(body’s geocentric distance). 

257. Bielatiou between Parallax and Angular 
Diameter. — ^InPig. 80 it will be seen that the angle CJfJ., 
which measures the parallax of JH, also measures the 
Earth’s angular semi-diameter as it would appear from M, 
Thus, the Mooti^s 'parallax is the angular semi-diameter of 
the Earth as it 'would appear if observed from the Moon, 


A 



258. To Find the Moon's Diameter. — Let a, c be the 
radii of the Earth and Moon respectively, measured in 
miles, d the distance between their centres, P the Moon’s 
horizontal parallax, m the Moon’s angular semi-diameter 
as it would appear if seen from the Earth’s centre. Then, 
from Eig. 80, 

sin P = sin m = sin TCM = =4-; 

d CM d 

c : d = sin m : sin P = m : P approximately ; 
i.e. (rad. of Moon) ; (rad. of Earth) 

= ( (X ’s ang. semi-diam.) : ( ([ ’s hor. parx.). 

Hence, knowing the Moon’s horizontal parallax and its 
angular diameter, the Moon’s radius can be found. 

The Moon’s mean angular diameter 2m is observed to be 
about 31' 5". From this the Moon’s actual diameter is 
readily found to be about 2,160 miles, or of the Earth’s 
diameter. 

The surfaces of spheres are proportional to the squares, and the 
volumes to the cubes of their radii. Hence the Moon^s superficial 
area is about xItj or and its volume about x| Jtj or of that of 
the Earth. 
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Example.— To find the Moon’s diameter in miles, given 
([ ’s angular diameter = 3E 7", 
d ’s eq[uatorial horizontal parallax = 57' 2", 

Earth’s equatorial radius = 3963 miles. 

a ’s diameter 2c=ax^:= 3963 x = 3963 x ^ = 2162. 

Tims the Moon’s diameter is 2,162 miles. 


Section II . — Synodic and Sidereal Months — Moon^s 
Phases — Mountains on the Moon. 

259. Definitions. — ^In § 40 we defi.ned the lunation as 
the period between consecutive new Moons, and showed 
that it was rather longer than the period of the Moon’s 
revolution relative to the stars. We shall now require the 
following additional definitions, most of which apply also 
to the planets. 

The elongation of the Moon or planet is the difference 
between its celestial longitude and that of the Sun. If the 
body were to move in the echptic its elongation would be 
its angular distance from the Sun. 

The Moon or planet is said to be in conjunction when it 
has the same longitude as the Sun, so that its elongation is 
zero. The Moon is in conjunction at new Moon (§ 40). The 
body is in opposition when its elongation is 180®. In both 
positions it is said to be in syzygy. The body is said to be 
in quadrature when its elongation is either 90® or 270®. 

The period between consecutive conjunctions is called 
the synodic period of the Moon or planet. The Moon’s 
synodic period is, therefore, the same as a lunation ; it is 
also called a Synodic Month. In this period the Moon’s 
elongation increases by 360®, the motion being direct. 

The period of revolution relative to the stars is called the 
sidereal period ; that of the Moon, the Sidereal Month. 

The average length of the Calendar Month in common 
use is slightly in excess of the synodic month (cf. § 171). 
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260. Relation between the Sidereal and Synodic 
Months, 

Let the number of days in a year be Y, in a sidereal 
month M, and in a synodic month 8. 

In M days the Moon's longitude increases 360'^ ; 

in 1 day the Moon’s longitude increases 360^/11. 
Similarly in 1 day the Sun’s longitude increases 360°/ Y, 
and the Moon’s elongation increases 360°//S^. 


Now, from the definition, 

(Moon’s elongation) = (Moon’s long.)— -(Sun’s long.), 
and their daily rates of increase must be connected by the 
same relation ; 


S 


. 3^ _ 
.. ^ - 

Ji- A 
M F’ 


360 

M" 


360 
Y ^ 


or A = A + A 
31 S Y 


i.e. 


sider. month synod, month year 


Example. — rind (roughly) the length of the sidereal month, given 
that the synodic month {8) = 29-|d., and the year (F) = 365 Jd. 


Here we have 


A=_L + _L, 

M 29| ^ 365J 
To simplify the calculations, we put the relation into the form 


29i + 365^ 
= 29*5-29*5 X 


118 

1579 


394| 

= 29*5-2*20 = 27*3. 


Hence the sidereal month is very nearly 27 J days. 


261. To determine the Moon’s Synodic Period. — 

An eclipse of the Sun can only happen at conjunction, and 
an eclipse of the Moon at opposition, and the middle of the 
eclipse determines the exact instant of conjunction or oppo- 
sition, as the case may he. Hence, by observing the exact 
interval of time between the middle of two eclipses, and 
countmg the number of lunations between them, the length 
of a single lunation, or synodic period, can be found with 
great accuracy expressed in mean solar units of time. 

The records of ancient echpses enable us to find a still 
closer approximation to the mean length of the lunation. 
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From, modern, observations, the length of a lunation has 
been found with sufdcient accuracy to enable us to tell the 
exact number of lunations between these ancient eclipses 
and a recent lunar eclipse (this number being, of course, a 
whole number ) . By dividing the known interval in days 
by this number, the mean length of the synodic period 
during the interval can be accurately found. At the 
present time the length of a lunation is 29-6305881 days, 
or 29d. 12h. 44rn. 2‘7s. nearly. 

From this the length of the Moon’s sidereal period is cal- 
culated, as in § 260, and found to be 27d. 7h. 43m. ll‘5s. 
nearly. 


c 
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262. Phases of the Moon. — The accompanying dia- 
orams will show how the phases of the Moon are accounted 
for on the hypothesis that the Moon is an opaque body 
illuminated by the Sun. In the upper figure the central 
globe represents the Earth, the others represent the Moon 
m different parts of its orbit, while the Sun is supposed to 
be at a great distance away to the right of the figure.* The 

* The Sun’s distance is about 390 times the Moon’s. If the 
former be represented by an inch, the latter will be represented by 
about 11 yards. 
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lialf of the Moon that is turned towards the Sun is illumi- 
nated, the other half being dark. The Moon’s appearance 
depends on the relative proportions of the illuminated and 
darkened portions that are turned towards the Earth. 
The lower figures, a, &, c, d, e, f, g, h, represent the appear- 
ances of the Moon relative to the ecliptic, as seen from 
the Earth when in the positions represented by the 
corresponding letters in the upper figure. 

At J., a the Moon is in conjunction, and only the dark 
part is towards the Barth. This is called KTew Moon, 

At J?, b a portion of the bright part is visible as a crescent 
at the western side of the disc. The Moon’s appearance is 
known as horned. The points or extremities of the horns 
are called the cusps. 

At G, c the Moon’s elongation is 90°, and the western 
half of the disc, or visible portion, is illuminated, the 
eastern half being dark. The Moon is then said to be 
dichotomized. This is called the First Quarter. The 
Moon’s age is about 7^ days. 

At D, d more than half the disc is illuminated. The 
Moon’s appearance is then described as gibbous. 

At B, e the Moon is in opposition. The whole of the 
disc is illuminated. This is called Pull Moon. The 
Moon’s age is about 15 days. 

At Fff 2 b portion of the disc at the western side is dark. 
The Moon is again gibbous, but the bright part is turned 
in the opposite direction to that which it has at D, d. 

At 6r, g the Moon’s elongation is 270°. The eastern 
haK of the disc is illuminated, and the western half is 
dark. The Moon is again dichotomized. This is called 
the Last Quarter, The Moon’s age is about 22 days. 

At JET, h only a small crescent in the eastern portion is 
still illuminated. The Moon is now again horned, but the 
horns "are in the opposite direction to those in JB, b. 

5 Einally, the Moon comes round to conjunction again at 
Ai and the whole of the part towards the Earth is dark. 

Efom new to full Moon, the visible illuminated portion 
increases, and the Moon is said to be waxing. From full 
to new, the illuminated portion decreases, and the Moon is 
said to be waning. 
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It will be noticed from a comparison of tlie figures that 
the illuminated portion of the visible disc is always that 
nearest the Sun. Moreover, its area is greater the greater 
the Moon’s elongation.* 



p 



Fig. 83. 


263. Bielation between Phase and Elongation. — Let 

M (Fig. 82) be the centre of the Moon, MS the direction of 
the Sun, WME that of the Earth. Draw the great circles 
AMB perpendicular to ME, and CMJD perpendicular to 
MS ; the former is the boundary of the part of the Moon 
turned towards the Earth, and the latter is the boundary 
of the illuminated portion. Hence the visible bright 
portion is the lane AMG. The angle of the lune, jLAMO, 
is equal to IWMS (Sph. G-eom. 16). The area of a 
spherical lune is proportional to its angle. Hence, 

area of visible illuminated part _ / AMQ _ lE'MS 
area of hemisphere 180° ' 180° 

1 EMS 
180° 

* The phases of the Moon may be readily illustrated experi- 
mentally, by taking an opaque hall, or an orange, and holding it 
in different directions relative to the light from the Sun or a gas- 
burner. 
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But tMs does not give tlie ** app^Tent area ” of the bright 
part. For, as in § 145, the apparent area of a body is the 
area of the disc formed by projecting the body on the 
celestial sphere. If N" denote the projection of the point C on 
the plane AMB (so that CN is perpendicular to BA), the 
arc AO will be seen in perspective as a line of length AN , 
and the bright part •will be seen as a plane lune (Fig. 83), 
whose boundary PCP^ optically forms the half of an ellipse 
whose major axis is PP', and minor axis 2MN . 

It may be shown that 

area of half -ellipse POP' : area of semicircle PAP' 

^ =:MN:MA 

and area APGP’ : area APBP' = AN : AB 
= 1 - QOS AMO: 2 = 1- oo&B'MS: 2. 

Hence the apparent area of the bright part is proportional 
to 1 — cos 8ME'. 



Fig. 84. 


The angle SME' differs fi*om the Moon’s elongation 
8EM by the small angle B8M (Fig. 84) ; i.e, the angle 
which the Moon’s distance subtends at the Sun. This 
angle is very small, being always less than 10'. Hence 
the area of the phase is very approximately proportional 
to 1— cos (Moon’s elongation). 

264. Determination of the Sun’s Distance by Aris- 
t^chns. — ^From observing the Moon’s elongation when 
dichotomized, Aristarchus (n.c. 270 circ.) made a com- 
putation of the Sun’s distance in the following manner. 
When the Moon is dichotomized, L 8MjE = 90*^, the Moon’s 
elongation L 8BM= 90°- Z BSM, and cos 8BM=: EM/ US, 
Hence, by observing the angle 8EM, the ratio of the Sun’s 
distance to the Moon’s was computed. 

But this inethod is incapable of giving reliable results, 
owing to the impossibility of finding the exact instant when 
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the Moon is dichotomized. The Moon s ^ 

and covered with mountains, and the t^s of thes 
the light before the lower parts, while throwing a shadow 
on the portions behind them. Hence the boundary of the 
bright part is always jagged, and is never a ®ti'aight 1 . 

as it would be at the quarters, li the surface M the Mo°n 
were perfectly smooth. In fact, Anstarchus estimat^ the 
Sun’s distance as only about 19 times that of ,• 

whereas they are really in the proportion of nearly 400 to X. 

265. Earth-Shme on the Moon.— Phases of the 
Barth.— When the Moon is nearly new the unilluminated 
portion of its surface is distinctly visible as a dmc of a 
dull-srey colour. This appearance is due to the light re- 
flected from the Earth as “ Earth-shine,” which illuminates 
the Moon in just the same ^y that the 
illuminates the Earth at full Moon. From § 258, the 
Barth’s superficial area is greater than the Mwn s m the 
proportion of about 40 : 3. Consequently the Earth-shine 
on the Moon is more than 13 times as bright as the moon- 
shine on the Earth. 

The Earth, as seen from the Moon, would appear to pass 
through phases similar to those of the Moon, as seen from 
the Earth. The Earth’s and Moon’s phases are evntently 
supplementary. Thus, when the Moon is new the Earth 
w^d appear full, and vice-versa . ; when the Moon is m the 
first quarter, the Earth would appear in the last quarter. 

Owing, however, to twilight, the boundary of the Earth’s 
illuminated portion would not be so well defined as in the 
case of the Moon ; there would be a gradual shading oft 
from light to darkness, extending over a belt of breacltn 
18° on beyond the bright part. The entire absence ot 
twilight on the Moon is one of the evidences against the 
existence of a lunar atmosphere similar tothat of our Earth. 
A stronger one is derived from occultations (§ 193). 

266. Appearance of Moon relative to the Horizon.— 

We are now in a position to represent, in a diagram, the 
Moon’s position and appearance relative to the horizon at 
a given time of day and year when the Moon’s age is given, 
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The ecliptic heiYing been found, as explained in § 41, 
the age of the Moon determines the Moon’s elongation, as 
in § 40. Measuring this angle along the ecliptic, we find 
the Moon’s position roughly ; for the Moon is never very 
far from the ecliptic (c/. § 40). The elongation also deter- 
mines the phase, and enables us to indicate the appearance 
of the disc. The bright side or limb is always turned 
towards the Sun. The cusps, therefore, point in the 
reverse direction, and the line joining them is perpendicular 

to the ecliptic. , x- i* 

We can also trace the changes in the direction ot the 
Moon’s horns relative to the horizon, between its time of 
rising and setting. 

Tahe, for example, the case when the Moon is a few (say 
three) days old. The Moon is then a little east of the 
Sun ; therefore the bright limb is at the western side of 
the disc, and the horns point eastward. Hence, at rising, 
the horns are pointed downwards, and at setting they are 
pointed upwards (Fig. 85). 

^ J ^ 

Fig. So. 86. 

When the Moon is waning, the reverse will be the case 
(Fig. 86). 

267. Heights of Lunar Mountains.—We stated in 
§ 264 that the Moon’s surface is covered with mountains, 
and that in consequence the bounding line between the 
illuminated and dark portions of the disc is always jagged 
and irregular ; while the mountains themselves throw their 
shadows on the portions of the surface behind them. These 
circumstances have led to the two following different ways 
of measuring the height of the lunar mountains. 

First Method. — ^If a tower is standing in the middle of 
a perfectly level plain, it is evident from trigonometry that 
the length of the shadow, multiplied by the tangent of the 
Sun’s altitude, gives the height of the tower. The same 
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will be true in tlie case of tlie shadow cast hy a mountain, 
provided we measure the length of the shadow from a 
point vertically underneath the summit. Now, in the case 
of the Moon it is possible, from knowing the Moon’s age, 
to calculate exactly what would be the altitude of the Sun 
as it would he seen from any point of the lunar surface. 
The apparent length of the shadows of the mountains can 
be measured, in angular measure, by means of a micro- 
meter; from this their actual length can be calculated, 
allowance being, of course, made for the fact that ^ve are 
not looking vertically down on the shadows, and hence they 
appear foreshortened. In this way, the height of the 
mountains can he found. 

The principal disadvantage of this method is, that if the 
surface of the Moon surrounding the mountain should be 
less flat than it has been estimated, there will be a corre- 
sponding error in the height of the mountain. In par- 
ticular, it would be impossible to apply the method to find 
the heights of mountains closely crowded together. 


268. Second Method. — In treating of the Earth in 
§ 104, we showed that one effect of the dip of the horizon is 
to accelerate the times of rising, and to retard the times of 
setting of the Sun and stars. We also showed how to 
calculate the amount of the acceleration if the dip be 
known. Conversely, if the acceleration in the time of 
rising he known, the dip of the horizon can be calculated, 
and from this the height of the observer above the general 
level of the Earth may he found. 

Now precisely the same method may be applied to 
measure the heights of lunar mountains. When the Moon 
is waxing the Sun is gradually rising ower those parts of 
the Moon’s surface which are turned towards the Barth. 
The tops of the mountains catch the rays before the lower 
parts, and, therefore, stand out bright against the dark 
background of the unilluminated parts below. Similarly, 
when the Moon is waning, the summits of the mountains 
remain as bright specks after the lower portions are 
plunged in shadow. By noticing the exact instant at 
which the Sun’s rays begin or cease to illuminate the 
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summit, tliis acceleration or retardation, due to dip, may 
be calculated, and the height of the mountain determined. 

If the Moon’s surface around the mountain is fairly level, 
the distance of the mountain from the illuminated portion 
at the instant of disappearance determines the dista/me of 
the visible horizon as seen from the mountain. This dis- 
tance can be calculated from measurements made with a 
micrometer (proper allowance being made for foreshorten- 
ing if the mountain is not in the centre of the disc) . 

Hence the height (h) of the mountain may be calculated 
by the formula of § 101 (i), Tiz. h = whex'e d is the 

estimated distance of the horizon, and a the Moords radius. 


Section lll.^The Moon's Orbit mid Eofaiion, 


269. The Moon’s Orbit about the ZSarth can be in- 

yestigated by a method precisely similar to that employed 
in the case of the Sun (see § 145). The Moon’s R.A, and 
d^l. may he observed daily by the Transit Circle. The 
observed dec! must be corrected for refraction and. parallax 
(neither of which affect the H.A., since the observations 
meridian). We thus find the positions 
ot the Moon on the celestial sphere relative to the Earth’s 
centre for every day at the instant of its transit across the 
meridian of the observatory. 


Instead of observing the Moon’s parallax daily, the 
Moons distances from the Earth’s centre on different 
be compared by measuring the Moon’s angular 
tbe behometer. Here, however, another 
wrieetion for parallax is required. For the observed 
angulM dmmeters are inversely proportional to the corre- 

Stf « to S,“"“ 


iuconsiderable. Thus, 
^ vertically overhead, its dis- 
Sr hvXe Earth’s centre will 

uisiance, and its angular diameter will therefore he 
increased m the proportion of about 60 to 69 ' 
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Having tlius determined tlie direction and distance of 
tlie Moon’s centre, relative to the Barth’s centre, for every 
day in the month, the Moon’s orbit may be traced out in 
just the same way as the Sun’s orbit was traced out in 
§ 146. It is thus found that the motion obeys approxi- 
mately the following laws : — 

(i) The Moon^s orbit lies in a jplane through the JEartVs 
centre, inclined to the 'plane of the ecliptic at an angle of 
about 5 ° 8 '. 

(ii) The orbit is an ellipse, having the Barth's centre in 

one focus, the eccentricity of the ellipse being about — . 

18 

(hi) The radius vector joining the Barth's and Moon's 
centres traces out equal areas in equal intervals of time. 

The period of revolution is, of course, the sidereal lunar 
month, as defined in Section II., namely, about 27^ days. 

The laws which govern the Moon’s motion are thus 
identical with Kepler’s laws for the Earth’s orbital motion 
round the Sun (§ 155). 

270. The Eccentricity of the Moon’s Orbit is found 
by comparing the Moon’s greatest and least distances, 
which are inversely proportional to its least and greatest 
(geocentric) angular diameters respectively. The latter 
are in the ratio of about 17 to 19, and it is inferred that 
the eccentricity is about (19 — 17)/(19 + 17), or i (cf, 

§ 149). 

The terms perigee, apogee, apse line are used in the 
same sense as in § 147. Perigee and apogee are the points 
in the orbit at which the Moon is nearest to and furthest 
from the Barth respectively. Both are called the apses or 
apsides, the line joining them being called the apse line, 
apsidal line or line of apsides, according to choice. It is 
the major axis of the orbit. 

As in § 151, it follows that the Moon’s angular motion 
in its orbit is swiftest at perigee, and slowest at apogee. 

271. Nodes. — The points in which the Moon’s orbit, or 
its projection on the celestial sphere, cuts the ecliptic are 
called the Moon’s Nodes (cf. § 40). The line joining them 
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is called tlie MTodal Line. It is the line of intersection of 
the planes of the Moon’s orbit and ecliptic. That node 
through which the Moon passes in crossing from south to 
north of the ecliptic is distinguished as the ascending* 
node, the other is distinguished as the descending node* 


272. Perturbations. — ^As the result of obsinwations 
extending over a large number of lunar months, it is fotiiid 
that the Moon does not desci’ibe exactly the same ellipse 
over and over again, and that, therefore, the laws steted in 
§ 269 are only approximate. Even in a single moniJi tlie 
departure from simple elliptic motion is quite appreciable, 
owing chiefly to the disturbance called the Tariatioxi 
(§ 469). The disturbance known as the Evection (§ 469 ) 
causes the eccenti-icity to change appreciably from month 
to month. Further, the motions described in §§ 273, 274 
cause the roughly elliptical orbit slowly to change its 
position. 

The complete investigation of these small changes or 
perturbations, as they are called, belongs to the domain of 
Gravitational Astronomy. It will be necessary here to 
enumerate the chief perturbations, on account of the im- 
portant part they play in determining the circumstauceB of 
eclipses. 


273. Retrograde Motion of the Moon's Wodes. — The 

Moon s nodes are not fixed, but have a retrogiiide motion 
along the ecliptic of about 19° in a year. This phenomenon 
closely resembles the retrograde motion of r (Pi^ecession, 
§ 141), but is far more rapid. Its eflect is to carry tlie line 

Moon’s orbit, slowly round 
the ecliptic, performing a complete revolution in 6793*391 
days, or rather over 18*6 years. 


.One result of this nodal motion is that the ande of inoliimtion 
^ Moo^s orbit to the equator is subject to periodic varktiom 

the first point of 
® orbit and the equator will be the 
about 2.T 27'+ 

5 9 or 28 36. When, on the contrary, the asoendine node enin- 
eides with the first point of Libra, the angle between tlia orbit ^ nrl 
the equator will be the difference of the afgles 4ey make wWi the 
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ecliptic, i.e. 23° 27' - 5° 9' or 18° 18'. The period of fluctuation is 
the time of revolution of the Moon’s nodes relative to the first point 
of Aries, and is a few days (nearly five) greater than their sidereal 
period of revolution, on account oi precession. 

274. Progressive Motion of Apse Line. — The line of 
apsides is not fixed, but has a direct motion in the plane 
of the Moon’s orbit, performing a complete revolution in 
3232‘f575 days, or about nine years, A similar progressive 
motion of the a;pse line of the Earth’s orbit about the Sun 
was mentioned in § 153. The latter motion is, however, 
much less rapid, its period being about 108,000 years. 

275. Other Perturbations. — The inclination of the 
Moon’s orbit to the ecliptic is not quite constant. It is 
subject to small periodic variations, its greatest and least 
values being 5° 18^' and 4® 59J'. 

In addition there are variations in the eccentricity of the 
orbit, in the rates of motion of the nodes, and in the length 
of the sidereal period. All of these render the accurate 
investigation of the Moon’s orbit one of the most compli- 
cated problems of Astronomy. 

276. The Moon’s notation. — It is a remarkable fact 
that the Moon always turns the same side of its surface to 
the Earth. Whether we examine the marldngs on its 
surface with the naked eye, or resolve them into mountains 
and streaks with a telescope, they always appear very nearly 
the same, although their illumination, of course, varies with 
the phase. 

From this it is evident that the Moon rotates upon its 
axis in the same “ sidereal” period as it takes to describe 
its orbit about the Earth, i,e. once in a sidereal month. 
It might, at a first glance, appear as if the Moon had no 
rotation, but such is not the case. To explain this, let us 
consider the phenomena which would be presented to an 
observer if situated on the Moon in the centre of the 
portion turned towards the Earth. 

The Earth would always appear directly overhead, Le. 
in the observer’s zenith. But as the Moon describes its 
orbit about the Earth, the direction of the line joining tlie 
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Eartli and Moon revolves through. 360°, relatite to the- 
fixed stars, in a sidereal month. Hence the direction of 
the observer’s zenith on the Moon must also revolve through 
360° in a sidereal month, and therefore the Moon must 
rotate on its axis in this period. 

The Moon would be said to describe its orbit without 
rotation, if the same points on its surface were to I'emain 
always directed towards the same fixed stars. Were this 
the case, different parts of the surface would become turned 
towards the JEarth as the Earth’s direction changed, and 
this is not what actually occurs. 

It thus appears that, to an observer on the Moon, the 
directions of the stars relative to the horizon would appear 
to revolve through 360° once in a sidereal lunar month. 
Thus, the sidereal month is the period corresponding to the 
sidereal day of an observer on the Earth. In a similar way, 
the Sun’s direction would appear to revolve through 360° in 
a synodic month. This, therefore, is the period correspond- 
ing to the solar day on the Earth, as is otherwise evident 
from the fact that the Moon’s phases determine the 
alternations of light and darkness on the Moon’s surface, 
and that they repeat themselves once in every synodic 
month. 


277. Libratious of the Moon. — Lihration in Lati- 
tude. — ^If the axis about which the Moon rotates were per- 
pendicular to the plane of the Moon’s orbit, we should not 
be able to see any of the surface beyond the two poles (i.e. 
extremities of the axis of rotation). In reality, however, 
the Moon’s axis, instead of being exactly perpendicular to 
its orbit, is inclined at an angle of about 6^° to the perpen- 
dicular, just as the Earth’s axis of rotation makes an angle 
of about 23° 27' with a perpendicular to the ecliptic. The 
consequence is that during the Moon’s revolution, the 
Moon’s north and south poles are alternately turned a 
little towards and a little away from the Earth ; thus, in 
one part of the orbit we see the Moon’s surface to an 
angular distance of 6° 44' beyond its north pole, in the 
opposite part we see 6° 44' beyond the south pole. This 
phenomenon is called the Moon’s libration in latitude. 
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It makes tke^ Mooa’s poles appear to nocl, osciliatiiig to 
and fro once in every revolution relative to the nodes. 

Lib ration in latitude may be conveniently iliustraLHl l>j 
the corresponding phenomenon in the case of the Earth’s 
motion round the Sun, as represented in Fig. 56 (§ 154). 
At the suininer solstice the whole of the Arctic circle is 
illuminated by the Sun’s rays, and therefore an observcsr 
on the Sun (if such could exist) would see the Earth’s 
surface for a distance of 23° 27' beyond the nortli pole. 
Similarly, at the winter solstice an observer on tlie Sun 
would see the whole of the Antarctic circle, and a portion 
of the Earth’s suidace extending 23° 27' beyond the sout h 
pole. 

278. Vibration in ^Longitude. — Owing to the elliptical 
mrm of the orbit, the Moon’s angular velocity about the 
Earth is not quite uniform, being least at apogee and 
greatest at perigee. But the Moon rotates about its polar 
axis with practically uniform angular velocity equal to the 
average angular velocity of the orbital motion (so that the 
periods of rotation and of orbital motion are equal), 

rims, at apogee the angular velocity of rotation is slightly 
greater than that of the orbital motion, and is, therefore, 
greater than that requhed to keep the same part of the 
Moon’s surface always turned towards the Earth. In con- 
sequence, the Moon will appear to gradually turn round, 
so as to show a little more of the eastern side of its surfiu^t^. 

Atpemec, the angular velocity of rotation is Ims thsui 
that of the orbital motion, and is, therefore, not quite sufli- 
cient to keep the same part of the Moon’s surface always 
turned towards the Earth. In consequence we shall begin 
to see a little further round the western side of the Moon’s 
disc. 

This phenomenon is called libration in longitude. It« 
maximum amount is 7° 45'; thus, during each revolution 
01 the Moon relative to the apse line, we alternately see 
round the eastern and western sicleg of 
the disc than we should otherwise. 

AsmoN. 1 5 
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279. Diurnal Dibration. — The pbenomeRon known as 
li^bration is really only an effect of parallax. If 
the Moon were vertically overhead, and if we were to travel 
eastwards, we should, of cour.se, begin to see a little further 
round the eastern side of the Moon’s surface. If we were 
to travel westwards we should begin to see a little further 
round the western side. How, the rotation of the Earth 
file obseper round from west to east. Hence, when 
the Moon is rising we see a little further round its western 
side, and when setting we see a little further round its 
eastpn side, than we should from a point vertically under- 
neath the Moon. 


Similarly an observer in the northern hemisphere would 
always see rather more of the Moon’s northern portion, and 
an observer in the southern hemisphere would see rather 
more of the southern portion than an observer at the 
equator. 


i. 1 . amount of the diurnal libration is equal to 

t^ Moon s horizontal parallax, and is therefore about 57'. 
We see 57 round the Moon’s western edge when rising 
and 57 round the eastern edge when setting. 

instant sees not quite half 

(49 77 per cent.) the Moons surface. The visible portion 

^ through the observer’s eye enveloping 
eou^ hemisphere by a belt of breadth 

equal to the Moon s angular semi-diameter, i.e. about 16'. 


nf libration— In consequence 
of the three hbrations, about 59 per cent, of the Moon’s sur- 
face IS visible from the Earth at some time or other, instead 
tf tW " per cent., as would be the case 

41 ner about 

surface is always visible from the Earth, 
mamder is sometimes visible, sometimes invisible. 

of eltoSa ThrinH^' appear to describe a series 
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only phenomenon resulting from the cause which produces diurnal 
libration. 

281. The name “Month” is derived from the Moon, and the 
majority of the nations of antiquity made their months begin with 
the New Moon, or more strictly when the Moon’s thin crescent 
could first be seen in the west after sunset. But the month had to 
be taken as an exact number of days ; the usual plan was to make 
them alternately 29 and 30 days long, so that twelve months made 
354 days; actually 12 synodic months make 354- '36706 days, or 
about 11 days less than an average solar year, so that the age of 
the Moon on January 1 becomes 11 days greater in successive 
years. This age has received the name of the Epact, and is of 
importance in the calculation of Easter. 

The Mohammedan Calendar uses the year of 354 days unmodified, 
so that each month goes right round the seasons in about 33 years ; 
but the nations of antiquity kept their years in close accord with 
the solar year by the insertion of a thirteenth lunar month about 
once in three years. Meton and Euotemon introduced into G-reeoe 
in B.o. 433 the cycle known as the “Metonio”; it was already 
known in eastern countries. This rule introduces the thirteenth 
month seven times in 19 years ; this gives 19 x 12 -h 7, or 235 
lunar months. Their length amounts to 6939 '6882 days ; now the 
average length of the Gregorian year is 365*2425 days (see § 170) ; 
nineteen times this is 6939*6075 days. The difference is only 
0*0807 or Ih. 56ni. ; hence 19 years gives a very close repetition of 
the dates of New Moon ; the error is only about a day after 237 
years. 

It is said that Meton had the years of this cycle inscribed in 
golden letters on a temple in Athens, whence the phrase Golden 
Number which is still used to indicate the place of a year in the 
nineteemyear cycle. The rule for finding the Golden Number is : 
“It is the remainder when the a.d. date increased by 1 is divided 
by 19.” Hence the year a.d. 0, which is called B.c. 1 in Civil 
reckoning, had Golden Number 1. 

Previously to the change of style in 1582 by Gregory XIII., the 
rule for finding the Epact was : “ The remainder when 11 x (Golden 
Number - 1) is divided by 30.” This would give Epact 0, that is 
New Moon on January 1 in the year 0 a.I). Many books, including 
the two first editions of the present work, state that the New 
Moon actually occurred then, but it was really 6 days earlier, on 
December 26, b.o. 2. The difference arises from the slight error of 
the Metonio cycle. 

In 1582, when the change of style was made, new rules were also 
made for finding the Epact; (1) The Epact is diminished by 1 in 
the centennial years 1700, 1800, 1900, etc., that are not leap years 
(this is called the solar equation). (2) The Epact is increased by 1 
in the years 1800, 2100, 2400, etc. ; i,e. every 300 years, but once 
in 2,500 years a 4OO-y0ar interval replaces the 300-year one ; thus 
after 3900, occurs 4300 ; after 6400, occurs 6800, etc. (this is 
called the lunar equation). When both equations occur together 
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they compensate each other and there is no change ; this oocmrred 
in 1800 and will occur again in 2100. The next year that will have 
the Golden Number 1 is 1938; starting with that year (or with 
1900, two Metonic cycles earlier) the successive E pacts for 19 
years are 29, 10, 21, 2, 13, 24, 5, 16, 27, 8, 19, 0, 11 , 22, 3 , 14 , 25 , 0 , 
17. They then repeat themselves, and the cycle will recur un- 
changed up to the year 2199 ; after that they will all be diminished 
by 1. (For a special reason the number 25 above is to bo used as 
26 in finding Easter. ) 

The Gregorian Calendar was adopted by Greece and Russia in 
the present century, so that its use is now practically universal ; in 
Greece, however, Easter is calculated from the date of the real full 
Moon, the time being reckoned according to the meridian of 
Jerusalem, instead of using the Epact. 

The Sunday Letter. If we assign the seven letters A to G in 
regular succession to the days of the year, starting with «Tanuary I, 
and omitting the leap-day, February 29, there will he a change 
each year in the letter for Sunday ; and further, Leap years will 
have two Sunday letters, one for January and February, th(>> other 
for the remainder of the year ; the following are the Sunday letters 
from 1928 to 1934 : ’28 AG, ’29 F, ’30 E, ’31 1), ’32 015,* ’33 A ; 
after 28 years they recur, unless a non-leap centennial year inter- 
venes ; in that case they recur after 40 years ; thus 1901 was the 
same as 1861, and so on. 

Having calculated the Epact and Sunday letter, tlie date of 
Easter is given by a table which will be found in Encydoptmlia 
Britannica^ 14th Edition, Vol. 4, p. 572; for Easter to come on 
March 22, its earliest date, we must have Epact 23, Sunday 
Letter D. It will be seen that there is no 23 in the E pacts up Ui 
the year 2199 ; but in the following century 24 is turned into 23, 
and Easter is on March 22 in 2285. The last time it happened was 
in 1818. 

As an example of the use of the Sunday letter, we may tiike 
Question 10, p. 144 j for a year to have five Sundays in l<'el>ruary it 
must be a leap year, and February 1 must be Sunday. Now 
February 1 is the 31st day from January 1, hence its Letter is D ; 
we want a leap year whose first Letter is 1) ; reckoning back from 
1928 we find that 1920 was such a year ; after that tlie 28-ycar 
cycle will give similar years at 2S-year intervals till the end of next 
century, since 2000 is a leap year ; bub we have to go back 40 years 
before 1920, since the non-leap year 1900 is included ; thus 1880, 
1852, and 1824 were similar 3’ears. 

It is well to remember that 400 years in the Gregorian calendar'* 
are an exact number of weeks, so that the Sunday letters recur 
after that period. It is easy to see this, since the period is ecnial 
^9 ^2 weeks plus 400 days plus 97 leap-days; and 497 is 

divisible by 7. 

The rule for finding Easter is ; The first Sunday after tlie first 
tull moon (calculated from the Epact) on or after March 21 ; if the 
calculated full moon is on Sunday, Easter is the following Sunday. 
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The rule was devised to make Easter come at nearly the same time 
as the Passover, which was a fixed date in the Jewish lunar year. 

Widespread endeavours have been made in recent years to alter 
the reckoning of Easter, e,g. to make it the Sunday after the 
second Saturday in April j there is, however, considerable opposi- 
tion to such an alteration in certain quarters, and there is little 
prospect of it being made in the near future. 

282. Harvest Moon. — The full Moon which occurs 
nearest the autumnal equinox is called the Harvest Moon. 
Owing to the Moon’s direct motion in its orbit the time of 
moonrise always occurs later and later every day, but in the 
case of the harvest Moon the daily retardation is less than 
in the case of any other full Moon, as we shall now show. 
To simplify our rough explanations we suppose the Moon 
to be moving in the ecliptic. 

The Moon’s E.A. determines the time at which the Moon 
crosses the meridian (c/. § 24). In consequence of the 
orbital motion the E.A. increases continuously, just as in 
the case of the Sun (§ 30), only the increase is more rapid 
(360° per month instead of per year). Therefore the Moon 
transits later and later every night. 

When the Moon is in the fi.rst point of Aries it is passing 
from south to north of the equator, and its declination is 
increasing most rapidly. Now, the arguments of §§ 123- 
125 are applicable to the Moon as well as the Sun, and they 
show that, as the declination increases, there is, in north 
latitudes, a corresponding increase in the length of time 
that the Moon is above the horizon. The effect of this 
increase is to lengthen the interval from the Moon’s rising 
to its transit; this lengthening tends to counterbalance, 
more or less, the retardation in the time of transit, thus 
reducing the retardation in the time of moonrise to a 
minimum. 

Similarly it may be shown that whenever the Moon 
passes the first point of Libra, the daily retardation of 
moonrise will be a maximum, while that of the time of 
setting will be a minimum. These phenomena, therefore, 
recur once each lunar month. 

Now, at harvest time the Sun is near hence, when 
the Moon is near t it is full ; and the minimum retardation 
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of tlie Moon’s rising, tlierefore, takes place at full Moon. 
And since tlie Moon is then opposite tke Sun, it rises at 
sunset. * Both these causes make the phenomenon more 
conspicuous in itself than at other times, and as the con- 
tinuance of light is useful to the farmers when gathering 
in their harvest, the name Harvest Moon has been applied. 

At the following full Moon the phenomena are similar 
but less marked. But as it is now the hunting season, the 
Moon is called the “ Hunter’s Moon.” 

The phenomenon of the Harvest Moon is most marked 
when the Moon’s orbit is at its maximum inclination to 
the equator, that is, when the Ascending node of its orbit 
is at the First Point of Aries (see § 273). This happens 
at the beginning of 1932, and at intervals of 18-6 years 
from that date. 


EXAMPLES.~~YIII. 

1. If a, a be the true and apparent altitudes of a body affected 
by parallax, prove the equation a = a' + P cos a'. 

2. If the Sun’s parallax be 8*80", find the Sun’s distance. 

3. If in our latitude, on March 21, the Moon is in its first quarter, 
about what time may it be looked for on the meridian, and how 
long does it remain above the horizon ? 

4. Show that from a study of the Moon’s phases we can infer the 
Sun to be much more distant than the Moon. Prove that if the 
synodic period were 30 days, and the Sun only twice as distant as 
the Moon, the Moon would be dichotomized after only 5 days 
instead of 7|. 

5. Taking the usual values of the Sun’s and the Moon’s distances, 
calculate, roughly, the mean value of the angle BBM when the Moon 
is dichotomized. 

6. There was an eclipse of the Moon on Jan. 28, 1888, central at 
11.10 in the evening. What is the Moon’s age on May 21 of that 
year ? 

7. Find approximately the position and appearance of the Moon> 
relatively to the horizon, in latitude 50° N*., in the middle of Novem- 
ber at 10 P.M. , when it is ten days old. 
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ECLIPSES. 

Section I . — General Desori^tion of Eclipses. 

283. Eclipses are of two kinds, lunar and solar. If at 
full Moon the centres of tlie Sun, Earth, and Moon are very 
nearly in a straight line, the Barth, acting as a screen, will 
stop the Sun’s rays from reaching the Moon, and the Moon 
will, therefore, he either wholly or partially darkened. This 
phenomenon is called a Xiunar Eclipse. 

On the other hand, if the three centres are nearly in a 
straight line when the Moon is new, the Moon, by coming 
between the Earth and the Sun, will cut of£ the whole or a 
portion of the Sun’s rays from certain parts of the Earth’s 
surface. In such parts the Earth will be darkened, and the 
Sun will appear either wholly or partially hidden. This 
phenomenon is a Solar Eclipse. 

If the Moon were to move exactly in the ecliptic we 
should have an eclipse of the Moon at every opposition, and 
an eclipse of the Sun at every conjunction, for at either 
epoch the centres of the Earth, Sun, and Moon would be in 
an exact straight line. In consequence, however, of the 
Moon’s orbit being inclined to the ecliptic at an angle of 
about the Moon at ‘‘syzygy” (conjunction or opposi- 
tion) is generally so far on the north or south side of the 
ecliptic that no eclipse takes place. An eclipse only occurs 
when the Moon at syzygy is very near the ecliptic, and, 
therefore, not far from the line of nodes (§271). 

284. Different Kinds of Lunar Eclipse. — Eclipses of 
the Moon are of two kinds, total and partial. Let 8, E 
be the centres of the Sun and Earth respectively. Draw 
the common tangents A BY and A'B’Y to the two globes, 
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A lunar eclipse is visible simultaneously from all places 
on that liemisjphere of the Earth over which the Moon is 
abov© the horizon at the time of its occurrence. 

^ear the boundary of the hemisphere there are two 
strips in the form of lunes, comprising those places respec- 
tively at which the Moon sets and rises during the eclipse • 
at such places only its beginning or end is seen. 

285. Phenomena of a Total Eclipse of the Moon.— 

As the Moon gradually moves towards opposition, the first 
appearance noticeable is the slight darkening of the Moon’s 
surface as it enters the penumbra. This darkening in- 
creases very gradually as the Moon approaches the umbra, 
or true shadow. At “ First Contact ” a portion of the 
Moon enters the umbra, and the eclipse is then seen as a 
partial eclipse, the dark portion being bounded by the 
circular arc formed by the boundary of the umbra. As 
the Moon advances, the dark portion increases till the 
whole of the Moon is within the umbra, and the eclipse is 
total. When the Moon begins to emerge at the other side 
of the umbra, the eclipse again becomes partial, and con- 
tinues so until ‘‘Last Contact,” when the Moon has 
entirely emerged from the umbra, after which the Moon 
gradually gets brighter and brighter till it finally leaves 
the penumbra. 

In the case of a partial eclipse, the umbra merely appears 
to pass over a portion of the Moon’s disc, which portion is 
greatest at the middle of the eclipse. 

286. Effects of Hefraction on Lunar Eclipses. — ^In 

§ 193 it was stated that, owing to atmospheric refraction, 
the Moon’s disc appears of a dull-red colour during the 
totality of the eclipse. A still more curious phenomenon 
is noticed when an eclipse occurs at sunset or sunrise. 
The refraction at the horizon increases the apparent alti- 
tudes of the Sun and Moon in the heavens, so that both 
appear above the horizon when they are just below. Hence 
a total eclipse of the Moon is sometimes seen when the 
Sun is shining. 

287. Different Kinds of Solar Eclipse.— An eclipse of 
the Sun may be either total, annular, or partial. To 
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explain the difference between the first two kinds of eclipse, 
let us suppose that the observer is situated exactly in the 
line of centres of the Sun and new Moon, so that both 
bodies appear in the same direction. Then, if the Moon’s 
angular diameter is greater than the Sun’s, the whole of 
the Sun will be concealed by the Moon ; the eclipse is then 
said to be total. If, on the other hand, the Sun has the 
greater angular diameter, the Moon will conceal only the 
central portion of the Sun’s disc, leaving a bright ring 
visible all round ; under such circumstances, the eclipse is 
said to be annular. Lastly, if the observer is not exactly 
in the line of centres, the Moon may cover up a segment 
at one side of the Sun’s disc ; the eclipse is then partial. 

Now, the Moon’s angular diameter varies, according to 
the distance of the Moon, from 29' 22" at apogee to 33' 28'" 
at perigee, the corresponding limits for the Sun’s diameter 
being 31' 28" at apogee, and 32' 32" at perigee. Hence, 
both total and annular eclipses of the Sun are possible. 
Thus, when the Sun is in apogee and the Moon in perigee 
an eclipse must be either total or partial ; when the Sun is 
in perigee and the Moon in apogee, an eclipse must be 
annular or partial. 


c 



288. Circumstances of a Solar Eclipse.— Fig. 88 shows the 
different circumstances under which a solar eclipse is seen from 
different parts of the Earth. 

Draw the common tangents GDQ, G'D'Q, GJRD\ CBD, to the 
Sun and Moon, forming the enveloping cones DQD' and fBg ; 
these constitute respectively the boundaries of the umbra and 
penumbra of the Moon’s shadow. 

F^t let the umbra DQD' meet the Earth’s surface (Bi) before 
coming to a point at Q, the curve of intersection being de. Also 
let the penumbra fRg meet the Earth’s surface in the curve fg. 
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Then from any place on the Earth within the space de the Sun 
appears totally eclipsed. At a place elsewhere within the penum- 
bra fg, the Sun appears partially eclipsed, a portion only being 
obscured by the Moon. 

Next let the umbra DQU come to a point Q before reaching the 
Earth Then, if the cone of the umbra be produced to meet the 
Earth in d'e', an observer anywhere within the space d'e' sees 
eclipse as an annular eclipse. At any place elsewhere within the 
penumbra /'(/', the eclipse appears partial, as before. At parts of 
the Earth which fall without the penumbra there is no eclipse. 
Hence a solar eclipse is only visible over a part of the Earth’s 
surface, and its circumstances are different at different places. 

As the Sun and Moon move forward in their relative orbits, and 
the Earth revolves on its axis, the two cones of the Moon’s shadow 
travel over the Earth, and the eclipse becomes visible from different 
places in succession. The inner cone traces out on the Earth a very 
narrow belt, over which the eclipse is seen as a total or annular 
eclipse, according to circumstances. The outer cone, or penumbra, 
sweeps out a far broader belt, including that part of the Earth’s 
surface where the eclipse is visible as a partial eclipse. 

A total or annular eclipse of the Sun, like a total eclipse of the 
Moon, always begins and ends as a partial eclipse, the totality or 
annular condition, as seen from a given station, only lasting for a 
short period about the middle of the eclipse. The maximum 
duration of totality is just under eight minutes. This does not 
occur at the Equator, but about North Latitude 20® when the Sun 
is near the Apogee. 

On 1937, June 8 (Pacific Ocean west of Panama), and 1955, June 
20 (Philippine Islands), totality will last more than 7 minutes, an 
unusually long duration. 

In the case of an annular eclipse, there are two internal, as well 
as two external, contacts, and the eclipse remains annular during 
the interval between the internal contacts. This may sometimes 
be rather more than twelve minutes. 

Owing to the limited area of the belt over which a solar eclipse is 
visible, the chance that any eclipse may be visible at any given 
place is far smaller than in the case of a lunar eclipse. The chance 
of an eclipse being total at any place is very small indeed. The 
last eclipses visible as total eclipses in England occurred in 1724 
and 1927 ; the next will take place on June 30th, 1954, in the 
Shetlands, and August 11th, 1999, in Cornwall. At Greenwich, or 
any other station, about 43 partial solar eclipses are visible in a 
century. 

At a given station (i.e. a point on the Earth’s surface, not an 
extended region) there are on the average slightly under 3 total solar 
eclipses in 1000 years, and slightly over 4 angular ones. 

In the British Isles, including the Shetlands, there is on the 
average one total eclipse in 60 years, but the distribution is very 
irregular ; there was a blank interval of 203 years between 1724 
and 1927, followed by three totalities in just over 72 years. 
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Section II. — Determination of the Frequency of FcKpses. 

289. To Find the Iiimits of the Moon’s geocentric 
position consistent with a Solar or liiinar Fclipse. 

In. Fig. 89, let the plane of the paper represent any plane 
through the Sun’s and Moon’s centres ; and let ADV and 

BY represent the common tangents bounding the cone of 
the Earth’s true shadow. Let AUB be the other common 
tangent, which goes (nearly) through B ; and let the line 
joining the centres of the Sun and Earth, meet the 
common tangents in Y and TT. Let T, t, f be those points 
on A£Y and AD' whose distance from F is equal to that 
of the Moon. 



Then, if denote the positions of the Moon’s centre, 

when touching the cone BV externally and internally at T, 
it is evident that a lunar eclipse occurs whenever the full 
Moon is nearer the line of centres than M^, Hence, if m 
denote the Moon’s angular semi-diameter the Moon’s 

angular distance from FV must be less than VFM. or 
TFT + m. '' 

Similarly, the lunar eclipse is total when the Moon is 
not further from the line of centres than • for this the 
Moon’s (geocentric) angular distance from the line of 
centres must be not greater than VFM^, or VFT-^ m. 

Let be the centres of the Moon at internal and 
, external contact with AB near t. There is evidently a 
solar eclipse visible at some point of the Earth’s surface 
(such as ^) as a partial eclipse, if the Moon’s angular 
distance from the Sun is less than 8Fm^, or SFt + m 
Supposing the Moon’s distance to be such that its angu- 
lar ladius IS less than that of the Sun, there is an annular 
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eclipse whenever the Moon lies wholly within the cone A VA% 
as at This requires the Moon’s geocentric angular dis- 
tance from the Sun to be less than 8Em,^, or 8Et — m. 

If, however, the Moon is so near that its angular radius 
is greater than that of the Sun, the angle it subtends is 
greater than ABA'^ and therefore there is a total eclipse 
at B whenever the edge of the Moon reaches the internal 
tangent A'B. Taking to represent the corresponding 
position of the Moon when touching the other tangent AB' 
at t' (for the sake of clearness in the figure), we see that, 
in order that there may be a total eclipse somewhere on 
the Earth’s surface, the geocentric angular distance be- 
tween the Moon’s and Sun’s centres must be less than 
8Em,^ or 8Et' + m. 

IvTow, as the cone AVA' tapers to a point at F, the 
breadth of its cross section is greater near m.^ than 

near and when the Moon is in syzygy, its angular 

distance from EF or E8 = its latitude. Hence the limits 
of latitude are greater for a solar than for a lunar eclipse, 
and therefore the probability of the occurrence of a solar 
eclipse is greater than the probability of a lunar eclipse. 
This explains why, on the whole, solar eclipses are more 
frequent than lunar. 

Oppolzer’s Canon der Finstemisse gives 8,000 solar eclipses 
beWeen - 1207 and a.d. 2161 : 5,200 lunar eclipses between 
- 1206 and a.d. 2163. Hence there are 20 solar eclipses to 13 
lunar ones, or roughly 3 to 2. But at a given station about twice 
as many lunar ones as solar ones are visible ; the reason is that a 
lunar eclipse is visible over a much larger region on the Earth than 
a solar one. 

‘^290. We shall now calculate the angles VEM^y VEM^, 
SEm^. Let P denote the horizontal 
parallaxes of the Moon and Sun; m, s their respective 
angular semi-diameters (Pig, 89). We have s = Z SEA, 
p = lBTE= LBtE = l B'fE, P=lBAE = I B'AE, 
and m = / TEM,= L TEM^-= L tEm^ = L tEm., = L t'Em,. 
For the lunar eclipses -we have, from the triangle TEA, 
L ETB -f L EAB = 180°— L TEA = L VET+ I SEA ■, 

iVET = lETB + lEAB — ISEA + P —s ; 

L VEM^ = L VET + L TEM^-p + P-s+m-, 
and i7EM^=z lVET — lTEM^ = p+ P -s - w, 
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Por the solar eclipses we have, from the triangle tEA, 
L BtB - lEAB =.ltEA=^L SBt - L SJUA 
L 8Bt lEtB — L BAB + L SEA — P + s. 

L SBm^ z=: p ^ p + s + m, 
and Z SBm^ = ^ — P + 

Lastly from the triangle t'BA we have 

Z Et^B' - Z EAB’ = Z AEt' = i AES A- L SEt\ 

iSEt' = /.B't'E-lB'AE—lAE8=:^p~-F -8. 
L SEm^ = j|> — p — 8 + m. 


*291. Greatest Latitudes of the Moon at Syzygy.— 

Since S and Y are in the ecliptic, it follows that when the 
Moon is in conjunction or opposition, the plane of the paper 
in Lig. 89 is perpendicular to the ecliptic. Therefore the 
angles VEMi, VEM^ measure the Moon’s latitude at con- 
junction, and SEm^y SEm^y SEm^ measure its latitude at 
opposition in the positions represented. The above expres- 
sions are, therefore, the greatest possible latitudes at 
syzygy consistent with eclipses of the kinds named. 

l^ow, taking the mean values we have, roughly, 
s = 16'; m = 15'; y)=67'; P =r-. 0' 8". 
Substituting these values, and collecting the results, we 
have, roughly, the following limits for the Moon’s geocentric 
latitude, or angular distance from the line of centres : — 

(1) For d lunar eclipsey VEM^ + P — s + ni = 56' ; 

( 2 ) Fora‘toteillxLnaxeclipseyYEM^=pArP^s—m=^2B ’ ; 

(3) For a solar eclipsey SEm^ = p — P + a m = 88' ; 

(4) For an annular eclipsOy SEm^ = jp — - P -f « — m = 58'. 

Lastly, taking the Sun at apogee, and the Moon at 

perigee, we have, m = 17' and 8 = 16' nearly, whence we 
have, in the most favourable case, 

(4a) Por a total solar eclipse, =p-—P- s-l-m=58'. 

292. Ecliptic Limits. — From the last results it appears 
that a lunar eclipse cannot occur unless at the time of oppo- 
sition the Moon’s latitude is less than about 56', and that a 
solar eclipse cannot occur unless at conjunction the Moon’s 
latitude is less than about 88'. Now the Moon’s latitude 
depends on its position in its orbit relatively to the line of 
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nodes; hence there will be corresponding limits to the 
Moon’s distance from the node consistent with the occurrence 
of eclipses. These limits are called the Ecliptic limits. 

*The ecliptic limits may be computed as follows : — Let 
the geocentric direction of the Moon’s centre be represented 
on the celestial sphere by M. Let N represent the node, 
ME a secondary to the ecliptic. [The ecliptic limit, strictly 
speaking, means the limit of NE measured along the 
ecliptic, and not that of NM.] 

Now the limit of latitude ME has been calculated in the 
last paragraph for the dif erent cases. Let this be denoted 
by 1. Also let I be the inclination of the Moon’s orbit to 
the ecliptic. Then in the spherical triangle EEM, right- 
angled at E, we have EM = Z, and Z ENM = I ; both of 
these are known, hence NE can be calculated. 


M 



Fig. 90. 


For rough purposes it will be sufficient either to treat the 
small triangle ENM as a plane triangle (Sph. G-eom. 24), 
Mi»or to regard ME as. approximately the arc of a small circle, 
whose pole is N. The first method gives 
Z= NIT tan I; 

NEz=z I cot L 

Or, adopting the second method, we have (Sph. G-eom, 17) 
I = ME = L MNE X sin NE = I sin NE; 
sin NE = 1/1 
whence the ecliptic limit NE is found. 


The exact formula may be given from the solution of 
right-angled spherical triangles given on page xvii. 

Note first that the least distance I between the centres 
of the Sun and Moon does not occur when the Moon is at 
M, but at a point K on NM, such that EKN is a right 
angle : then, using either (2) or (6) on p. xvii, we have 
sin NE = sin Z/sin I. 
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293. Major and Minor Ecliptic Iiimits. — Owing to 
the variations in the distances of the Sun and Moon their 
parallaxes and angular semi-diameters are not quite con- 
stant. Hence the exact limits of the Moon’s latitude Z, as 
calculated bj the method of § 291, are subject to small 
variations. 

This alone would render the ecliptic limits variable. 
But there is another cause of variation in the ecliptic 
limits, arising from the fact that I, the inclination of the 
Moon’s orbit is also variable, its greatest and least values 
being about 5° 18' and 4P 59'. 

However the range in I at the times of eclipses is much 
smaller, being 5° 15' to 5° 18'. The mean is 5® 16*8'. 

The greatest and least values of the limits for each 
kind of eclipse are called the Major and Minor Ecliptic 
Limits. 

For an eclipse of the Moon the major and minor 
ecliptic limits have been calculated to be about 11° 38' 
and 9° 39' respectively at the present time. For an 
eclipse of the Sun the limits are 17° 25' and 15° 23' 
respectively. 

Thus a lunar eclipse may take place if the Moon, when 
full, is within 11° 38' of a node ; and a lunar eclipse must 
take place if the full Moon is within 9° 39' of a node. 

Similarly, a solar eclipse may take place if the Moon, 
when new, is within 17° 25', and a solar eclipse must 
take place if the new Moon is within 15° 23' of a node. 

The mean values of the lunar and solar ecliptic limits 
are now 10° 29' and 16° 14'. But the eccentricity of the 
Earth’s orbit is very slowly decreasing ; consequently the 
major limits are smaller and the minor limits larger than 
they were, s’ay, a thousand years ago. The change is very 
slight. 

294. Synodic Revolution of the Moon’s Hodes. — 

An eclipse is thus only possible at a time when the Sun 
is within a certain angular distance of the Moon’s nodes. 
Hence the period of revolution of the Moon’s nodes, rela- 
tive to the Sun, marks the recurrence of the intervals of 
time during which eclipses are possible. This period is 
called the period of a synodic revolution of the nodes. 
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In § 273 it was stated that the Moon’s nodes have a retro- 
grade motion of about 19^ per annum, more exactly 19“^ 21', 
In one year (365d.') the Sun, therefore, separates from a node 
by 360° + 10° 21' or 379*35°, hence it separates 360° in 
(360 X 365|)/379*35days,or about 34;6'62d. This, then, 
is the period of a synodic revolution of the node. 

In a synodic lunar month (29J days), the Sun separates 
from the line of nodes by an angle 

379|° X 29i 3654, ^0^ *^0', 

a result which will be required in the next paragraph. 

295. To find the Greatest and Least number of 
Lclipses possible in a Year. — Let the circle in Fig. 91 
represent the ecliptic, and let Ny n be the Moon’s nodes. 
Take the arcs NL, NL\ nl, nV, each equal to the lunar eclip- 
tic limit, and N8y N8\ ns, ns' each equal to the solar ecliptic 
limit. Then the least value of 88' or ss' is twice the minor 
solar ecliptic limit, and is 30° 46', and this is greater than 
30° 40', the distance traversed by the Sun relative to the 
nodes between two new Moons. Hence, at least one new 
Moon must occur while the Sun is travel- 
ling over the arc 88'y and two may occur. 

Therefore there must he one, and there 
may he two eclipses of the 8%%, while the 
8 un is in the neighbourhood of a node. 

Again, the greatest value of LL', IV is 
double the major lunar ecliptic limit, and 
is, therefore, 23° 16'. This is consider- 
ably less than the space passed over by 
the Sun relative to the nodes between 
two full Moons. Hence, there cannot 
be more than one full Moon while the Sun is in the arc LL', 
and there may be none. Therefore there cannot he more 
than one eclipse of the Moon while the Sun is in the neighbour- 
hood of a node, and there may he none at all. There must, 
however, be a penumbral lunar eclipse. 

296. The case most favourable for more than one 
eclipse is when the Moon is new just after the Sun has 
come within the solar ecliptic limits, i.e. near 8. 

ASTRON. lb 
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When the Moon is full (about 14| days later) the Sun 
will be near N, at a point within the lunar ecliptic limits ; 
there will therefore be an eclipse of the Moon. 

At the following new Moon the Sun will not have reached 
8^ ; and there will be a second eclipse of the Sim. 

In six lunations from the first eclipse the Sun will have 
travelled through just over 180^, and will be within the 
space ss', near s ; there will therefore be a third eclipse of 
the Sun. 

At the next full Moon the Sun will be near n, and there 
will be a second eclipse of the Moon. 

The Sun may just fall within the space ss' near s' at the 
next new Moon ; there will then be a fourth eclipse of the 
Sun. 

In twelve lunations from the first eclipse, the Sun will 
have described about 368°, and will, therefore, be about 8° 
beyond its first position, and well within the limits ss'j 
there will, therefore, be di, fifth eclipse of the Sun. 

About 14| days later, Sit full Moon, the Sun will be well 
within the lunar ecliptic limits LL’, and there will be a 
third eclipse of the Moon. 

All these eclipses occur in 12|. lunations, t.e.369 days, or 
a year and four days. We cannot, therefore, have all the 
eight eclipses in one year, but 

^ There may he as many as seven eclipses in a year, namely j 
either five solar and two lunar, or four solar and three lunar. 

This happened lastin 1917, and will happen again in 1935. 


297. The most unfavourable case is that in which 
the Moon is full just before the Sun 
reaches the ecliptic limits at JL. 

At new Moon the Sun will be near 
N , and there will be one solar eclipse. 

At the next full Moon the Sun will 
have passed U, so that there will be no 
lunar eclipse. After six lunations the 
Sun will not have arrived at 1. 

At the next new Moon the Sun will 

.n u , within the ecliptic limits, and there 

Will be a second solar eclipse. 

At the next full Moon the Sun will be again just beyond 
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l\ and at 12 lunations from first full Moon, the Sun may 
again not have quite reached L. 

At 12 J lunations there will be a third solar eclipse. 

The interval between the first and third eclipses will be 12 
lunations, or about 354 days. If, therefore, the first eclipse 
occurs after the 11th day of the year, i.e, January 11, the 
third will not occur till the following year. Therefore, 

The least possible number of eclijpses in a year is two. 
These must both be solar eclipses. 

298. The Saros of the Chaldeans. — The period of a 
synodic revolution of the nodes is (§ 294) approximately 
346 '62 days. Hence, 

19 synodic revolutions of the node take 6585*78 days. 
Also 223 lunar months = 6585*32 days. 

It follows that after 6585| days, or 18 years 11|* days,^ 
the Moon’s nodes will have performed 19 revolutions rela- 
tive to the Sun, and the Moon will have performed 223 
revolutions almost exactly. Hence the Sun and Moon will 
occupy almost exactly the same position relative to the 
nodes at the end of this period as at the beginning, and 
eclipses will therefore recur after this interval. 

The period was discovered by observation by the Chaldean 
astronomers, who called it the Saros. By a knowledge of 
it they were usually able to predict eclipses. 

A “ synodic revolution of the Moon’s apsides,” or the 
period in which the Sun performs a complete revolution 
relative to the Moon’s apse line, occupies 411*74 days. 
Hence sixteen such revolutions occupy 6587*87 days, or 
about two days longer than the Saros. Therefore the 
Moon’s line of apsides also returns to very nearly the same 
position relative to the Sun and Moon. Hence, the solar 
eclipses, as they recur, will be nearly of the same kind 
(total or annular) in each Saros. The whole number 
of eclipses in a Saros is about 70. The average of all 
eclipses from b.o. 1207 to A.n. 2162 shows that there are 
20 solar eclipses to 13 lunar. 

* The date goes forward 12| dava when 3 leap-days intervene (this 
may happen when a year like 1900 occurs in the interval), ll|day3 
when41eap-days intervene, and 10|days when 5 leap-days intervene. 
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The Saros enables ns to make very fair predictions of 
future eclipses, if we have the data of the eclipses 18 years 
earlier. Any eclipse of considerable size is certain to have 
a successor. Its region of visibility on the earth is shifted 
westward through about 116°, owing to the fraction of a 
day in the cycle ; three Saroses bring us back to about the 
same longitude. It is possible to have two successive 
eclipses visible at the same station if the first occurs early 
m the morning (or early in the night for lunar eclipses) . 
Ihus the successor of that of 1927, June 29, occurs in the 
early afternoon of 1945, July 9, and is a large partial 
echjpse in England, total in Norway. 

The number of times that an eclipse can recur varies 
between 70 and 85, corresponding to 1,244 and 1,514| 
years respectively. The eclipse begins as a small one in 
the Arctic or Antarctic regions ; it increases at each 
return, finally becoming total or annular ; it is a central 
eclipse for about two -thirds of its whole career ; finally it 
goes o:ff at the opposite pole to that of its first appearance. 
On the average a new eclipse is born once in 31 years ; the 
death rate is, of course, the same as the birth rate. 

eclipses have a shorter career ; they have between 
44 and 54 returns, corresponding to 775 and 955^ years 
respectively. ^ 

There is rather a rare type of solar eclipse called 
annular- total ; in these cases the Moon as seen from the 
beginning and end of the track, where it is in the horizon, 
large enough to cover the Sun; but in the 
middle of the eclipse track the Moon is higher in the sky, 
and consequently nearer to the observer ; it thus becomes 
large enough to cover the Sun for a short time; such 
eclipses occur about twice in a Saros. There was one in 
^ril, 1912, just total in Portugal; its successor in April, 
lydO, was just total in California. 

The Saros is the most useful of all eclipse cycles ; but 
there are several others, of which two may be mentioned. 
4 , 1 . lunations, that is 190,295T09 days, 

at IS 521 years and 3 or 4 days, according to the 
number of leap-days intervening ; this cycle brings back 

fcHows-^^^^ closely. An example 
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— 1199, June 16, annular in Atlantic. 

— 678, June 17, annular in Sahara. 

— 157, June 17, total in England. 

364, June 16, total in Scotland. Observed as partial 
at Binchester, England. This is 
the first British eclipse recorded as 
observed. 

885, June 16, total in Scotland. Mentioned in 
Chronicon Scotomm. 

1406, June 16, large eclipse in London; total in 
Belgium. 

1927, June 29, total in Wales, Lancashire, Yorkshire. 

It •will be seen that in Old Style the date is brought 
back almost exactly ; the jump between 1406 and 1927 is 
due to the change of Style. One-ninth of this cycle, that 
is 58 years less about 40 days, is also an eclipse cycle, but 
a less convenient one. 

(2) A cycle of 22,325 lunations, that is 659,270*38 days, 
that is 1,805 years and a fe’w days. This cycle was dis- 
covered by M. Oppert; like the Saros, it restores the 
diameters and motions of the Sun and Moon almost 
exactly. As an example,, the eclipse of 1927 was preceded 
by one on 122, June 21, total about the Shetlands, but in 
the evening, whereas that of 1927 was in the morning. 
The name Megalosaros has been suggested for this cycle. 


Section III. — Oocultcdiom — Flaces at toMch cl Solar 
Eclipse is visible. 

299. Occnltations. — When the Moon’s disc passes in 
front of a star or planet, the Moon is said to occult it. 

An occnltation evidently takes place whenever the ap- 
parent angular distance of the Moon’s centre from the star 
becomes less than the Moon’s angular semi-diameter. As 
the apparent position of the Moon is aiffected by parallax, 
the circumstances of an occnltation are diferent at different 
places on the Earth’s surface. 

Let m denote Moon’s angular semi-diameter, p its hori- 
zontal parallax. In the figure, let E and M be the centres 
of the Earth and Moon, and let sO, sC’ represent the 
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parallel rajs coming from a star, and grazing the Moon’s 
disc. These rays cut the Earth’s surface along a curve 
00\ and it is evident that only to observers at points 
within this curve is the star hidden by the Moon’s disc, 
Eet EGy Esy JBJMy JEJG^ cut the Earth’s surface in Cj Xy my c' ; 
the rays EG, BG^ cut the Earth’s surface in a small circle 
cc\ whose angular radius mEc = MEG = m. Let d be 
the geocentric angular distance sEM between the Moon’s 
centre and the star. 



Then the angle L^(70 = angle subtended by the Earth’s 

radius EO at O ; 
= pa-rallax of G when viewed from O ; 
= i?sin (70.^ (§ 249); 

= sin OEx (by parallels). 

But JEOO =r OEs-, 

= angle subtended by cx ; 
sin OEji. '■=. cx 

P 

the following construction for the curve 

^ a,t which 

pole deacrihft Taking the sublunar point m as 

terrestrial globe with the 
snSCSft Through the 

ciiclein anypoiTt 

n any point c. Measure along it an arc a )0 such that 
^ *0 is always the same multiple (1) of The locus 

of the points 0, thus determined, is fhe curve required. 
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of tlie circle td consists of points under tlie advancing 
limb of tlie Moon ; kence, over the portion of the curve 00’ 
corresponding to this half-circle, the occultatioii is just 
beginning. At points on the other half of cd the Moon’s 
limb is receding ; hence over the other portion of 0 O' the 
star is reappearing from behind the Moon’s disc. 

Since the greatest and least values of cx in any position 
are d+m and d—m, it is evident that the greatest value of 
d for which an occultation can tahe place is when 

d — d on jp. 


300. Occultation of a Planet. — If s be a planet, the 
lines Us, Os, can no longer be regarded as rigorously 
parallel; but the angle between them, EsO, 

= angle subtended at s by the Earth’s radius EO 
= parallactic correction at 0 (§ 248) 

= P sin (§ 249) = P sin OEx very nearly. 

As before, EGO = p sin OEx, 

But . ECO = EsO + GEs ; 


/. jp sin OEx = P sin OEx + ex-, sin OEx = — • 

With this exception, the constrnction is the same as for 
a star. 

If the planet be so large that we must take account of 
its angular diameter, the method of the next paragraph 
must be used. 


301, Hclipse of the Sun. — There is a total eclipse of the 
Sun, provided the Moon’s disc completely covers the Sun’s ; 
this occurs if the Moon’s angular semi-diameter (m) is 
larger than the Sun’s (s), and the apparent angular distance 
between the Sun’s and Moon’s centres (as seen from any 
point at which the eclipse is visible) is less than m s. 
Hence, if the Moon’s angular semi-diameter were reduced 
to m — 8, the Sun’s centre would then be occulted. Hence 
the points 0, whose locns encloses the places from which 
the eclipse is visible, can be found as follows : — 

With centre m the sublunar point, and angular radius 
m — s, describe a circle. Through the suhsolar point x 
draw any arc of a great circle a5c, cutting the circle in c, and 



242 ASTRONOMY, 

take 0, on xc produced, such that 

sin ajO = • 

jp-p 

For an annular eclipse m < s, and the apparent angular 
distance between the centres is s — m; hence the same 
construction is followed, save that s ■— m is the angular 
radius of the small circle first described. For a partial 
solar eclipse, the angular radius is ^ -f- m. 

When a planet has a sensible disc, the beginning of its 
occultation may be compared to a partial eclipse of the 
Sun ; and the planet is entirely occulted when the conditions 
are satisfied corresponding to those for a total eclipse. 

Example.— Supposing the centres of the Earth, Moon, and Sun to 
be in a straight line and the Moon’s and Sim’s semi-diameters to bo 
exactly 17' and 16', to find the angular radii of the circles oii the 
Earth over which the eclipse is total and partial respectively, taking 
the relative horizontal parallax as 57'. 

At those points at which the eclipse is total, the apparent angular 
distance between the centres, as displaced by parallax, must be riot 
greater than IT - 16', or 1 '. Hence, since the centres are in a line 
with the Earth’s centre, the parallactic displacement must be not 
greater than 1 '. Hence, if z be the Sun’s zenith distance at the 
boundary, then 57' sin 2 = 1 '; sin z — 5 ^ 7 , or approximately cir- 
cular measure of z = But a radian contains about 57® ,* of 

a radian = 1 ® approx. Hence the eclipse is total over a circle of 
angular radius 1 ° about the sub-solar point. 

Similarly, the eclipse is partial if 57 sin 2 < 16' + 17', or 33', or 
sin 2 < If, or *58. Eroni a table of natural sines, we find that 
sin" ^*58 = 35 roughly ; therefore the angular radius is 35 1®. 


Examples on Eclu^ses generally. 


1 . To find (roughly) the maximum duration of an. eclipse of the 
Moon, and the maximum duration of totality. 


Erom § 291 we see that a lunar eclipse will continue as long as the 
Moon’s angular distance from the line of centres of the Earth and 
Sun is less than 58', and the eclipse will continue total while the 
angular distence is less than 26'. Hence, the maximum duration of 
time taken by the Moon to describe 2 x 58', or 
im, and^the^maximum duration of totality is the time taken to 
describe 2 x 26', or 52'. 

Now the Moon describes 360° (relative to the direction of the Sun) 
m the sjn^io month, 29^ days. Therefore, the times taken to 
describe 116 and 52 respectively are 
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29| X im 
360 X 60 

3h. 48m. 


and 


2912112 Jays. 


360 X 60 
and Ih. 42m 


and these are the maximum durations of the eclipse and of totality. 
The eclipse of June 26, 2029, will last 3h. 44m , and be total for 
Ih. 44m. 

2. To calculate roughly the velocity with which the Moon’s 
shadow travels over the Earth. (Sun’s distance = 93,000,000 miles. ) 

The radius of the Moon’s orbit being about 240,000 miles, its cir- 
cumference is about 1,508,000 miles. Relative to the line of centres, 
the Moon describes the circumference in a synodic month, i.e. about 
29| days. Hence its relative velocity is about 1,508,000 29J, or 

5b 000 miles per day, i.e. 2,100 miles per hour. If q denote the 
point where the middle of the shadow reaches the Earth (Big. 8S), 
and if the Earth’s surface at q is perpendicular to Sq, we have 
velocity of q : vel. of M ^ Sqi SM 
= 93,000,000 : 93,000,000 - 240,000= 1-0026 nearly. 

Hence the velocity of the shadow at g = vel. of M very nearly 

= 2,100 miles an hour. 

To find the velocity of the shadow relative to places on the Earth, 
we must subtract the velocity of the Earth’s diurnal motion. This, 
at the Earth’s equator, is about 1,040 miles an hour. Hence, if the 
Earth’s surface and the shadow are moving in the same direction, 
the relative velocity is about 1,060 miles an hour. 

3. To find the maximum duration of totality of the eclipse of 
the* example on page 240, neglecting the obliquity of the ecliptic. 

The angular radius of the shadow being 1°, or about 69| miles, its 
diameter is 139 miles. The obliquity of the ecliptic being neglected, 
the eclipse is central at a point on the equator, and the shadow and 
the Earth are therefore moving in the same direction with relative 
velocity 1,060 miles an hour (by Question 2). The greatest duration 
of totality is the time taken by the shadow to travel over a distance 
equal to its diameter, i.e. 139 miles, and is therefore 139 x 60/1060 
minutes, i.e. 7 ’9 minutes (roughly). 

EXAMPLES.— IX. 


1. If a total lunar eclipse occur at the summer solstice, and at 
the* middle of the eclipse the Moon is seen in the zenith, find the 
latitude of the place of observation. 

2. If there is a total eolipse of the Moon on March 21, will the 
year be favourable for observing the phenomenon of the Harvest 
Moon ? 

3. Having given the dimensions and distances of the Sun and 
Moon, show how to find the diameter of the umbra where it meets 
the Earth’s surface. 



CHAPTER X. 


THE PLANETS. 

Section I . — General Outline of the Solar System, 

302. The name planet, or wanderer,” was applied by 
the (3-reeks to designate all those celestial bodies, except 
comets and meteors, which changed their position relative 
to the stars, independently of the diurnal motion; these 
included the Sun and Moon. At present, however, only 
those bodies are called planets which move in orbits 
about the Sun. The Sun itself is considered to be a star, 
while the Earth is classed among the planets, and the 
Moon, which follows the Earth in its annual path, and 
has an orbital motion about the Earth, is described, along 
with similar bodies which revolve about other planets, as 
a satellite or secondary. 

303. The Snn, ©, is distinguished by its immense size 
and mass. It forms the centre of the solar system, for, in 
spite of the great distances of some of the furthest planets, 
the centre of mass of the whole system always lies very 
near the Sun. The Sun resembles the other fixed stars in 
being self-luminous. 

Its diameter is 110 times that of the Earth, or nearly 
twice as great as the diameter of the Moon’s orbit about 
the Earth. 

From observing the apparent motion of the spots or 
cavities which are usually seen on the Sun’s disc, it is 
inferred that the Sun rotates on its axis in the sidereal 
period of about 25 days. 
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304. Bode’s Law. — The distances of the planets from 
tlie Sun have been observed to be approximately connected, 
by a remarkable law known as Bode's Law, This law is 
purely empirical, that is, it is merely a result of obser- 
vation, and it has not as yet been proved to be a con- 
sequence of any known physical principle. Moreover, it 
is only roughly true, giving, as it does, a result far too 
great for the furthest planet Neptune. 

The law is given by the following rule : Write down the 
series of numbers 

0, 3, 6, 12, 24, 48, 96, 192, (384), 

each number (after the second) being double the previous 
one. Now add 4 to every term ; thus we obtain 

4, 7, 10, 16, 28, 52, 100, 196, (388). 

These numbers represent fairly closely the relative distances 
of the various planets from the Sun, the distance of th.e 
Earth (the third in the series) being taken as 10. 

The planets all revolve round the Sun in the sanxe 
direction as the Barth. Their motion is, therefore, direct, 

305. Mercury, ^ , is the planet nearest the Sun, its 
distance on the above scale being represented by 4. It is 
characterised by its small size, the great eccentricity of its 
elliptical orbit, amounting to about and the great in- 
clination of the orbit to the ecliptic, namely, about 7°. 
The sidereal period of revolution round the Sun is about 
88 of our days. 

Mercury rotates on its axis once in a sidereal period of 
revolution ; consequently it always turns nearly the same 
face to the Sun, as the Moon does to the Earth (§ 276). ^ 

Owing, however, to the great eccentricity of the orbit, 
the “ libration in longitude ” is much greater than that of 
the Moon, amounting to 47°. Consequently, rather over 
one quarter of the whole surface is turned alternately 
towards and away from the Sun, three-eighths is always 
illuminated, and three-eighths is always dark. 

Mercury resembles the Moon in having apparently no 
atmosphere. This is shown by its very low albedo, below 
that of the Moon, and by the absence of an external ring 
of refracted sunlight when it is entering on the Sun in 
transit. 
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« Venus, $ , is the next planet, its mean distance 
trom the Sun being represented by about 7 (really 7-2). 
1 s orbit IS very nearly circular, and is inclined to the 
ecliptic at an angle of about 3^ 23'. Venus revolves about 
he bun in a period of 224 days. It has an atmosphere as 
extensive as that of the Earth. The rotation period is 
still (1930) unlmown. 

307. The Harth, 0, comes next, its mean distance 
being represented by 10, and its orbit very nearly circular 

• ~ ‘ revolution in the ecliptic 

and its period of rotation is a sidereal day, or 

5bm. mean time. It is the nearest planet to the Sun 

• Moon, ([ ), which revolves about it 
in 27^- days. 


308. Mars, (J , is at a mean distance represented roughly 
y o,or JJiore accurately by 15*2. Its orbit is inclined at 
less than 2 to the ecliptic, and is an ellipse of eccentricity 
11* revolves about the Sun in a sidereal period of 
about 586 days, and rotates on its axis in about 24h. 37m. 
• 4 . • small satellites, which revolve about 

it in the periods 7J and 30|: hours, roughly. The appear- 
ance which would be presented by the inner satellite, if 
^served from Mars, is rather interesting. As it revolves 
much f aster than Mars, it would be seen to rise in the west 
and set in the east twice during the night. The outer 
satellite would appear to revolve slowly in the opposite 
direction-^from east to west. The inner satellite is eclipsed 
otten opposition, and would appear to transit the Sun's 
disc often at conjunction. 

ati>iospliere, but considerably less dense 
^ of snow or hoar frost 

w.? tlie seasons. 

areas on the planet were formerly taken for 
snmp suspected that they may be covered with 

ttaugU to 2 "" 

conspicuous planet, 
to ttfi-R ""f P'’e®ented by 52 ; but, according 

to Bode s law, there should be a planet at the distance 28 
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It was for a long time thought that no planet existed at 
this distance, hut the gap was filled, at the beginning of 
last century, by the discovery of a number of small planets, 
to which the name of Asteroids, or Minor Planets, was 
given. Since that time a few new asteroids have been 
discovered almost every year, the total number found up 
to 1919 being well over 1,000. Most of the discoveries are 
now made by photography. A very interesting asteroid, 
named Eros, was discovered by Witt in 1898. Its orbit is 
inside that of Mars, and at the most favourable oppositions, 
the next of which will occur in January 1931, it approaches 
the Earth within 15 million miles. Such opportunities are 
very useful for determining the solar parallax (see § 341). 
Eros may be just visible to the naked eye in 1931. 

Ceres is the largest asteroid, with diameter -I of that of 
the Moon. Yesta is considerably smaller, but is brighter, 
and sometimes visible to the naked eye. Among the others 
Juno, Pallas, and Astraea are the most conspicuous 
telescopic objects. Many of the smaller asteroids are less 
than ten miles in diameter, and are probably simply masses 
of rock flying round and round the Sun. 

The periodic times of revolution of the asteroids vary 
considerably, but their average is about 1,600 days. The 
orbits are in many cases very oval, the eccentricity of one 
(Folyhymnia) being over and they are often inclined at 
considerable angles to the ecliptic, the inclination in the 
case of Pallas amounting to nearly 35°, while that of Juno 
is 13°. 

A very interesting group of asteroids, known as the 
Trojans, since they are named after heroes of the siege, 
are at the same distance from the Sun as Jupiter. Each 
moves so as always to form approximately an equilateral 
triangle with the Sun and Jupiter. Five of them are in 
advance of Jupiter, two behind it. 

Two recently discovered asteroids, Ganymede and 
Hidalgo have large eccentricities. The latter travels out 
nearly to Saturn’s orbit. 

310. Jupiter, 1/ » is at a mean distance almost exactly 
represented by 52. It revolves round the Sun in a period 
of twelve years, in an orbit nearly circular and inclined at 
only 1|° to the ecliptic. 
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The diameter of Jupiter is about elevea times that of 
the Earth, and through a telescope the disc is seen to be 
encircled with a series of lelts or streaks parallel to its 
equator. On account of their variability, these are sup- 
posed to be due to belts of clouds in the atmosphere of the 
planet. 

J upiter is now known to have nine satellites. The four 
larger ones are interesting as being the first celestial bodies 
discovered with the telescope bj its inventor G-alileo 
(a.d. 1610). A fairly powerful opera glass will just 
show them. 

The orbits of all four are nearly circular, and inclined 
less than half a degree to the plane of Jupiter’s equator, 
and about 3° to the plane of its orbit. They revolve round 
Jupiter in periods of 16d. 17h., 7d. 4h., 3d. IS^h., and 
Id. IS-^h. The fifth or innermost satellite was discovered 
(1892) by Mr. Barnard with the great Lick telescope ; it 
revolves in a period of nearly 12h., at a mean distance of 
70,000 miles from the surface, or 113,000 miles from the 
centre of Jupiter. The above satellites are frequently 
eclipsed by passing into the shadow cast by Jupiter, or 
occulted when Jupiter comes between them and the Earth. 

Four very distant satellites have been detected in recent 
years. All their orbits are very eccentric and highly 
inclined to Jupiter’s orbit, and the Sun produces large 
disturbances in their motions. VI. and VII. were dis- 
covered by Mr. Periine at the Lick Observatory in 1906 ; 
they form a pair with interlocked orbits, their periods of 
revolution being 250 and 260 days. VIII. was discovered 
by Mr. Melotte at Oreenwich in 1908, and IX. by Mr. 
Mcholson at Lick in 1914, VIII. and IX. also form a 
pair with interlocked orbits, their periods of revolution 
bemg about two years ; they are sometimes 20 millions of 
mles from Jupiter, A curious feature is that VIII. and 
IX. go round Jupiter in the opposite direction to that of 
all the other satellites. 


SateUite VI. may be 100 miles in diameter j VII., VIII., 
and IX. not much over 30 miles. Even as seen from 
Jupiter they would be very faint telescopic stars. 
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311. Saturn, ^ , is at a mean distance from tlie Sun of 
95^, taking the Earth's distance as 10. This is rather less 
than the distance given by Bode’s Law. The periodic time 
of revolution is 29-^ years. The orbit is nearly circular, 
and inclined to the ecliptic at an angle of 2^°. 

8obturn's rings are among the most wonderful objects 
revealed by the telescope. They appear to be three flat 
annular discs of extreme thinness, lying in a plane inclined 
to the ecliptic at an angle of about 28°, and extending to a 
distance rather greater than the radius of the planet ; the 
middle ring is by far the brightest, while the inner ring is 
very faint. When the Earth is in the plane of the rings 
they are seen edgewise, and, owing to their very small 
thickness, they then become invisible except in the best 
telescopes. 

It is known that the rings consist of a large number of 
small satellites or meteors. It is certain that they do not 
consist of a continuous mass of solid or liquid matter. 
The surface of the planet itself is encircled with belts 
similar to those on Jupiter. 

In addition to the rings, Saturn has at least nine 
satellites, all situated outside the rings. The seven nearest 
move in planes nearly coinciding with that of the rings, 
while the orbit of the eighth is inclined to it at an angle of 
13°. The sixth satellite is by far the largest, having a 
probable diameter nearly equal to that of Mercury. The 
eighth has been observed, like our Moon, always to turn 
the same side towards the planet.* 

The ninth satellite, Phoebe, is very minute and very 
distant. It was discovered by photography in 1898 by 
Prof. W. H. Pickering. It revolves nearly in the plane of 
Saturn’s orbit, and, like Jupiter’s satellites VIII., IX., its 
motion is retrograde. 

The distances of the satellites from Saturn range from 
3 to 218 times the planet’s semi-diameter, and the corre- 
sponding periods range from 22Jh. to 550d. 

812. Uranus, at mean distance 192, revolves in an 
approximately circular orbit, nearly coinciding with the 

* This is probably true for all .satellites, excepting those that are 
very distant from their primaries. 
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ecliptic, in a period of 84 years. It was discovered in 1781 
by Sir William Herscliel, who named it the Georgmm Sidus 
in honour of the king. 

Uranus is attended by four satellites at least, and these 
possess the remarkable peculiarity of revolving in a plane 
nearly perpendicular to the ecliptic and in a retrograde 
direction. . In fact, the plane of their orbits makes an angle 
of 82° with the ecliptic. Their periods are 2 Jd., 4d., 8|d., 
and 13 |d. roughly. 


313. Neptune, — The position of this planet was 
predicted in 1846 almost simultaneously by Adams and 
Leverrier, from the observed effects of its attraction on the 
orbital motion of Uranus. It was first discovei'ed by 
G-alle, of Berlin, in September 1846, very close to the 
position which had been computed beforehand. It has a 
mean distance 301 (being considerably less than that 
which it would have according to Bode’s Law), and it 
revolves in its orbit in about 165 years. 

Neptune has one satellite moving in a retrograde direc- 
tion in a plane inclined to the ecliptic at about 35°. The 
plane of its orbit is shifting, which is concluded to be 
caused by the attraction of Neptune’s equatorial protuber- 
ance. Hence the orbit plane must make a considerable 
angle, about 20°, with Neptune’s equator. On the other 
hand, the satellites of Uranus all line in the same plane, 
which shows no shift, so that it evidently coincides with 
Uranus’s equatorial plane. 

Moore and Menzel examined the rotation of Neptune speotro- 
scopically at Lick Observatory in 1928. They find that it rotates 
in 15| hours, in the same direction as the Earth, hut in the 
opposite direction to the motion of its satellite. 

A new planet, named Pluto, was discovered at the Lowell 
* Observatory, Flagstaff, Arizona, on January 21, 1930. It is very 
faint, being of the 15th magnitude. Its present distance from the 
Sun is about 41 times that of the Earth. Its diameter is about 
4,000 miles. Its period is about 265 years, its eccentricity about 
about 17®, and it will be nearest the sun in about 
1984 It w^ searched for as a result of some computations made 
by the late Prof. Percival LowelL 



THE PLANETS. 


251 


314. Tabular View of Solar System. 


Name of 
PJanet. 

Mean Dist. 
of Planet. 
Mean Dist. 

Periodic Time. 

Inclina- 

tion 

of 

Eccen- 

tricity 

of 

No. of 
Satel- 



of Earth. 



Orbit 

Orbit. 

lites. 

Mercury, 


0-3871 

days = 
87-97 

= years 
0-241 

O f 

7 0 

•206 


Venus, 

¥ 

0-7233 

224-70 

0-615 

3 23 

•007 


Earth, 

© 

1-0000 

365 26 

1-000 

0 0 

•017 

1 

2 

Mars, 

c? 

1-5237 

686-98 

1-881 

1 51 

•093 

Ceres, 

G 

2‘im 

1,681-45 

4-604 

10 37 

•076 


Jupiter, 

1 / 

5 •2082 

4,322-59 

11-862 

1 19 

•048 

9 

Saturn, 

h 

9-5388 

10,759-20 

29-457 

2 30 

•056 

79 &3 

Uranus, 

¥ 

19-1910 

30,685-9 

84-013 

0 46 

•046 

Iring 

Neptune, 


30-0707 

60,187-6 

164-783 

1 47 

•009 

1 

Pluto 

PI. 

41-3 

96,900 

265 

17 6 

•287 



Inclin. 
Equator to 
Orbit. 

Mass. 
Earth = 1. 

Mean 

Di- 

ameter. 

Miles. 

Density 
Water 
= 1. 

Time of Sidereal 
Rotation. 

Oblate- 

ness. 

Small 

0-037 

3110 

3*5 

8 -97^ 

Small 

Unknown 

0-810 

7705 

4*86 

Unknown 

Small 

23'^ 27' 

1-000 

7917 

5-52 

23h. 56m. 4-ls. 

1/296 

23° 59' 

0*108 

4207 

3*96 

24h. 37m. 22-6s. 

1/192 

3“ 4' 

316-9 

86740 

1-34 

9h. 50in. to 9h. 56m. 

1/15 

26° 50' 

94-9 

71530 

0-71 

lOh. 14m. to lOh. 58m. 

1/10 

CO 

00 

o 

14-66 

31700 

1-27 

10|h. about 

1/14 

29° 0' 

17*16 

31100 

1*58 

15§h. about 

1/40 

Unknown 

Unknown 

4000 

*— 

Unknown 



Section II. — Synodic and Sidereal Feriods — Description of 
Motion in Elongation of Planets as seen from the Earth — » 
Phases, 

815. Inferior and Superior Planets. — Befinitions. 

In describing tlie motions of tbe planets relative to the 
Earth, it is convenient to divide the planets into tv^o 
ASTjaON. 17 
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classes ; tliose nearer the Sun than the Earth are called 

inferior, the others superior. 

The angle of elongation is the difference between the 
geocentric (§ 156) longitude of the planet and that of the 
Sun. 

It appears from the preceding section that 

(i) The planets all revolTe round the Sun in the same 
direction ; 

(ii) The planets which are nearer the Sun travel at a 
greater speed than those which are more remote. 

In order further to simplify the descriptions we shall 
assume that the planets all revolve uniformly in circles, 
about the Sun as centre, in the plane of the ecliptic. 

316. Changes in Elongation of an Inferior Planet. 

— Let U be the Earth, V an inferior planet moving in the 
orbit AJJBU' about 8 the Sun. Since 8V revolves more 
rapidly about 8 than 8Bf the motion of V relative to B, as 
it would appear from 8, is direct. 



8V separates from 8B at a rate which is the difference 
of the rates at which By V revolve in their orbits. The 
changes in the positions of the planet relative to the Suix 
are therefore the same as if B were at rest and V revolved 
with an angular velocity equal to the excess of the angular 
velocity of the planet over that of the Earth. 

Let the line B8 meet the orbit of F in J. and B. 
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^ or B it lias the same longitude as S, and if the 
actually moved in the ecliptic it would be in front 
>-un at A, behind the Sun at B. In reality, owing 
□Lclination of the orbits, this but rarely happens. 

, the planet is said to be in inferior conjunction 
0 Sun ; it has the same longitude and is nearer the 
At B the planet is said to be in superior con- 
► 3 J. with the Sun ; it has the same longitude but is 
a»way. If we consider the appearances which would 
ented on the Sun, the planet is in ‘‘ heliocentric 
^tion ” with the Earth at A and in “ heliocentric 
ion ” at B. 

r inferior conjunction at A, the planet is seen on the 
rd. side of the Sun, as at Vy The elongation 8JE1V 
.ly increases till the planet reaches a point U such 
Z is a tangent to the orbit. The planet is then at its 
sij elongation, the angle 8BU being a maximum, 
equently, as at Fj, the elongation diminishes, and 
aet approaches the Sun, until superior conjunction 
a>s at B. The planet then separates from the Sun, 
bxing on the opposite (eastern) side, as at Fg, attains 
siimum elongation at JJ’, and finally comes round 
o inferior conjunction at J.. 

iiime between two consecutive conjunctions of the 
dud (superior or inferior) is called the synodic 
of the planet (c/. § 259), and is the period in which 
»a.xates from SB through 360°. 

To find (roughly) the Ratio of the Distance 
;li.e Sun of an Inferior Planet to that of the 

p it is only necessary to observe the planet’s greatest 
don. For if U^B (Fig. 95) represent the planet 
trth at the instant of greatest elongation, the angle 
3 a right angle, and therefore 

BinSW=|?; - 


n sine of greatest elongation. 

0.06 of Earth 
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This method is, howerer, much modified by the fact that 
the real orbits are not circles, but ellipses. 



Example 1,— Given that the greatest elongation of Venus is 45®, 
find its distance from the Sun, that of the Earth being 93,000,000 
miles. 


Here distance of Venus 


= 93,000,000 sin 45° = 93,000,000 x sli 
= 93,000,000 X -70711 = 66,760,000 miles. 


Example 2.— Taking the Earth’s distance as unity, to find the 
distance of Mercury, having given that Mercury’s greatest elonga- 
tion is 22J^°. 

The distance of Mercury =: 1 X sin 22 J {4(1 ■" ®os 45®)} 

= 4n/{2-n/2) =‘38268. 


318. diangos in 3E51oiigatioii of a Superior Flanet. 

Let us now compare the apparent motion of the superior 
planet J with that of Sun. Since it revolves about the 
Sun in the same direction as the Earth does, but more 
slowly, the line 8J will move, relative to 8E, in the 
opposite or retrograde direction. Hence, in considering 
the changes in the position of the planet relative to the 
Sun, we may regard 8B as a fixed line, and J must then 
revolve about 8 in the circle ABBT with a retrograde 
motion, i.e. in the same direction as the hands of a watch. 

At A the planet is in opposition with the Sun, and its 

* As a simple illustration, both the hour and minute hands of a 
watch revolve in the same directions, but the minute hand goes 
faster and leaves the hour hand behind. Hence the hour hand 
separates from the minute hand in the opposite direction to that in 
which both are moving. 
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elongation is 180^. At B it is in conjunction, and its 
elongation is 0°. If, however, we were to refer the direc- 
tions of the Earth and planet to the Sun, the planet would 
be in heliocentric conjunction with the Earth at J., and in 
heliocentric opposition at J?. 

The planet is nearest the Earth at A, and since its orbital 
velocity is constant, its relative angular velocity is then 
greatest, and the elongation SBJ is decreasing at -its most 
rapid rate. As the planet moves round from opposition 


B 



Fig. 96. 

A to conjunction J5, the elongation SEJ decreases con- 
tinuously from 180° to 0°. 

At B the elongation is 90°^, and the planet is said to be 

in quadrature. 

At conjunction, B, the elongation is 0'^; and we may 
also consider it to be 360°. As the planet revolves from B 
to A, the elongation (measured round in the direction 
BBA) decreases from 360° to 180°. 

At T the elongation is 270°, and the planet is again said 
to be in quadrature. 

At A the elongation is again 180°, the planet being once 
more in opposition. After this the elongation decreases 
from 180° to 0° as before, as the planet^s relative position 
changes from A through B to B. 

The cycle of changes recurs in the synodic period, i.e. 
the period between two successive conjunctions or opposi- 
tions. We see that the elongation decreases continually 
from 360° to 0° as the planet revolves from conjunction 
round to conjunction, and there is no greatest elongation. 
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319. To compare (roughly) the Distance of a 
Superior Planet with that of the Earth. — Here there 
is no greatest elongation, and therefore we must resort to 
another method. 


B 



Let the planet’s elongation SUJ (Fig. 97) he observed at 
any instant, the interval of time which has elapsed since 
the planet was in opposition being also observed. Let this 
interval be t, and let S denote the length of the planet’s 
synodic period. Then, in time S the angle J8^ increases 
from 0° to 360° • therefore, if we assume the chahge to take 
place uniformly, the angle J8B qit time i after conjunction 
is = 360° X tjS. 

Hence, J8JS is known. Also JB8 has been observed, and 
SJE (= 180° — JES — JSE) is therefore also known. 

Therefore we have, by plane trigonometry, 

Distance of Planet __ SJ __ sin SMJT 
Distance of Earth ~ "SE sin StTE ^ 
which determines the ratio of the distances required. 

This method is also applicable to the inferior planets. 
It is, however, not exact, owing to the fact that the 
planetary motions are not really uniform (see § 327), 


■*^320. It is not necessary to observe the instant of conjunction or 
opposition.. If 8 is known, two observations of the elongation and 
the elapsed time are sufficient to determine the ratio of the dis- 
tances. The requisite, formulae are more complicated, but they only 
involve plane trigonometry. We, therefore, leave their investiga- 
tion as an exercise to the more advanced student. 
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liiXAMPLE.^ — ^To calculate the distance of Saturn in terms of that 
of the Earth, having given that 94 days after opposition the elonga- 
tion of Saturn was 84° 17', and that the synodic period is 376 days. 
Given also tan 5° 43' = '1. r j ^ 


Let the Sun, Earth, and Saturn be denoted by E, J. In 376 
days l JiSE increases from 0° to 360°. 

in 94 days after opposition L J8E = 90° ; 
also, by hypothesis, i JES = 84° 17'. 


. Distance of Saturn _ SJ 
Distance of Earth 


= tan SEJ = tan 84° 17' 


= oot 5° 43' = A= 10. 


Therefore the distance of Saturn, as calculated from the given 
data is 10 times that of the Earth. 


321. The synodic period of an inferior planet may 

be found very readily by determining the time between two 
transits of the planet across the Sun’s disc and counting 
the number of reyolutions in the intervaL 
For a superior planet this is not possible, and we 
must, instead, find the interval between two epochs at 
which the planet has the same elongation. 

822. Belations between the Synodic and Sidereal 
Periods, — The relation between the synodic and sidereal 
periods is almost exactly the same as in the case of the 
Moon, the only difference being that the planets revolve 
about tbe Sun and not about the Earth. 

The sidereal period of a planet is the time of the 
planet’s revolution in its orbit about the Sun relative to 
the stars. The synodic period is the interval between 
two conjunctions with the Earth relative to the Sunl It 
is the time in which the planet males one whole revolution 
as compared with the line joining the Earth to the Sun. 
Let S he the planet’s synodic period, 

P its sidereal period, 

T the length of a year, that is, the Earth’s sidereal 
period, all the periods being supposed measured in days. 
Then, in one day, 

the angle described by the planet about the Sun = 360°/P, 
the angle described by the Earth = 360°/ 

and the angle through which their heliocentric 

directions have separated = 360°/>S. 
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If tlie planet "be inferior, it revolves more rapidly 
than the Earth, and 360°/ represents the angle gained by 
the jplanet in one day. 

360° _ 360° 360° 

Y 5 


If the planet he superior, it revolves more slowly 
than the Earth, and 360 °/jS^ is the angle gained by the 
Earth in one dav. 

360° _ 360° __ 360°. 

“ r F ' 



Prom these relations, the sidereal period can be found if 
the synodic period is known, and vice versa. 


323. Phases of the Planets. — As the planets derive 
their light from the Sun, they must, like the Moon, pass 
through different phases depending on the proportion of 
their illuminated surface which is turned towards the Earth. 

Phases of an Inferior Planet.— An inferior planet Y 
will evidently be new at inferior conjunction A, dichoto- 
mized hke the Moon at its third quarter at greatest elon- 
gation F, full at superior conjunction F, dichotomized like 
the Moon at first quarter when it again comes to greatest 
elongation at F. Thus, like the Moon, it will undergo all 
the possible different phases in the course of a synodic 
revolution. 

There is, however, one important difference. As the 
planet revolves from A to F its distance from the Earth 
increases, and its angular diameter therefore decreases. 
Thus the planet appears largest when new and smallest 
when full, and the variations in the planet’s brightness 
due to the differences of phase are, to a great extent, 
counterbalanced by the changes in the planet’s distance. 
For this reason, Yenus alters very little in its brightness 
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(as seen by the naked eye) during the course of its 
synodical revolution. 



Fig. 98. 


The phase is determined by the angle 8VU, and this is 
the angle of elongation of the Earth as it would appear 
from the planet. The illuminated portion of the visible sur- 
face of the planet at V is proportional to 180°— /S' and the 
proportion of the apparent area of the disc which is illumi- 
nated varies as 1 + cos 8VE or 2 cos'^ ^ SVE. (Cf. § 263). 

The phases of Yenus are easily seen through a telescope. 

324. Phases of a Superior Planet. — For a superior 
planet J the angle SJE never exceeds a certain value. It is 
greatest when SEJ = 90°, being then the greatest elonga- 
tion of the Earth as it would appear from the planet. 
Hence the planet is always nearly full, being only slightly 
gibbous, and the phase is most marked at quadrature. 



The gibbosity of Mars, though small, is readily visible 
at quadrature, about one-eighth of the planet’s disc being 
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obscured. The other superior planets are, however, at a 
distance from the Sun so much greater than that of the 
Earth that thej alwajs appear verj approximately full. 

A very slight phase can be seen on Jupiter near 
quadrature with powerful instruments. 

325. The ** Phases " of Saturn's Bings are due to an entirely 
different cause. The plane of the rings, like the plane of the Earth’s 
equator, is fixed in direction, and inclined to the ecliptic at an angle 
of 28° 10'. Hence, during the oourse of the planet’s sidereal 
revolution, the Sun passes alternately to the north and south sides 
of the rings (just as in the phenomena of the seasons on our Earth, 
the Sun is alternately N. and S. of the equator). The Earth, which, 
relatively to Saturn, is a small distance from the Sun, also passes 
alternately to the north and south sides of the rings, and we see the 
rings first on one side and then on the other. At the instant of 
transition the rings are seen edgewise, and are almost invisible. 

Unless Saturn is in opposition at this instant, the Sun and Earth 
do not cross the plane of the rings simultaneously, and between 
their passages there is a short interval during which the Sun and 
Earth are on opposite sides of the plane ; and the unilluminated 
side of the rings is turned towards the Earth. 

There was a “disappearance” of the rings on Nov. 7, 1920, the 
rings being then edgewise to. the Earth. From this date until 
Eeb. 22, 1921 the dark side was toward the Earth ; on Feb. 22, 
1921 the rings were again edgewise on to the Earth ; and on April 9, 
1921 they were edgewise to the Sun. From April 9, 1921 to Aug. 3, 
1921 the dark side was toward the Earth, and on the last date the 
rings were edgewise to the Earth. The ring will again be edgewise 
to the Sun about Jan. 13, 1937. The “ disappearances ” occur twice 
in each sidereal period, or about once in every 15 years. 


Section III. — Kej^ler^s Laws of Llanetary Motion. 

326. Kepler’s Three Xiaws. — We have already seen 
that the orbits of most of the planets are nearly circular, 
their distances from the Sun being nearly constant and 
their motions being nearly uniform. A far closer approxi- 
mation to the truth is the hypothesis held for a long time 
by Tycho Brahe and other astronomers, namely, that each 
planet revolved in a circle whose centre was at a small dis- 
tance from the Sun, and described equal angles in equal 
intervals of time about a point found by drawing a straight 
line from the Sun’s centre to the centre of the circle and 
producing it for an equal distance beyond the latter point. 
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The true laws wHcla govern the motion of the planets 
were discovered by the Danish astronomer Kepler, in con- 
nection with his great work on the planet Mars {Be Motihns 
Stellae Martis) . After nine years’ incessant labour the first 
and second of the following laws were discovered, and 
shortly afterwards the third. 

I. Every planet moves in an ellipse, with, the Sun 
in one of the foci. 

II. The straight line drawn from the centre of the 
Sun to the centre of the planet (the planet's "radius 
vector ”) sweeps out eq.ual areas in equal times. 

III. The squares of the periodic times of the 
several planets are proportional to the cubes of their 
mean distances from the Sun. 

These laws are known as Kepler's Three Laws. We 
have already proved that the first two laws hold in the 
case of the Earth. The third law is also found to hold 
good for the Earth as well as the other planets, and this 
fact alone affords strong evidence that the Earth is a ^planet. 



By the mean distance of a planet is meant the arith- 
metic mean between the planet’s greatest and least dis- 
tances from the Sun. If _p, a (Fig. 100) be the planet’s 
positions at perihelion and aphelion (i.e. when nearest and 
furthest from the Sun respectively), the planet’s mean 
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distance = + 8a) := ijpa = (major axis of ellipse 

described) (§147). 

The periodic times are, of course, tlie sidereal periods. 
Hence the third law is a relation between the sidereal 
periods and the major axes of the orbits. 

327. Verification, of Kepler’s First and Second 
Xaws. — We will now roughly sketch the principle of the 
methods by which Kepler determined the orbit of Mars, and 
thus proved his First and Second Laws. A verification of 
the laws in the case of the Earth has already been given, ^ and 
we have shown (§ 145) how to determine exactly the position 
of the Earth at any given time ; we may regard this, there- 
fore, as known. We may also suppose the length of the 
sidereal period of Mars to be known, for the average length 
of the synodic period may be found, as in § 261, and the 
sidereal period may be deduced by the formulae of § 322. 



Ei&. 101. 


Let the direction of the planet be observed when it is at 
any point M in its orbit, the Earth’s position being JE/. 
When the planet has returned again to M after a sidereal 
revolution, the Earth will not have returned to the same 
place in its orbit, but will be in a different position, say F. 
Let now the planet’s new direction FM be observed.* 

* For simplicity we suppose Mars to move in the ecliptic plane. 
The methods require some modification when the inclination of the 
orbits is taken into account, but the general principle is the same. 
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From knowing tke Earth’s motion, we know SE, SF and 
the angle FSF. From the observations of the two direc- 
tions of M we know the angles SEM and 8FM. These data 
are sufficient to enable ns to solve the quadrilateral 8EMF.^ 
We can thus determine 8M and the angle ESMj whence 
the distance and direction of M from the Sun are found. 
Similarly, any other position of Mars in its orbit can be 
found by two observations of the planet’s sidereal period 
separated by the interval of the planet’s sidereal revolu- 
tion. 

In this way, by a series of observations of Mars, ex- 
tending over two sidereal periods, the planet’s direction 
and distance relative to the Sun can be determined daily, 
and the whole orbit can thus be plotted out. 

This method was that actually adopted by Kepler, except that he 
had not previously determined the Earth’s motion, and believed that 
it could be accurately represented by Tycho Brahe’s hypothesis. 
This approximation was close enough, for the Earth’s orbit is very 
nearly a circle, and that of Mars, which he was deducing, is very 
much more eccentric. 

328. Verification of Kepler's Third Law. — Kepler’s 
Third Law can be verified much more easily, especially if 
we make the approximate assumption that the planets 
revolve uniformly in circles about the Sun as centre. The 
sidereal periods of the different planets can be found by 
observing the average length of the synodic period (the 
actual length of any synodic period is not quite constant, 
owing to the planet not revolving with exactly uniform 
velocity) and applying the equations of § 322. The dis- 
tance of the planet may be compared with that of the Earth, 
either by observing the greatest elongation (§ 317) in the 
case of an inferior planet, or by the method of § 319. It 
is then easy to verify the relation between the mean dis- 
tances and periodic times of the several planets. 


* For join EF, In A 8EF we know SE, SF, and l E8F. Hence 
we find EF, I SEF, l SEE. Hence z FEM ( = SEM - SEF) and 
/ EFM ( = SFM - SFE) are known. With these and EF solve 
aMEF md find EM, MF. Lastly, in aSEMviq know SE, EM, 
and Z SEM, and thus we find SM and Z ESM^ 
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In the table of § 314, the student will have little diffi- 
culty in verifying (especially if a table of logarithms be 
employed) that the square of the ratio of the periodic time 
of the planet to the year (or periodic time of the Earth) is 
in every case equal to the cube of the ratio of the planet’s 
mean distance to that of the Earth.* The data being only 
however, the law can only be verified as 
approximately true, although it is in reality accurate.'!* 
Owing to the importance of Kepler’s Third Law, we 
append the following examples as illustrations. 


Examples. 

1. Given that the mean distance of Mars is 1 *52 times that of the 
Earth, to find the sidereal period of Mars. 

Tl^d La!^^ sidereal period of Mars in days. Then, by Kepler’s 

{3^}'= > 

T = 365| X i^(3-5118) = 365^ x 1-874 = 684-6. 

OT 6M-5^days*''® 

value of the relative distance, 

^melyfesV’dlys ‘^’^® 

'^®“S 399 days, to find its 

fs *’'® Earth’sVean distance 

Let The the sidereal period of Jupiter. Then, by § 322, 

^ — 1 1 333. 

T 365| 399 “ 365J-x'399' 

■' ^ 365Jdays - |9| years 

= 11*82, or nearly 12 years. 

K^t?. TiSisr* " “>“■ ™'». ‘j- 




4-1, 4. • T . * * ® ^ X ^(144) = 92 X 5*24 = 482 • 

a«at 18 , Jupiter’s distance is 482 millions of miles ’ 


of = 3 log (distance in terms 

t however, § 414. 
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By taking (T = H *82 and the Earth’s distance as 92*04, we should 
have found the more accurate value 477 ‘6 for Jupiter’s distance in 
millions of miles. 

329. Satellites.— The motions of the satellites about 
any planet are found to obey the same laws as those which 
Kepler investigated for the orbits of the planets. For 
example, the Moon’s orbit about the Earth is an ellipse, 
and (except so far as aidected by perturbations) satisfies 
both of Kepler’s First and Second Laws. When a number 
of satellites are revolving round a common primary (i.e. 
planet) as is the case with Jupiter, the squares of their 
periodic times are found, in every case, to be proportional 
to the cubes of their mean distances from the planet.**^ 

Example. —T o compare (roughly) the mean distances of its two 
satellites from Mars. The periodic times are SOJh. and 74h. respec- 
tively, and these are in the ratio (nearly) of 4 to 1. 

Hence the mean distances are as 4^ : 1, or ^16 : 1. 

Now, 2 ^16 = -^128 = 5 very nearly (since 5^ = 125). Hence 
the mean distances are very nearly in the ratio of 5 to 2. 


Section IY . — Motions Relative to Stars — Stationary Points. 

330, Direct and Retrograde Motion. — We have 
described (§§ 316—318) the motion of a planet relative to 
the Sun. In considering its motion relative to the stars we 
must take account of the Earth’s motion. 



B 



* Of course the relation does not hold between the periodic times 
and mean distances of satellites revolving round different planets 

nor between those of a satellite and those of a plaqet, * 
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An inferior planet moves more swiftly tiian the Earth. 
Hence at inferior conjunction the line AU ( Fig, 102) joining 
them is moving in the direction of the hands of a watch. 
The planet therefore appears to move retrograde. At 
greatest elongation ( Z7, W) the planet’s own motion is in 
the line joining it to the Earth, and hence produces no 
change in its direction; but the Earth’s direct motion 
causes the line EU or EU' to turn about U or W with a 
rotation contrary to that of the hands of a watch; and 
therefore the apparent motion is direct. Over the whole 
portion UB W of the relative orbit both the Earth’s motion 
and the planet’s combine to make the planet’s apparent 
motion direct. There must, therefore, be two positions, M 
between A and Z7 and M between JJ' and A, at which the 
motion is checked and reversed. At these two positions 
the planet is said to be stationary. 




A superior planet moves slower than the Earth ; hence 
at opposition the line EA (Fig. 103) joining them is turning 
in the direction of the hands of a watch. The planet 
therefore appears to move retrograde. At quadrature 
(B, T) the Earth is moving along MET ; hence its motion 
produces no change in the planet’s direction. Hence the 
planet’s direct motion about the Sun makes its apparent 
motion also direct Jn all parts of the arc BBT the orbital 
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velocities of Earth and planet conspire to produce direct 
motion. Hence the planet is stationary at if, between 
A and JB, and at N between T and A. 

In both cases the longitude increases from M to N and 
decreases from N to M; hence it is a maximum at JV and 
a minimum at if. After a complete synodic revolution the 
planet’s elongation is the same as at the beginning, and the 
Sun’s longitude has been increased ; therefore the planet’s 
longitude has also increased. Hence the direct preponderates 
oyer the retrograde motion. 





331. Alternative explanation. — We may also proceed 
as follows. Let JS7, J represent two planets at heliocentric 
conjunction. Let Jg, be their 

successive positions after a series of equal intervals. To 
find the apparent motion of J among the stars, as seen 
ASTRON. 18 



270 


ASTEONOMr. 


Whence, since P'P is perpendicular to SP and Q'Q to SQ, 
u cos SPQ = V cos SQUT = — V cos SQP (i), 

and this is the condition that the planets may be stationary 
relative to one another. ^ 



334. To find the antpla between the radii vectores in the 
stationary position, and the period during which a planet’s 
motion IS retrograde.— By projecting SQ, QP on 8P, we have 
i «08 PSQ + PQ cos 8PQ. 

Similarly 6 = a oos PSQ + PQ eos SQP. 

cos SPQ : cos SQP = a -boos PSQ : 6 - a cos PSQ. 
Whence, by (i), u{a-b cos PSQ) + » (6 - « cos PSQ) = 0 ; 

.-. cos PSQ = 

€tv -j- bu 

By means of Kepler’s Third Law, we can express the ratio of u to 
in terms of a and b. For if T,, T, denote the periodic times, then 
evidently uT^ = 2ira ; vT^ = 2irb; 

= aT^ihTi. 

But T^:T^ = J:b^; 

u:v= Jh: 

Substituting in ii), we have 

i PSQ = ^ + b^) _ J{ah) 

asja + bsjb ' ^ ^ 


cos j 




\/{a6) + b' 


[From this result it may be easily deduced that 


tan i PSQ = A 


■ PSQ\ i 
\l+ooa PSQJ v'la + hlJ' 
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In the above investigation PSQ is the angle through which SQ 
separates from SP between heliocentric conjunction and the station- 
ary point. Hence, since I PSQ increases from 0" to 360'^ in the 
synodic period /S, the time taken from conjunction to the stationary 


point 


360 ^^ 


If / PSQy = L PSQ, there is another stationary point before con- 
junction, when the planets are in the relative positions P, Q. Hence, 
the interval between the two stationary positions is twice the time 
taken by the planets to separate through I PSQ, and is therefore 

- X ^ i X -j^o- 


This represents the interval during which the motion of either 
planet, as seen from the other, is retrograde- During the re- 
mainder of the synodic period the motion is direct, and the time of 
direct motion is therefore 




Section V . — Axial Rotations of Sun mid Planets, 

335. The Period of Rotation of the Sun can be found by 
observing the passage of sunspots across the disc. These spots, by 
the way, are very easily exhibited with any small telescope by 
focussing an image of the Sun on to a piece of white paper placed 
a few inches in front of the eye-glass — for to look straight at the 
Sun would cause blindness. As the Sun’s axis of rotation is nearly 
perpendicular to the ecliptic, the rotation of the spots is seen in 
perspective, and makes them appear to move nearly in straight 
lines across the disc. Prom this observed apparent motion (as 
projected on the celestial sphere in a manner similar to that 
explained in § 263) their actual motion in circles about the Sun’s 
axis is readily determined. For example, if a spot moves from the 
centre of the disc to the middle point of its radius, we may readily 
see that the angle turned through = sin~^ J = 30°. 

The spots are observed to return to the same position in about 
27i days, and this is their synodic period of rotation relative to the 
Earth. Call it 8, and let T be the time of a sidereal rotation, T the 
length of the year. Then, as in the case of an inferior planet 
(§ 322), we may show that 

JL- • 1 

^ " T 27j'^36^’ 

whence the true period of rotation T = 25-| days (roughly). 

It has been observed that spots near the Sun’s equator rotate 
considerably faster than those in higher latitudes. This proves the 
Sun’s surface to be in a gaseous condition, for no rigid body could 
rotate in this way. 
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336. Periods of Kotatiou of Planets.— -The rotation period 
of a superior planet is easily found by observing the motions of the 
markings across its disc near opposition, allowance being made for 
the motions of the Earth and planet. The surface of Mars has well- 
defined markings, which give the period 24h. 37m. 22’6s. The 
principal mark on Jupiter is a great red spot amid its southern 
belts, which rotates in the period of 9h. 56m. Its equatorial zone 
rotates in 9h. 50m. Saturn’s equator rotates in lOh. 14m., its 
temperate zones in lOh. 37m. Thus Jupiter and Saturn resemble 
the Sun in having slower rotation in higher latitudes. 

For an inferior planet^ the period is more difficult to observe. 
There is still some uncertainty as to whether V enus rotates in a 
short period, or whether, like Mercury, it always turns the same 
face to the Sun. There are no well-defined markings, and, as the 
greatest elongation is only 45°, Venus can only be seen for part of 
the night as an evening or morning star, and in the most favourable 
positions only a portion of the disc is illuminated. Moreover, 
refraction, modified by air-currents, prevents the planet from being 
seen distinctly when near the horizon. If the same markings are 
seen on the disc of a planet on consecutive nights, they may either 
have remained turned towards the Earth, or they may have rotated 
through 360° during the day; hence the difficulty of deciding 
between the two alternative hypotheses. Before the researches of 
Schiaparelli (§ 305), it was believed that Mercury also rotated in 
about 24h. 

The rotation periods of Uranus and Neptune have been found by 
the spectroscope to be about lOfh. and 15|h. respectively. 


EXAMPLES.— X. 

1. The Earth revolves round the Sun in 365*25 days, and Venus 
in 224*7 days. Find the time between two successive conjunctions 
of Venus. 

2. If Venus and the Sun rise in succession at the same point of 
the horizon on the 1st of J une, determine roughly Venus’ elongation. 

3. Find the ratio of the apparent areas of the illuminated portions 
of the disc of Venus when dichotomized and when full, taking 
Venus’ distance from the Sun to be ^ of that of the Earth. 

4. Mars rotates on his axis once in 24i hours, and the periods of 
the sidereal revolutions of his two satellites are hours and 30 
hours respectively. Find the time between consecutive transits 
over the meridian of any place on Mars of the two satellites 
respectively. 

5. A small satellite of the Earth is eclipsed at every opposition. 
Find an expression for the greatest inclination which its orbit can 
have to the plane of the ecliptic. 
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6. If the periodic time of Saturn be 30 years, and the mean dis- 
tance of Neptune 2,760 millions of miles, find (roughly) the mean 
distance of Saturn and the periodic time of Neptune. ( Earth's mean 
distance is 92 millions of miles. ) 

7. If the synodic period of revolution of an inferior planet were a 
year, what would be its sidereal period, and what would be its mean 
distance from the Sun according to Kepler’s Third Law ? 

8. Jupiter’s solar distance is 5*2 times the Earth’s solar distance ; 
find the length of time between two conjunctions of the Earth and 
Jupiter. 

9. S.aturn’s mean distance from the Sun is nine times the Earth’s 
mean distance. Find how long the motion is retrograde, having 
given coB*“^# = 65®. 

10. Show that if the planets further from the Sun were to move 
with greater velocity in their orbits than the nearer ones, there 
would be no stationary points, the relative motion among the stars 
being always direct. What would be the corresponding phenomenon 
if the velocities of two planets were equal ? 


EXAMINATION PAPEE.— X. 

1. Explain the apparent motion of a superior planet. Illustrate 
by figures. 

2. Describe the apparent course among the stars of an inferior 
planet as seen from the Earth, and the changes in appearance which 
the planet undergoes. 

3. Define the sidereal and synodic period of a superior or inferior 
planet, and find the relation between them. Calculate the synodic 
period of a superior planet whose period of revolution is thirty 
years. 

4. How is it that Venus alters so little in apparent magnitude (as 
seen by the naked eye) in her journey round the Sun ? Why does 
not Jupiter exhibit any notable phases? 

5. State Bode’s Law connecting the mean distances of the various 
planets from the Sun. 

6. Prove that the time of most rapid apj>roaoh of an inferior 
planet to the Earth is when its elongation is greatest, and that the 
velocity of approach is then that under which it would describe its 
orbit in the synodic period of the Earth and the planet. Give the 
corresponding results for a superior planet. (The orbits are to be 
taken circular and in the same plane. ) 
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7. What is meant by stationary points in the apparent motion of 
a planet? Prove that, if a planet Q is stationary as seen from P, 
then P will be stationary as seen from Q, 

8. State Kepler’s Three Laws, and, assuming the orbits of the 
Earth and Venus to be circular, show how the Third Law might be 
verified by observations of the greatest elongation and synodic 
period of Venus. 

9. Find the periods during which Venus is an evening star and a 
morning star respectively, being given that the mean distance of 
Venus from the Sun is *72 of that of the Barth. 

10. Having given that there will be a full Moon on the 5th of 
June, that Mercury and Venus are both evening stars near their 
greatest elongations, that Mars changed from an evening to a niom- 
ing star about the vernal equinox, and that J upiter was in opposition 
to the Sun on April 21st, draw a figure of the configuration of these 
heavenly bodies on May 1st. (All these bodies may be supposed to 
move in one plane.) 



CHAPTER XL 


THE DISTANCES OF THE SUN AND STARS. 

Section I. — Introduction — Determination of the Sun's 
Parallax by Observations of a Superior Planet at 
Opposition.^ 

t 

337. In Chapter VIII., Section I., we explained the 
nature of the correction known as parallax, and showed how 
to find the distance of a celestial body from the Earth in 
terms of its parallax. We also described two methods of 
finding the parallax of the Moon or of a planet in opposi- 
tion — ^the first by meridian observations at two stations, one 
in the northern and the other in the southern hemisphere 
(§ 252) ; the second by micrometric observations made at a 
single observatory shortly after the time of rising and 
sliortly before the time of setting of the planet or observed 
body (§ 254). 

In both methods the position of the body is compared 
with that of neighbouring stars. This is impossible in the 
case of the Sun, for the intensity of the Sun’s rays neces- 
sitates the use of darkened glasses in observations of the 
Sun, and these render all near stars invisible. 

Of course the star could theoretically be dispensed with in the 
method of § 252, but only (as there explained) at a great sacrifice of 
aconracy ; and if a star is used which crosses the meridian at night, 
the temperature of the air has changed considerably, and the correc- 
tions for refraction are therefore quite different, besides which 
other errors are introduced by the change of temperature of the 
instrument. 


* The student will find it of great advantage to revise Section I. 
of Chapter VIII. before commencing the present Section. 
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In § 264 we described a method, due to Aristarchus, in 
which the ratio of the Sun’s to the Moon’s distance was 
determined by observing the Moon’s elongation when dicho- 
tomized, butthis method was rejected, owing to the irregular 
boundary of the illuminated part of the disc, and the con- 
sequent impossibility of observing the instant of dichotomy. 

338. Classification of Methods. — The principal 
ticahle methods of finding the Sun’s distance may be con- 
veniently classified as follows : — 

A. Geometrical Methods. 

(1) By observations of the parallax of a superior planet 

at opposition (Section I.). 

(2) By observations of a transit of the inferior planet 

Venus (Section II.). 

B. Optical Methods (Section IV.). 

(3) By the eclipses of Jupiter’s satellites (Eoemer’s 

Method). 

(4) By the aberration of light. 

C. Gravitational Methods (Chapter XIV., Section IV.). 

(5) By perturbations of Venus or Mars. 

(6) By lunar and solar inequalities. 

339. To find the Sun’s Parallax by Observation of 
the Parallax of Mars. — By observing the parallax of 
Mars when in opposition, the Sun’s parallax can readily be 
found. For the observed parallax determines the distance 
of Mars from the Earth, and this is the difference of the 
distances of the Sun from the Earth and Mars respectively. 
The ratio of their mean distances may be found, if we 
assume Kepler’s Third Law (§ 326), by comparing the 
sidereal period of Mars with the sidereal year, and is there- 
fore known. Hence the distance of either planet from the 
Sun may readily be found, and the Sun’s parallax thus 
determined. 

The parallax of Mars in opposition may be observed by 
either of the methods described in Chapter VIII., Section I. 
The method of § 252 (by meridian observations at two 
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stations) was employed by E. J. Stone in 1865. The obser- 
vations were made at Greenwich and at the Cape, and the 
Sun’s parallax was computed as 8*943". The method of 
§ 254 was employed by Gill in 1879, and the result was 
8783". The red colour of Mars is disadvantageous to 
this method, as the refraction of its light by the atmosphere 
is slightly less than that of most stars. 


Example. — If the parallax of Mars when in opposition be 14", to 
find the Sun-s parallax, assuming the distances of the Sun from the 
Earth and Mars to be in the ratio of 10 : 16. 

The distance of the Earth from Mars in opposition is the difference 
of the Sun’s distances from the two planets. Hence 

Distance of Earth from Mars : Distance of Earth from Sun 
= 16 - 10 : 10 = 3 : 5. 

But the parallax of a body is inversely proportional to its distance 
(§250). 

/. Parallax of Sun : Parallax of Mars = 3:5; 

Sun’s parallax = ^ = 8 •4". 

5 

*340. Effect of Eccentricities of Orbits. — Owing to the eccen- 
tricities of the orbits of the Earth and Mars, their distances from 
the Sun when in opposition will not in general be equal to their 
mean distances, and therefore their ratio will differ from that given 
by Kepler’s Third Law. But, by the method of § 145, the Earth’s 
distance at any time may be compared with its mean distance, and 
similarly, since the eccentricity of the orbit of Mars and the position 
of its apse line are known, it is easy to determine the ratio of Mars’ 
distance at opposition to its mean distance, and thus to compare its 
distance with that of the Earth. 

341. Sun’s Parallax by Observations on the Aste- 
roids and on Venus.— The Sun’s parallax may also be 
found by observing the parallax of one of the asteroids 
when in opposition, the method being identical with that 
employed in the case of Mars. In this way Galle, by 
meridian observations of the parallax of Flora at opposition 
in 1873, computed the Sun’s parallax at 8*873", and 
Lindsay and Gill, by observing the parallax of Juno in 
1877, found the value 8*765". By far the best asteroid for 
the purpose is Eros (see p. 247). At the fairly favourable 
opposition of 1901, a great number of observatories co- 
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Operated in observing and plxotographing the asteroid and 
surrounding stars. Mr. A. Hinlrs deduced the value 
8*806" corresponding with the distance 92,834,000 miles, 
for the Sun’s parallax, and this is accepted as the most 
reliable determination yet made. The work will probably 
be repeated at the still more favourable opposition of 1931. 


Examples. 


1. The parallax of Mars was observed when it was in opposition 
in perihelion, the Earth’s distance from the Sun being then 1 *01 
times its mean distance ; the observed value was 23 *48" ; calculate 
the Sun’s mean parallax, the eccentricity of Mars’ orbit being 
and its period 1 *88 years. 

Let r, r' denote the mean distances of the Earth and Mars from 
the Sun respectively. By Kepler’s Third Law we have 


( 1 * 88 )^ 

I'i 


- = (1-88)3 = 1-523. 

T 


The perihelion distance of Mars from the Sun = r' (1 - 
= (1 - X l*523r = (1*523 - *138)?-= l*385r. 


The Earth being distant 1*0 Ir from the Sun, is ‘STSr from Mars, 
the three bodies being in a straight line at opposition. 

Therefore, since r is the Sun’s mean distance from the Earth, we 
have 

Observed parallax of Mars _ t _ 1 _ 8 , 

Mean parallax of Sun *375r ~ *375 ~ T’ 

.*. Sun’s mean parallax = 23*48 ' X f = 8-805". 


2. To find the Earth’s mean distance from the Sun, and its dis- 
tances at perihelion and aphelion, taking the Sun’s parallax as 8 *79". 

If a denote the Earth’s equatorial radius, we have, approximately, 

r = ^ = 0^ ^ ^ 206,2 65 

sin 8 79" circ. meas. of 8*79" 8*79 

Taking a = 3963*3, this gives 

r (Earth’s mean solar distance) = 93,002,000 miles, 
correct to the nearest thousand miles. 

Also, perihelion distance from Sun = 93,002,000 X (1 - 
= 93,002,000 - 1,550,000 = 91,452,000 miles, 

and aphelion distance =± 93,002,000 X (1 + 

= 93,002,000 + 1,550,000 = 94,652,000 miles. 
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Section II . — Transits of Inferior Planets. 

342. When either of the inferior planets Mercury or 
Venus is very close to one of its Nodes (Art. 332) at the 
time of inferior conjunction, it passes over the Sun’s disc, 
appearing as a black dot. 

Transits of Venus are interesting historically, since it 
was by them that a fairly reliable estimate of the Sun’s 
distance was first obtained. The ratio of the distances of 
Venus and the Earth from the Sun can be found by the 
method of Art. 317 ; they are approximately as 18 to 25. 
Hence when Venus is in inferior conjunction its distance 
from the Earth is to that of the Sun as 7 to 25. Their 
parallaxes are therefore as 25 to 7 (Art. 250) and the 
relative parallax of Venus (i.e. the excess of its parallax 
over the Sun’s) is of the Sun’s parallax. 

This relative parallax was found by two methods : each 
method required observers to be stationed over widely 
scattered regions of the Earth’s surface, who should observe 
the exact instants at which the discs of the Sun and Venus 
touched each other, with the planet lying wholly upon the 
Sun. The calculation depends on the fact that these 
observed times will be slightly different at the different 
stations. 

Halley, who was the first to suggest the method of 
transits of Venus for finding the Sun’s distance, noted that 
it was very difficult to ascertain the longitudes of the 
stations occupied with the accuracy necessary for finding 
the absolute times of contact; hence he relied on com- 
parisons of the observed duration of transit, reckoned from 
first to second internal contact, as seen from different 
stations. Some of these stations were chosen as far north 
as possible, others as far south as possible, so as to dis- 
place Venus to the south and north respectively on the 
Sun’s disc. See Eig. Ill where a and h are the relative 
positions of Venus on the Sun’s disc as seen at A and B 
respectively on the Earth. 

Delisle’s method assumed that the longitudes of the 
observing stations were known, so that the Greenwich 
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times of the contacts could be determined. Stations were 
chosen for which internal contact at Ingress happened as 
early and as late as possible ; similarly for internal con- 
tact at Egress. Separate determinations of the parallax 



Em. Hi. 



result from the observations at Ingress and Egress, and 
these serve to check each other. This method is much the 
best, provided longitudes can be accurately determined. 
This is now possible by wireless telegraphy, but in 1874 
and 1882 observers in many cases had to determine longi- 
tude by lunar methods (see Art. 244) . Favourable stations 
for Delisle’s method can be found in lower latitudes than 
those for Halley’s method. This is an advantage both 
from^ greater accessibility and (usually) better weather 
conditions. 


343. Keciirrexice of Transits of Venns. — Thirteen 
revolutions of Yenus are very nearly equal to eight of the 
Earth. Accordingly transits of Venus frequently occur in 
pairs 8 years apart. After such a pair there is an interval 
of more than a century before another pair*, and these 
take place at the opposite node. The period of 243 years 
gives an extremely close approximation to recurrence of 
circumstances ; thus we have December transits in the 
years 1631, 1639, 1874, 1882, 2117, 2125, etc., the series 
contmuing unbroken for more than a thousand years from 
the present time; and June transits in- 1761, 1769, 2004, 
etc., till 2733 when -Yenus just misses the Sun, 

crossing it near the centre in 2741. 

The first observed transit was that of 1639, seen by 
Ho^oc^ and Crabtree. The pair of 1761, 1769 gave the 
first i&irlj reliable determination of t|ie Sun’s distance. 
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Eiicke deduced tlie value 95^ million miles, whicli is about 
24 - million miles too great. 

The transits of 1874,1882 were very carefully observed, 
but discussion of the observations established the fact that 
the method is not capable of such precision as had been 
hoped. Its drawbacks are : — 

(1) Atmospheric tremors produced by the Sun’s heat ; 

(2) Distortion of the shape of Yenus when in contact 
with the Sun — this is probably due to irradiation, and 
makes it difiS.cult to determine the time of contact within 
several seconds ; 

(3) The difficulty is further increased by the fact that 
Yenus has an atmosphere similar to our own — the portion 
of Yenus outside the Sun is surrounded by a luminous 
ring, owing to refraction, which increases the difficulty of 
noting the instant of contact. 

When we add that the asteroid Eros (discovered in 1898) 
is about 3 times a century at a distance from the Earth 
only half that of Yenus, and that its place among the 
stars can be fixed very accurately by photography, it will 
be seen that it is unlikely that transits of Yenus will ever 
again be employed to find the Sun’s distance. They will 
doubtless be observed in the future, but the observations 
will only be used to give better determinations of the 
elements of Yenus’s orbit.’ 

344. Transits of Mercury occur much more frequently 
than those of Yenus : there was one in 1927, and the average 
interval between them is only 7f years,* They are also 
free from the objection (3) above, since Mercury has little 
or no atmosphere. It is, however, much farther from the 
Earth than Yenus is, and its parallax relatively to the 
Sun is too small to make the method of any use. The 
pai'allax of Mercury is 16*0" in May transits, and 13*0" in 
November ones. The parallax relatively to the Sun is 7*2" 
and 4T" in the two cases, whereas that of Yenus is 24*5". 

* There is a partial transit on May 10, 1937, visible south of Cape 
of Good Hope. Then November 11, 1940, visible in America, and 
November 14, 1953, visible in Europe. 
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Examples. 

1. Given that the synodic period of Verms is 584 days, and that the 
difference between the times of ending of a central transit, as seer 
from opposite ends of that diameter of the Earth that is in th< 
direction of motion, is 11m. 25s., to find the Sun’s parallax. 

In 584 days Venus revolves through 360® about the Sun relatively 
to the Earth ; therefore its angular motion per minute is 
360 X 60 X 60 _ I .r^y, 

584 X 24 X 60 

Therefore in 11 Am. Venus describes an angle 1*54E' X H A = 
17*60". The Sun’s parallax is half this or 8*80". 

2. To find the angular rate at which Venus moves across the 
Sun’s disc. 

Let S, Ef V denote the Sun, Earth, and Venus respeotivelv 
(T’ig. 111). 

From the example of § 344, SV separates from 8E with relative 
angular velocity, about /S', of 1*54" per minute, or F 32*4'' per hour. 

But Venus is nearer the Earth than the Sun in the ratio 28 : 72 
(roughly). And we have 
angular velocity ot EV i ang, vel. oi 8 V 

W' 

Therefore EV separates from ES with angular velocity 
= ^ X 1' 32*4" per hour = 3' 67*6" per hour 

= 4" per minute very nearly. 


Section HI. — Annual Parallax, and Distances of the 
Fixed Stars, 


345. Annual Parallax, Definition.— By Annual 
Parallax is meant the angle between the directions of a 
star as seen from different positions of the Earth in its 
annual orbit round the Sun. 


We have several times (§§ 5, 247) mentioned that the 
nxed stars have no appreciable geocentric parallax. Their 
topees from the Earth are so great that the angle sub- 
tended at one of them by a diameter of the Earth is far too 
small to ^ observable even with the most accurately 

diameter of the Earth’s 
am^ orbit IS about 23 400 times as great as the Earth’s 
diameter, or about 186 Bullion miles (twice the Sun’s 
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distance), and this diameter subtends, at certain of the 
nearest fixed stars, an angle which is measurable — exceed- 
ing 1" in the case of our three nearest neighbours. 

ISTow, the Barth, by its annual motion, passes in six 
months from oie end to the other of a diameter 
of its orbit ; hence, by observing the same star 
at an interval of six months, its displacement 
due to annual parallax can be measured. 

Since the Sun is fixed, the position of a star 
on the celestial sphere is corrected for annual 
parallax by referring its direction to the centre 
of the Sun ; this is called the star’s heliocentric 
direction, as in § 166. 

The correction for annual parallax is the Fig. 112. 
angle between the geocentric and heliocentric 
directions of a star. Let S be the Sun, T1 the Earth, x 
the star (Fig. 112) . Then Ex is the apparent or geocentric 
direction of the star, Sx its heliocentric direction, and 
Z ExS is the correction for annual parallax. This angle is 
also equal to xEx' where Ex^ is parallel to Sx. 

We notice that the correction for annual joarallax (ExS) 
is the angular distance of the Earth from the Sun as they 
would a'p^ear if seen by an observer on the star. 

846. To find the Correction for Annual Parallax. 

Let r = ES ■= radius of Earth’s orbit. 
d = Sx distance of star. 

E = Z SEx = angular distance of star from Sun. 
p = Z ExS = annual parallax of star. 

By trigonometry we have in the triangle SEx 
sin ExS ___ . 

sin SEx Sx 

whence'^'' sin p = -^sin E (i) 

Cv 

* Notice the close similarity between the present investigation 
and that of § 249. 
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Hence tlae parallactic correction p is greatest when 
IS =. 90^. This happens twice a year, and the corre- 
sponding positions of the Earth in its orbit are evidently 
the intersections of the ecliptic with a plane drawn through 
B perpendicular to Sx. Let this greatest value 
& of p be denoted by P, then P is called the star’s 
/ n annual parallax, or simply the star’s parallax.*’*' 

/ / Putting E = 90° in (i), we have 


// smP = ^; 

^ / and therefore sin = sin P . sin E, 

"tii But the angles P, ^ are always very small ; 

Fio. 113. therefore their sines are very approximately 
equal to their circular measures. Thus we have 
approximately 


P (in circular measure) 


r 

7l ’ 


p :z JP sin E ; 


and, if P'', p" denote the numbers of seconds in P, py 


X 60 206,265 ^ (approximately), 

TT u dr 

and y' = P" sin E. 


B47. Relation between the Parallax and Distance 
of a Star. — ^If a star’s parallax be known, its distance from 
the Sun is given by the formula 


180 X 60 X 60 r 


L = 206,265 

d 


whence eZ = : 

X P" 


; 206,265 


jpn> 


where r is the Sun’s distance from the Earth. 


For most purposes r may be taken as 93 million miles. 


* There is no risk of oonfnsion in the use of the term parallax 
alone, because a star has no geocentrio parallax. The parallax” 
of a body Tnexms its equatorial horizontal parallax if the body belongs 
to the solar system. If not, its parallax” is its annual parallax. 
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Examples. 

1. The parallax of Castor is 0*06" ; to find its distance. We have 

^ OAA ofi^ ^ 206,265 X 93,000,000 

" ’ F' 

= lofi X 206,265 X 93,000,000 
= 320,000,000,000,000, or 320 x miles 
approximatel 3 ^ It would be useless to attempt to calculate more 
figures of the result with the given data, which are only approxi- 
mate. It is most convenient {besides being shorter) to write the 
result in the second form. 


2. To find the distance of a Gentauri (i) in terms of the Sun’s 
distance, (ii) in miles, taking its parallax to be 0*750". 

Here d = = 276,000»- 

= 275 X 103 X 93 X 10« = 25,575 x 10® 

= 266 X 10^1 miles approximately. 


348. General Effects of Parallax. — Since Ex' is 
parallel to Sx, it is in the same plane as E8 and Ex, 
Hence the lines ES, Ex, Ex' cut the celestial sphere of E 
at points 8, x, Xq, lying in one great circle, and we have the 
two following laws : — 

(i) Parallax displaces the apparent position of a star from 
its heliocentric position in the direction of the Sun. 

(ii) The parallactic displacement of any star at different 
times varies as the sine of its angular distance from the Sun. 



Fig. 114. 



Let Eig. 115 represent the observer’s celestial sphere, 
S the Sun. Let x be the apparent or geocentric position 
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Hence tlie parallactic correction p is greatest -when 
B = 90°. This happens twice a year, and the corre- 
sponding positions of the Earth in its orbit are evidently 
the intersections of the ecliptic with a plane drawn through 
8 perpendicular to 8x. Let this greatest value 
& of p be denoted by P, then P is called the star's 
/ / annual parallax, or simply the star’s parallax.* 

/ Putting H = 90° in (i), we have 


// = 

I / and therefore sin jp = sin P . sin P. 

BS But the angles P, p are always very small ; 

Fig. 113. therefore their sines are very approximately 

equal to their circular measures. Thus we have 

approximately 


P (in circular measure) == 


7i ' 


p IZ F sin E ; 


and, if P''', p'' denote the numbers of seconds in P, p, 


p„_ 180 X 60X 60 £.-206,265 ^ (approximately), 

TT d d 

and p" = P" sin P. 


847. Relation between the Parallax and Distance 
of a Star, — ^If a star’s parallax be known, its distance from 
the Sun is given by the formula 


jp// 180 X 60 X 60 r 206 265 ^ 

whence d = 1§0_>£60^ ^ ^ 206.265 

TT X P P" 


where r is the Sun’s distance from the Earth. 


Eor most purposes r may be taken as 93 million miles. 


* There is no risk of confusion in the use of the term parallax 
alone, because a star has no geocentric parallax. The. parallax 
of a tody means its equatorial horizontal parallax if the tody belongs 
to the solar system. If not ^ its parallax ” is its a^inual parallax. 
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Examples. 

1. The parallax of Castor is 0*06" ; to find its distance. We have 

. „ oar ork ^ - 206,265 X 93,000,000 
d 206, 65^, 

= X 206,265 X 93,000,000 
= 320,000,000,000,000, or 320 x miles 
approximately. It would be useless to attempt to calculate more 
figures of the result with the given data, which are only approxi- 
mate. It is most convenient (besides being shorter) to write the 
result in the second form. 

2. To find the distance of a Gentauri (i) in terms of the Sun’s 
distance, (ii) in miles, taking its parallax to be 0’750". 

Hero d = = 276,000r 

*70 

= 275 x 103 X 93 X 10» = 25,575 x* W 
= 266 X miles approximately. 


348. General Effects of Parallax. — Since JEx' is 
parallel to Sx, it is in the same plane as ES and Ex. 
Hence the lines ES, Exy^ Ex' cut the celestial sphere of E 
at points S, x, Xq, lying in one great circle, and we have the 
two following laws : — 

(i) Parallax displaces the apparent position of a star from 
its heliocentric position in the direction of the Sun. 

(ii) The parallactic displacement of any star at different 
times varies as the sine of its angular distance from the Sun. 



Fig. 114. 



Let Fig. 115 represent the observer’s celestial sphere, 
S the Sun. Let x be the apparent or geocentric position 
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of the star, whose parallax is P. Draw the great circle 
Sx and produce it to % making 

xXq = P sin Sx, 

Then Xq represents the star’s heliocentric position, and 
this is its position as corrected for annual parallax. 

Conversely, if the star’s heliocentric position Xq is given, 
we may obtain its geocentric orapparentpositiona? by join- 
ing and on it taking 

xjx = P sin & = P sin Sx^^ very approximately 
(for the difference between P sin Sx and P sin Sx is 
exceedingly small, and may be neglected) . 

The terms Parallax in Iiatitude and Parallax in 

Longitude ^ are used to designate the corrections for 
parallax which must be applied to the celestial latitude and 
longitude of a star respectively. Similarly, the parallax 
in decl. and parallax in R.A. denote the correspondino- 
corrections for the deck and E.A. ^ 

349. To show that any star, owing to parallax, 
appears to describe an ellipse. ’ 


.X' 



In Fig. 114i, Esi! is paraUel to the star’s heliocentric 
toeetion; therefore, aj' is fixed, relative to the Earth. 
Morwver <c'z = ES. Hence, as the Sun S appears to 
revolve about the Earth in a year, the star * will appear 
as though It revolved in an equal orbit about its helio- 
centric position a/, in a plane parallel to the ecliptic. 
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Let the circle MN (Fig, 116) represent this path, which 
the star x appears to describe in consequence of parallax. 
This circle is viewed obliquely, owing to its plane not being 
in general perpendicular to W ; hence, if mn denote its 
projection on the celestial sphere, the laws of perspective 
show that mn is an ellipse. (Appendix, 12.) This small 
ellipse is the curve described by the star on the celestial 
sphere during the year. 

Particular Cases. — A star in the ecliptic moves as if it 
revolved about its mean position in a circle in the ecliptic 
plane, hence its projection on the celestial sphere oscillates 
to and fro in a straight line (more accurately a small arc of 
a great circle) of length 2P. 

For a star in the pole of the ecliptic the circle MN is per- 
pendicular to Fx\ hence Ex describes a right cone, and the 
projection x describes on the celestial sphere a circle ^ of 
angular radius P, about the pole K, 

If the eccentricity of the Earth’s orbit be taken into account, the 
curve MN will be an ellipse instead of a circle, but its projection 
mn will still be an ellipse. 

850. Major and Minor Axes of the Ellipse. — We 

shall now prove the following properties of the small ellipse 
described during the course of the year by a star whose 
parallax is P, and celestial latitude Z. 

(i) (a) The length of the semi-axis major is P. 

(b) The major axis is parallel to the ecliptic. 

(c) When the star is displaced along the major axis it 

has no parallax in latitude. 

(d) At these times the Sun's longitude differs from the 

star's ly 90°. 

(ii) (a) The length of the semi- axis minor is P sin 1. 

(b) The minor axis is perpendicular to the ecliptic. 

(c) When the star is displaced along the minor axis it 

has no parallax in longitude. 

(d) At these times the Sun's longitude is either egual 

to the star' 8 f or differs from it by 180°. 
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On the celestial sphere let Xq denote the heliocentric 
position of the star, ABA^B' the ecliptic, K its pole, 
BKx^B the secondary to the ecliptic through the star. 
Then, if 8 is the Sun, the star Xq is displaced to aj, where 

XqX = JP sin ajyS. 



(i) The displacemeat is greatest -when sin x,8 is greatest, 
and this happens when ® 

sin x,8 = 1, x,S = 90°. 

If, therefore, we take A, A' on the ecUptic so that 
x,A = ZgA' = 90°, 

A, A' are the corresponding positions of the Sun. 

*^®/reat circle J,T„/is a secondary to 
’ ^ displaced positions of the 

Also, -e^a, = _ p gjj^ 90° = p . 

therefore the semi-axis major of the elUpse ’is P. 

^ longitude (rB) differs 

from the Sun’s longitude at A or A' by 90° ^ ^ 

.iu=»d. £dS'S:o" ”■ 
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(ii) The parallactic displacement is least when sin XqS is 
least, and this happens when 8 is at B. For (Sph. Q-eom., 
26) J5 is the point on the ecliptic nearest to Xq. Also, since 
sin x^B' = sin (180°— x^,B) = sin x^B, 

it follows that the parallactic displacement is also least 
when 8 is at B', 

If, therefore, &, ¥ be the extremities of the minor axis, 
the arc bh' is along KB, and is therefore perpendicular to 
the ecliptic. 

Also, xj) = x^h' =z P sin x^B = P sin Z ; 
therefore the semi-axis minor is P sin Z. 

When the Sun is at B, it has the same longitude as the 
star ; when at B\ the longitudes differ by 180°. 

And since the star is displaced in a direction perpen- 
dicular to the ecliptic, its longitude tB is unaltered; 
therefore the parallax in longitude is zero. 

The parallax in latitude is evidently equal to the ap- 
parent angular displacement of the star resolved parallel 
to aJoFT, and its maximum value is XQh, orxQh'. The parallax 
in longitude is not equal to the star’s angular displacement 
perpendicular to Kxq, but to the change of longitude thence 
resulting, and this is measured by the angle xKx., Hence, 
in Fig. 117, 

(i) The maximum parallax in latitude z=zx^=z p sin 1. 

(ii) The maximum parallax in longitude = Ix^Ka 
= x^Ka' = ajoa/sin Kxq (Sph. G-eom. 17) = P/cos XqB 

= JP sec 1 . 

351. To determine the Annual Parallax of any 
Star, the following methods have been employed : — 

(i) The absolute method, by the Transit Circle ; 

(ii) Bessel’s, or the differential method, by the micro- 
meter or heliometer ; 

(hi) The photographic method. 

The absolute method consisted simply in observing with 
the Transit Circle the apparent decl. and E. A. of a star at 
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dilfferent times in the year. From the small variations in 
these coordinates it is possible to find the star’s parallax. 

The method succeeded in showing Mr. Henderson at the 
Cape that the star a Oentauri had a large parallax, 
though even here the value obtained was quite rough. It 
is utterly incapable of giving the degree of refinement now 
aimed at, and must be regarded as obsolete. 


352. Bessel’s Method consists in observing with a micro- 
meter (§ 79) or heliometer (§ 80) the variations in the 
angular distance and relative position of two optically near 
stars during the course of a year. 

The stars, being nearly in the same direction, are very 
nearly equally affected by refraction, and we may also 
mention that the same is true of aberration, precession and 
nutation. These corrections do not therefore sensibly affect 
the relative angular distance and positions of the stars. On 
the other hand, the two stars may be at very different dis- 
tances from the Earth ; if so, they are differently displaced 
by parallax, and their angular distance and position undergo 
variations depending on their relative parallax or difference 
of parallax. Hence, by observing these variations during 
the year the difference of parallax can be found. 

This method does not determine the actual parallax of 
either star. But if one of the observed stars has a large 
proper motion (§ 355) and the other has a much smaller 
one we can assume that the former is comparatively near 
the Earth, ^ while the latter is at such a great distance 
away that its parallax is insensible. Under such circum- 
stances the observed relative parallax is the parallax of the 
nearer star alone. By making comparisons between the 
bright star and several different faint stars in its neigh- 
bourhood, this point may be settled. 

If a considerable discrepancy is found in the observed 
relative parallaxes, one or more of the comparison stars 

* Refraction is slightly different for stars of different colour ; to 
avoid error from this source, the observations are made near the 
meridian, and only the right-ascension component of the parallax is 
measured. 
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must themselves have appreciable parallaxes, but since the 
vast majority of stars in any neighbourhood are too distant 
to have a parallax, we shall be able to find the parallax 
not only of the star originally observed, but of that with 
which we had first compared it. 

The parallax of a star can never he negative ; if the rela- 
tive parallax should be found to be negative, we should 
infer that the comparison star has the greater parallax, 
and is therefore nearer the Earth. 

853. The Photographic Method is identical in prin- 
ciple with the last, but instead of observing the relative 
distances of different stars with a micrometer, portions of 
the heavens are photographed at different seasons, and the 
displacements due to parallax are measured at leisure by 
comparing the positions of any star on the different plates. 

All the refined researches on parallax are now photo- 
graphic,^ many of the great American refractors, as well as 
the 26-inch at G-reenwich, being devoted to this work. 
Experience has suggested many precautions, such as taking 
all the photographs near the meridian, so that there is no 
refraction in E.A., and making the parallax star of the 
same apparent magnitude as the comparison stars ; this is 
done by making a small slotted screen rotate in front of its 
image on the plate. The probable error of a result has 
been reduced to about 0-01". 

854. Parallaxes of certain Pixed Stars.— The nearest 
stars are Froxima Gentauri, with a parallax of 0*78", 
a Centamiy with parallax 0*75", and Munich 15040, with 
0*53". Among others, the following may be mentioned : 
a Lym, 0*10", Sirius, 0*38", Arcturus, 0-08", Folaris, 0*04", 
a Aquilos, 0*22'', 61 Cygni, 0*80". Of these, Froxima 
Ge7itauri is of the eleventh magnitude j Munich 15040 is 
of the ninth magnitude ; a companion to Sirius is only of 
the tenth magnitude. So it is not an invariable rule that 
faint stars are most distant, and have no appreciable 
parallax ; it is true in the majority of cases, 

355. Proper Motions. — Binary Stars. — Many stars, 
instead of being fixed in space, are gradually changing their 
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positions. They are then said to have a proper motion- 
This motion may partly belong to the star, but is also partly 
an apparent motion, due to the fact that the solar system is 
itself moving through space in the direction of a point 
E.A. 18h., hTorth Decl. about 30°. The displacement can 
be allowed for approximately if the star’s distance is known. 

Many of these motions, like that of our own Sun, are 
apparently progressive ; i.e. the star moves with constant 
velocity and in the same direction. Others are orhiictl, i.e. 
the star revolves about some other star, or (more accur- 
ately) two stars revolve about their common centre of mass. 
Such a system of stars is called a Binary Star. It is 
usually seen by the naked eye as a single heavenly body, 
its components being too near to be distinguished. Fre- 
quently a system of stars has itself a progi*essive motion ; 
and sometimes an apparently progressive motion may 
really be an orbital one, with a period so long that the 
path has not sensibly diverged from a straight line during 
the short period for which stellar motions have been 
watched. 

A progressive or orbital motion cannot be confounded 
with the displacement due to annual parallax, for the 
former is always in the same direction, and the latter has 
a period differing from a year, while parallax always pro- 
duces an annual variation. 


Section IY. — The Aberration of Light. 

356. Velocity of Light. — We now come to certain 
methods of finding the Sun’s distance which depend on the 
fact that light is propagated through space with a large but 
measurable velocity. 

The velocity of light has been measured by laboratory 
experiments in two different ways, invented by two French 
physicists, Fizeau and Foucault. For the description of 
these the reader is referred to Wallace Stewart’s Text-hooh 
of Lightf Chapter X.* The experiments give the velocity 

The student will find it useful to read this chapter before oom- 
mencing the present section. 
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of light in air ; the velocity in vacuo can be obtained by 
multiplying this by the index of refraction of air. The 
latter quantity may be found either by direct experiment or 
from the coefficient of astronomical refraction (see § 188) . 

In 1876, Cornu, by employing Fizeau’s method, found 
the velocity of light in vacuo to he 300,400,000 metres per 
second. Still more recently, Michelson, by a modifica- 
tion of Foucault’s method, has found the velocity to be 
299 , 796,000 metres, or 186,285 miles per second; this 
may be taken as the most probable value. 

357. Roemer’s Method. — The Equation of Light. — 

In the last chapter we stated that Jupiter has four satel- 
lites, which revolve very nearly in the plane of the planet’s 
orbit. Consequently a satellite passes through the shadow 
cast by Jupiter .once in nearly every revolution, and is then 
eclipsed, as is our Moon in a lunar eclipse. 

Since the orbits and periods of the satellites have been 
accurately observed, it is possible to predict the recurrence 
of the eclipses, so that when one eclipse has been observed 
the times at which subsequent eclipses will begin and end 
can be computed.* 

Now, the Danish astronomer Eoemer in 1675 observed a 
remarkable discrepancy between the predicted and the 
observed times of eclipses. If of two eclipses one happens 
when Jupiter is near opposition, and the other happens 
near the planet’s superior conjunction, the observed interval 
between the former and the latter is always greater than the 
computed interval ; similarly the observed interval between 
an eclipse near superior conjunction and the next eclipse 
near opposition is always less than the computed interval. 
The eclipses at conjunction are thus always retarded, rela- 
tively to those at opposition, by an interval of time which 
is observed to be about 16m. 40s. As explained by Eoemer, 
this apparent retardation is due to the fact that light travels 
from Jupiter to the Earth with finite velocity, and therefore 
takes 16m. 40s. longer to reach the Earth when the planet 
is furthest away at superior conjunction (E) than when the 
planet is nearest the Earth at opposition (A). 

^ The intervals are not exactly equal, owing to Jupiter’s variable 
velocity. 
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^ The relative retardation is the difference l)etween the 
times taken bj the light to travel over the distances AE 
and BE. But BE — AE =■ 2SE. Therefore the TetoLTda- 
tion is twice the time taken hythe light to travel from the Sun 
to the Earth. 



Taking the retardation as 16in. 40s., we see that licrht 
tate 8m. 20s. to travel from the Sun to the Earth. 

This interval is sometimes called the equation flighty 

If we know the eqiuation of light and the velocity of 
o calculate the Sun’s distance. Conversely if 

the Sun s distance and the equation of Hght are known, the 
velocity of light can he determined. 

Knowi^ the Sun’s distance, the Sun’s jiarallax can be 
computed as in Chapter VIIL, Section I. The nresent 
method ^ers from those described in Sections I. ^11 in 
that it gives the distance instead of the parallax of the Sun. 

vebS^^rflieht'i ^86 330 distance, having given that the 
when the planet is nearest. ^ those which ooour 

Ea^-tortVisTemX 

the Earth in 8m! Ms.f^cr 50^ ^^Inds ‘he Sun to 

the Sun’s distance = 186.330 x 600 miles 
= 93,166,000 miles. 
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358. Tlie Aberration of Liglit is a displacement of the 
apparent directions of stars, due to the effect of the Earth’s 
motion on the direction of the relative velocitj with which 
their light approaches the Earth. 

The rays of light emanating from a star travel in straight 
lines through space * with a velocity of about 186,330 miles 
per second. We see the star when the rays reach our eye, 
and the appearance presented to us depends solely on how 
the rays are travelling at that instant. If the Earth were 
at rest, and there were no refraction, we should see the star 
in its true direction, because the light would be travelling 
towards our eyes in a straight line from the star. But in 
every case the direction in which a star is seen is the direc- 
tion of approach of the light-rays from the star at the 
instant of their reaching the eye. 

Now the velocity of approach is the relative velocity of the 
light with respect to the observer. If the observer is in 
motion, this relative velocity is partly due to the motion of 
the light and partly due to the motion of the observer. If 
the observer happens to be travelling towards or away from 
the source of light, the only effect of his motion will be to 
increase or decrease the velocity of approach of the light, 
without altering its direction, but if he be moving in any 
other direction, his own motion will alter the direction of 
the relative velocity of approach, and will therefore alter 
the direction in which the star is seen. 

Suppose the light to be travelling from a distant star x 
in the direction xO. Let F be the velocity of light, and 
let it be represented by the length MO, Suppose also that 
an observer is travelling along the direction NO with 
velocity u, represented by the straight line NO, Then, if 
we regard 0 as a fixed point, the light is approaching 0 
with velocity represented by MO. Also since the observer 
is approaching 0 with velocity represented by NO, the 
point 0 is approaching the observer N with an equal and 
opposite velocity represented therefore by ON. Hence the 
whole relative velocity with which the light is travelling 

* Of course the rays are refracted when they reach the Earth’s at- 
mosphere, but the effects of refraction can be allowed for separately. 
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towards the observer is the resultant of the velocities 
represented by MO and ON, By the Triangle of Yelocities 
this resultant velocity is represented in magnitude and 



B ly 
Fig. 119. 


direction by MN.^ Hence MN represents the direction of 
approach of the light towards the observer’s eye. There- 
fore when the observer has reached 0 the star is seen in 
the direction Ox' drawn parallel to NM, although its real 
direction is Ox, 

In consequence, the star appears to be displaced from its 
true position x to the position xf. This displacement is 
called the aberration of the star, and its amount is, of 
course, measured by the angle xOx\ This angle is some- 
times called the angle of aberration or the aberration 
error. 

Of Relative Velocity and Aberration.— 

The following simple illustrations may possibly assist the reader in 
understanding more thoroughly how aberration is produced. 

(1) Suppose a shower of rain-drops to be falling perfectly 
vertically, with a velocity, say, of 40 feet per second: Then 
if a man walk through the shower, say with a velocity of 4 feet 
per second, the drops will appear to he coming towards him, and 
therefore to be falling m a direction inclined to the vertical. Here 
the man is moving towards the drops with a horizontal velocity of 
4 feet per second, and therefore the drops appear to be coining 
towards the man with an equal and opposite horizontal velocity of 
4 feet per second. 

Theirwhole relative velocity is the resultant of this horizontal 
velocity and the vertical velocity of 40 feet per second with which 
the drops are approaching the ground. By the rule for the com- 
position of velocities, this relative velocity makes an angle tan-i ^ 
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or tan”^ *1 with the vertical. Hence the man’s own motion causes 
an apparent displacement of the direction of the rain from the 
vertical through an angle tan”^ *1. This angle corresponds to the 
angle of aberration in the case of light. 

(2) Suppose a ship is sailing due south, and that the wind is 
blowing from due west with an equal velocity. Then to a person 
on the ship the wind will appear to be blowing from the south-west, 
its southerly component being due to the motion of the ship, which 
is approaching the south. In this case the ship’s velocity causes 
the wind to apparently change from west to south-west, i.e. to turn 
through 45“. We might, therefore, consistently say that the 
‘ ‘ angle of aberration ” of the wind was 45“. 

360. Annual and Diurnal Aberration, — A point on 
the Earth’s surface is moving through space with a velocity 
compounded of (i) the orbital velocity of the Earth in the 
ecliptic about the Sun; (ii) the velocity due to Earth’s 
rotation about the poles.* 

These give rise to two different kinds of aberration, 
known respectively as annual and diurnal aberration. 
Now the Earth’s orbital velocity is about 27r x 93,000,000 
miles per annum, or rather over 18 miles per second, while 
the velocity due to the Earth’s rotation at the equator is 
roughly 27r x 4000 miles per day, or 0*3 miles per second. 
The former velocity is about velocity of light, 

and therefore the annual aberration is a small though 
measurable angle. The latter velocity is only Jq as great ; 
hence the diurnal aberration is much smaller and less 
important. For this reason the term “ aberration ” always 
signifies annual aberration, unless the word “ diurnal ” is 
also used. We shall now consider the effects of annual 
aberration, leaving diurnal aberration till the end of this 
section. 

361. To determine the correction for Aberration 
on the position of a Star, — ^Let Ox be the actual direction 
of a star x seen from the Earth at 0 ; OU the direction of 
the Earth’s orbital motion at the time of observation. On 
Ox take OM representing on any scale the velocity of light, 
and draw MY parallel to 0 U, and representing on the same 


* There are still other velocities, viz. that due to the Sun’s motion 
in space (§ 355). These, however, are constant for long periods. 
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scale tlie velocity of the Earth. Then YO represents the 
relative velocity of the light in magnitude and direction, 
so that OYaj' is the direction in which the star x is seen 
(Fig. 120). 

[For if OW be drawn parallel and equal to YM, the parallelogram 
of velocities shows that JlfO, the actual velocity of the light- 

rays in space is the resultant of the two velocities YO and NO, or 
YO and if y, and therefore YO is the required relative velocity.] 




Since Ox, Ox\ and OJJ all lie in one plane, it follows, by 
representing their directions on the celestial sphere, that a 
star is displaced by aberration along the great circle joining 
its true place to the point on the celestial sphere towards 
which the Barth is moving. 

The displacement xOx' is called the star’s aberration 
error. Let it be denoted by y, and let 

n = NO velocity of Earth, 

V = MO = velocity of light. 

Then the triangle OMY gives 

sin MOY __ MY __ u ^ 

sin MYO MO F’ 

or sin y = ^sinilfrO = ^ sia IW. 

The aberration error y is, therefore, greatest when TfOx^ 
= 90'^. Let its value, then, be h. Putting 90'^, we 

have sin k^ujV; 

and sin y = sin h sin TJOa'J, 
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The angle JIOx' is called the Earth's Way of the star, 
and k is called the Coefficient of Aberration, Since y 
and k are both small, we have, approximately 

2 / = ^ sin (Barth’s way), 
k (in circular measure) =ulV] 

and, therefore, if V denote the number of seconds in y^ 
h respectively 

y” =: A;" sin (Earth's way), 

ijt _ 180 X 60 X 60 It 

' ^ ' jr 


= 206,265 


^ velocity of Earth 
velocity of light ’ 


862. General effect of Aberration on the Celestial 
Sphere. — ^Neglecting the eccentricity of the Earth’s orbit, 
the direction of motion of the Earth, in the ecliptic plane, 
is always perpendicular to the radius vector drawn to the 
Sun. Hence, on the celestial sphere, the point 17, towards 
which the Earth is moving, is on the ecliptic, at an angular 
distance 90® behind the Sun. This point is sometimes 
called the apex of the Earth’s Way. 

Let aj' denote the observed position of the star. Draw 
the great circle oj' CT, and produce it to a point oj, such that 
xx^ = k sin x^JJ. 

Then x represents the star’s true position, corrected for 
aberration. 

Conversely, if we are given the true position x, we can 
find the apparent position a;' by joining xU and taking 
xx' = k sin xUf 

for it is quite sufficiently approximate to use ^ sin aj 17 
instead of k sin x'U. 

We thus have the following laws : — 

(i) Aberration joroduces displacement in the apparent 
position of a star towards a point U on the ecliptic^ distant 
90® behind the Sun. 

(ii) The amount of the displacement varies as the sine of 

20 
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the Earth's Way of the star, i.e. the star's angular distance 
from the ^oint TJ. 


B' 



363. Comparison, between Aberration and Aw^ - nni 
Pa^ax.— Tbe student will not fail to notice tlie close 
analogy between the corrections for aberration and 
parallax. 

The point U for the former corresponds to the point 8 
tor the ktter, in determining the direction and magnitude 
of the ^placement. In fact, the aberration error of a. star 
M emctly the same as its parallactic correction would he 
three nwnths mrlier (when the Sun was at V) if the star's 
annual joarallax were h, JJ 

There is, however, this important difference thnt 
annual paral^ depends on a star’s distance whilst the 
f ofterrafoow Tc is the same for all stars. 

tn Earth’s -velocity 

the andogy bLveen ^abl^^t^ follows immediately from 

proved independently as followg“-^On 

true direction of a star take 0* to represeS fhe 
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of light, and xM to represent the Earth’s velocity. Then 
MO meets the celestial sphere in m, the star’s apparent 
position. 

As the Earth’s direction of motion in the ecliptic varies, 
while its velocity remains constant, M describes a circle 
about X as centre in a plane parallel to the ecliptic plane. 
The projection of this circle on the celestial sphere is an 
ellipse (c/. § 349), and this is the curve traced out by a star 
during the year in consequence of aberration. 

Particular Cases. — A star in the ecliptic oscillates to 
and fro in a straight line, or more accurately an arc of a 
great circle of length 2h. A star at the pole of the ecliptic 
revolves in a small circle of radius Tc (cf. § 349). 

365. Major and Minor Axes of the Aberration 
Ellipse. — By writing U for 8 and Tc for P in the investiga- 
tion of § 350, we obtain the analogous results relating to 
the ellipse described by a star in consequence of aberration, 
namely : — 

(i) (a) The length of the semi-axis major is Tc. 

(b) The major axis of the ellipse is parallel to the ecliptic, 

(c) When the star is displaced along the major axis it has 
no aberration in latitude, 

(d) At these times the Bun's longitude is either equal to 
the star's, or differs from it by 180°.* 

(ii) (a) The length of the semi-axis minor is Tc sin I, 

(b) The minor axis is perpendicular to the ecliptic, 

(o) When the star is displaced along the minor axis, it has 
no aberration in longitude. 

(d) At these times the Bun's longitude differs from the 
star's by 90°. 

Corollary. — The maximum aberration in longitude 
:=zhmQl {cf § 350, ii). 


^ Note that (i, d) and (ii, d) are the reverse of the corresponding 
properties in § 350. 
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Effect of Eccentricity of Earth's OrMt, -Owing to tte 

ss; -1 A?- 3” 

.ss-sj s:«s; 

the ratio of 1 - e . 1 + e, or i irArth’s velooitA^ ite 

cient of aberration is proportional to the 

greatest and least values are therefore in the ratio of ()l . o9, and 
tre respectively and ff of its mean value. 

Moreover, the direction of the Earth's motion is not 
exactly perpendicular to the line joining it to the Sun, hoiioe the 
“apex of the Earth’s way,” towards which a star is disx>laoea, may 
be distant a little more or a little less than 90 from the Sun at 


different seasons. 

The aberration curve is still an ellipse. The student who 
has read the more advanced parts of particle dynamics may know 
that the curve MN, traced out by M, is in this case the “ hodograph 
of the Earth’s orbital motion. It is also known, in the case of 
elliptic motion, such as the Earth’s, that this hodograph is a circle, 
whose centre does not, however, quite coincide with x. Hence the 
aberration curve hTc is an ellipse. 


367. Discovery of Aberration. — Aberration was dis- 
covered by Bradley, in 1725, in the course of a series of 
observations made with a zenith sector on the star y Dra^ 
conis for the purpose of discovering its annual parallax. 
The star’s latitude was observed to undergo small periodic 
variations during the course of the year, and these differed 
from the variations due to annual parallax in the fact that 
the displacement in latitude was greatest when the Sun*$ 
longitude differed from that of the stars hy 90° ; that is, at 
the time when the parallax in latitude should he zero (§ 350, 
i, c). 

The fact that the phenomenon recurred annually led 
Bmdley to suppose that it was intimately connected 
with the Earth’s motion about the Sun, and he was thus 
led to adopt the explanation which we have given above. 
It will be seen that the peculiarity which led Bradley to 
discard annual parallax as an explanation is ouito in har- 
mony with the results of § 365. 


368. To Determine the Constant of Aberration by 

Observation.—The constant Jc can best be found by 



303 


THK DISTANCES. OF THE SUN AND STABS. 

observing different stars -with a zenith sector or transit 
^§^351^ method of finding a star’s parallax 

The differentml method of § 352 cannot be used, because 
the coefficient of aberration is the same for all stars But 
aberration is much lar^r than parallax (the coefficient of 
abaration being 20-47 , ivhile the greatest stellar parallax 
IS <1 ), and can therefore be found directly with greater 
accuracy. Of course it is necessary to make corrections for 
refraction and precession. The former correction is the 
most liable to uncertamty, as it varies slightly according 
to atmospheric conditions. But, as all stars have the same 
constant of aberration, a star may be selected which tran- 
sits near the zenith, and is therefore but little affected bv 
refraction. ^ 

This condition was secured by Bradley when he observed 
the star j Dracoms.^ The star is very favourable in another 
respect, for its longitude is very nearly 270°. It therefore 
hes very nearly in the “solstitial colure,” its declination 
circle passing nearly through the pole of the ecliptic 


B' 



At the vernal equinox, the star’s longitude is less than 
the Sun s by 90°, and it is therefore displaced away from 
the poles of the ecliptic and equator through a distance 
A sin I, its declination being therefore decreased by W sin 1. 
At the autumnal equinox its declination is increased bv 
A ' sm Z. ■' 
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Hence the diference of the apparent decimations = 2 W sin I, 
and this is also the difference of the star’s apparent meridian 
zenith distances. By observing these, Zf" may be found, 
I being of course known. 

The value of Z;" is very approximately 20 * 471 ". 

An alternative method of finding the aberration constant 
is to measure with a spectroscope the exact positions of the 
spectral lines of selected stars near the ecliptic at different 
seasons of the year. The motion of the Earth to or from 
the stars alters the wave length of the light, and causes a 
shift of the spectral lines to and fro ; from this, the ratio 
of the Earth’s speed to that of light can be deduced, 
whence we obtain the aberration constant and the Sun’s 
distance. A series of observations of this kind, made with 
the McClean Telescope at the Cape Observatory, yielded a 
value of the Sun’s distance practically identical with that 
found by Mr. Hinks from Eros (see § 341). 


369. Bielatiou between the CoefS.cieiit of Aberration 
and the Equation of Light. — We have seen (§ 361) that 

yf __ 180 x 60 X 60 ^14 

TT 


where Zc" is the coefdcient of aberration in seconds, u the 
velocity of the Earth, Y that of light, both of which we 
will suppose measured in miles per second. 

How let r represent the radius of the Earth’s orbit (sup- 
posed circular) in miles. Then in one sidereal year, or 
365 J days, the Earth travels round its orbit through a dis- 
tance 27rr miles. Hence the Earth’s velocity in miles per 
second is 


27rr 


3664 X 24 X 60 X 60 


Substituting in (i), we have 


3651 : y 


But r/F is the time taken by the light to travel from 
the Sun to the Earth, measured in seconds, or the ** equation 
of light.” Hence 
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Tlie coefficient of aberration in seconds 
15 

= X nnmber of seconds taken by Sun's light to 
365 ;^ 

reach. ZSarth. 

Thus, by observing the retardation of the eclipses of 
Jupiter’s satellites at superior conjunction, the coefficient 
of aberration can be found independently of the methods of 
§ 368, the number of days (365 J) in the sidereal year being 
of course known. 

The close agreement between the values found thus, and 
by direct observation affords the strongest evidence in 
support of Bradley’s explanation of aberration. 


Example. — To find the coefficient of aberration in seconds, having 
given that light takes Sm. 20s. to travel from the Sun to the Earth. 

Here the required coefficient of aberration 


15 X 500 _ 7500 
365| 366‘25 


20*634". 


370. To find the time taken by the light from a 
star to reach the Earth. — It is sometimes convenient to 
estimate the distance of a star by the number of years 
which the light from it takes to reach the Earth. This 
may be determined from a knowledge of the star’s parallax, 
and of the coefficient of aberration, without knowing either 
the Sun’s distance or the velocity of light. 

Let the parallax of a star be = P" in seconds = P radians, 
and let the coefficient of aberration = ¥ seconds = h radians. 

Then, if r, d be the Earth’s and star’s distances from the 
Sun, we have 

p __ r __ velocity of Earth 

~ velocity of light 

Now, in one year, the Earth travels over a distance 27rr ; 
in one year light travels a distance ; 

K 

the number of years taten by light to travel from the 
star (distance d) to the Earth 



Jl. = 

2irr 29rP 2irJP"' 
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The distance travelled by light in a year is sometimes 
called a “ light year.” Hence, 

The 'product of a star's parallax and its distance in light- 
'years is equal to the coefficient of aberration divided by 27 r. 


Examples. — 1. To find how long the light would take to reach us 
from a star having a parallax 0*1". 

The time, in years, = ^ ^ = 10>^x7 . 

' ^ 27rO*l 2x22 


-= 32*6. 


This is taken as the standard distance for stellar absolute magni- 
tudes ; i.e. these are the magnitudes they would have at a distance 
of 32*6 light years. 


2. To filnd the time taken by the light from the nearest star, 
a Centauri, taking its parallax as 0*75". 

The parallax is 7*5 times that of the star in the last question, 
therefore its distance is 10/75 as great, and the time taken by the 

light = = 4*35 years. 


371. Relation between the Coefficient of Aber- 
ration, the Sun’s Parallax, and the Velocity of Light. 

— It follows from § 369 that if the coefificient of aberration 
y' be determined by observation, the fraction r/V is also 
known, independently of observations of the eclipses of 
Jupiter’s satellites. And if F, the velocity of light, be deter- 
mined experimentally by the method of Foucault or Fizeau, 
the Sun’s distance r can be found. Thus the Sun’s parallax 
can be calculated from the coefficient of aberration and the 
velocity of light. And generally, if, of the four quantities. 
Sun’s parallax, coefficient of aberration, velocity of light, and 
length of sidereal year in days, any three are observed, the 
value of the fourth may be deduced from them. 

In this manner Foucault, by his determination of the 
velocity of light, in 1862, found the Sun’s parallax to be 
8-86". Cornu, by experiments in 1874 and 1877, combined 
with the values for h" determined by Struve, obtained the 
values 8-83" and 8*80" respectively. Michelson’s experi- 
ments make the parallax 8* 795". 


Example.— If the velocity of light = 186,000 miles per second 
and the Earth’s radius (a) = 3,960 miles, to prove that the product 
of the Sun’s parallax and the coefficient of aberration, both measured 
in seconds, is 180*35. 
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The Sun’s parallax P" = ^ _i, 

TT r 

and Ic' = L- = Z- ; 

365i- F 1461 F 

• P' W = 180 X 60 X 60 X 60 a _ 206265 x 60 3960 

146l7r V 1461 *186000 

= 180*35. 

372. Planetary Aberration. — The direction of any 
planet is affected by aberration, which is due partly to the 
motion of the Earth, and partly to that of the planet itself. 

For, during the time occupied by the light in travelling 
from a planet to the Earth, the planet itself will have moved 
from the position which it occupied when the light left it. 

We shall, however, show that the direction in which a 
planet is seen at any instant was the actual direction of the 
planet relative to the Earth at the instant previously when 
the light left the planet. 



Let t be the time required by the light to travel from 
the planet to the Earth. Let P, Q be the positions of the 
planet and Earth at any instant; P', Q their positions 
after an interval t. 

The light which leaves the planet when at P reaches the 
Earth when it has arrived at Q ' ; the direction of the actual 
motion of the light is, therefore, along FQ!. But FQ' and 
QQ! are the spaces passed over by the light and the Earth 
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respectively in the time t (and QQ' is so small an arc that 
it may he regarded as a straight line). Therefore 
QQ' : PQ' = velocity of Earth : velocity of light. 
Hence it follows from § 861 that the line PQ represents the 
direction of relative velocity of the light with respect to the 
Earth. Therefore, when the Earth is at Q' the planet is seen 
in a direction parallel to PQ, and its apparent direction 
is exactly what its real direction was at a time t previously. 

The same is true in the case of the Sun or a comet, or 
any other body, provided that the time taken by the light 
from the body to reach the Earth is so small that the Earth’s 
motion does not change sensibly in direction in the interval. 

The aberration of the planet at any instant is the angle 
between the apparent direction PQ and the actual direction 
FQ'. 


Example. — To find the effect of aberration on the positions of (i) 
the Sun, (ii) Saturn in opposition, taking its distance from the 
Sun to be 9| times the Earth’s. 

(i) The light takes 8m. 20s. to travel from the Sun to the Earth, 
therefore the Sun’s apparent coordinates at any instant are its actual 
coordinates 8m. 20s. previously. Thus, its apparent decl. and R.A. 
at noon are its true decl. and R.A. at 23h. 51m. 40s., or llh. 51m. 
40s. A.M. 

Now the Sun describes .360° in longitude in 365^ days. Hence, in 
500 seconds it describes 20*492', and the Sun’s aberration in longi- 
tude is 20*49*2'. This is otherwise evident from the fact that the 
Earth’s way of the Sun is 90” ; and it is at rest, consequently its 
aberration = k. 

(ii) The distance of Saturn from the Earth at opposition is 
= 9|-1, or times the Sun’s distance. Light travels over this 
distance in 8m. 20s. x 8| = 500 x SJs. = Ih. 10m. 50s. Therefore, 
the apparent coordinates are the actual coordinates Ih. 10m. 50s. 
previously. 

Thus the observed decl. and R.A. at midnight (12h. Om. Os.) are 
the true decl. and R.A. at lOh. 49m. lOs, 

373. Bi'arnal Aberration is due to the effect of the 
Earth’s diurnal rotation about the poles on the relative 
velocity of light. 

As the Earth revolves from west to east, the portion of 
the motion of an observer due to this diurnal rotation is in 
the direction of the east point E of the horizon. 
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The effect of diurnal aberration can tbus be investigated 
by metbods precisely similar to those of § 361, E taking 
the place of 

Hence, every star x is displaced by diurnal aberration 
towards the east point E. And if oj' be its displaced 
position, then 

the displacement = A sin xE, 

where 


Circular measure of A = 


velocity of observer^ 
velocity of light 


Taking a for the Earth’s radius, F for the velocity of 
light, let the observer’s latitude be Z. 

In a sidereal day (86164*1 mean seconds) the Earth’s 
rotation carries the observer round a small circle, whose 
distance from the Earth’s axis is a cos Z, and whose cir- 
cumference is, therefore, cos Z. Hence, the observer’s 
velocity 

1 j, . 27ra cos I 

circular measure of A = tp ; 

86164*1 X V 


A" (number of seconds in A) 

_ 180 X 60 X 60 ^ 27ra cos I 

_ X y 

z= approximately. 


Thus the coefficient of diurnal aberration varies as the 
cosine of the latitude. If K" denote the coefficient of 
diurnal aberration at the equator in seconds, we therefore 
have 

JS:" =: 15 X 3963 _ Q. 32 " 

F 186,000 ’ 

A" = JK" cos I = 0-32" cos Z. 


* The student will find it useful to go through the various steps 
of §§ 36 b 364 , considering the diurnal motion. 
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* Eififect of Diurnal Aberration on Meridian Observations. 

Tlie correction for diurnal aberration is greatest when the star is 
90° from the east point, i.e. is on the meridian. In this case, the 
displacement is perpendicular to the meridian, and is equal to A". 

The star’s meridian altitude is thus unaffected, but its time of 
transit is somewhat retarded at upper culmination, and (for a cir- 
cumpolar star) accelerated at lower culmination, since the star 
appears on the meridian, when it is really west of the meridian. 
The effect of diurnal aberration on the time of transit is thus equi- 
valent to that of a small collimation error A" in the Transit Circle. 
In fact the usual method of applying the correction in. the case of 
meridian observations is to subtract a constant equal to 0*32'' cos I 
from the collimation error (see § 57). 

For a star on the equator, seen from the Earth’s equator, the 
retardation of the time of transit would be K" seconds, = of a 
second nearly, and it would be difficult to observe such a small 
interval. 


374. To determine the Coefficient of Diurnal Aber- 
ration. — Diurnal aberration can be calculated if we know 
the size of the Earth, the period of its rotation, and the 
speed of light. All these constants are known to at least 
4 significant figures ; hence diurnal aberration could be 
calculated, if required, to 4 figures; two figures, however, 
sufiice in practice, and about their value there can be no 
shadow of doubt. Hence it is useless to attempt to find 
this q[uantity by observation, which would be difiicult to 
make with the necessary accuracy, since differential 
measures, such as are used in parallax work, are here 
unavailable. 


375. Relation between the Coefficients of Aber- 
ration and the Sun’s Parallax. — We have evidently 
K’' __ Telocity of diurnal motion at equator 
y ~ Yelocitj of Earth’s orbital motion 

But the velocities in miles, per sidereal day, are and 
27rr/3664; 

. ^ QggjL X = 366^ X in circular 

•• j^// “ 4 ^ T measure). 

This gives the coefficient of diurnal aberration at the 
equator in terms of the coefficient of annual aberration and 
. the Sun’s parallax. 
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EXAMPLES.— XI. 


1. Prove that cosec 8-76" = 23546 approximately, and thence that 
the distance of the Sun is nearly 81 million geographical miles, the 
angle 8-76" being the Sun’s parallax, and a geographical mile sub- 
tending 1' at the Earth’s centre. 

2. Find the Sun’s diameter in miles, taking the Sun’s parallax as 
8*8", its angular diameter as 32', and the Earth’s radius as 3,960 
miles. 

3. A spot at the centre of the Sun’s disc is observed to subtend 
an angle of 5". What is its absolute diameter? 

4. Show, by means of a diagram, that the general effect of the 
Earth’s diurnal rotation is to shorten the duration of a transit of 
Venus, and that this circumstance might be used to find the Sun’s 
parallax. 

5. Supposing the eq^uator, ecliptic, and orbit of Venus all to lie in 
one plane, and that a transit of v enus would last eight hours, at a 
point on the Earth’s equator, if the Earth were without rotation ; 
show that, if the Sun is vertically overhead at the middle of the 
transit, the duration is diminished by about 9m. 55|s. owing to the 
Earth’s rotation, taking the Sun’s parallax to be 8*8", and the 
synodic period of Venus to be 584 days. 

6. If the annual parallax be 2", determine the distance of the star, 
taking the Sun’s distance to be 90,000,000 miles. Hence, deduce 
the distance of a star whose parallax is 0*2". 

7. Find, roughly, the distance of a star whose parallax is 0*5", 
given that the Sun’s parallax is 9", and the Earth’s radius is 4,000 
miles. 

8. The parallax of 61 Cygni is 0*3", and its proper motion, per- 
pendicular to the line of sight, is 5" a year ; compare its velocity in 
that direction with that of the Earth in its orbit round the Sun. 

9. Account for the following phenomena: (i) all stars in the 
ecliptic oscillate in a straight line about their mean places in the 
course of the year ; (ii) two very near stars in the ecliptic appear to 
approach and recede from one another in the course or the year. 

10. Suppose the velocity of light to be the same as the velocity of 
the Earth round the Sun. Discuss the effect on the Pole Star as 
seen by an observer at the North Pole throughout the year. 
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11. Sound travels with a velocity 1,100 feet per second. Deter- 
mine the aberration produced in the apparent direction of sound to 
a person in a railway train travelling at sixty miles an hour, if the 
source of sound be exactly in front of one of the windows of the 
carriage. 

12. Show that, in consequence of aberration, the fixed stars 
whose latitude is I appear to describe ellipses whose eccentricity is 
cos 1. 

13. How must a star be situated so as to have no displacement 
due to (i) aberration, (ii) parallax? Where must a star be so that 
the effect may be the greatest ? 

14. On what stars is the effect of aberration or parallax to make 
them appear to describe (i) circles, (ii) straight lines ? 

15. Show that the effect of annual parallax on the position of a 
star may be represented by imagining the star to move in an orbit 
equal and parallel to the Earth’s orbit, and that the effect of aber- 
ration may be represented by imagining it to revolve in a circle 
whose radius is equal to the distance traversed by the Earth while 
the light is travelling from the star. 

16. Supposing the star Virginis to be situated (as it nearly is) 
at the first point of Libra, find the direction and magnitude of its 
displacement due to aberration about the 21st day of every month 
of the year, taking the coefficient of aberration to be 20 •5". When 
is its aberration greatest ? 

17. At the solstices show that a star on the equator has no aber- 
ration in declination. If its R.A. be 22h., show that its time of 
transit is retarded at the summer and accelerated at the winter 
solstice by *68 of a second. 

18. If the coefficient of aberration be 20'^ and an error of 2,000 
miles a second be made in determining the velocity of light, find, in 
miles, the consequent error in the value of the Sun’s mean distance 
as computed from these data. 

19. Show that when a planet is stationary its position is unaffected 
by aberration. 

20. Taking the Earth’s radius as 4,000, velocity of light 186,000 
miles per second, show that the coefficient of diurnal aberration at 
the equator is about one-third of a second. 
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MISCELLANEOUS QUESTIONS. 

1. Explain the following terms; — cLSteroid, lihration, limcution^ 
parallax, perihelion, pianette elongaticni, right ascension, synodical 
period, syzygies, zenith, 

2. Given that the R. A. of Orion's belt is 80“ and its declination 0°, 
show by a figure its position at dififerent hours of the night about 
March 21 and September 23. 

3. Prove that the number of minutes in the dip is equal to the 
number of nautical miles in the distance of the visible horizon. 

4. Show how to determine the latitude of a place by meridianal 
observations on a circumpolar star, taking into account the refrac- 
tion error. 

5. Show how to find longitude from lunar distances. The cleared 
lunar distance of a star at 8h. 30m. local mean time is 15“45'0", and 
the tabular distances are 15® 0' 0" at 6h. and 16° 30' 0" at 9h. of Green- 
wich mean time. Find the longitude. 

6. At what time of the year can the waning moon best be seen ? 

7. On July 21 at 2 a. m. the Moon is on the meridian. What is 
the age of the Moon ? Indicate the position on the celestial sphere 
of a star whose declination is 0° and whose R. A. is 30°. 

8. Taking the distance of Venus from the Sun to be f of that of 
the Earth, find the ratio of the planet’s angular diameters at 
superior and inferior conjunction and greatest elongation, and draw 
a series of diagrams showing the changes in the planet’s appearance 
during a synodic period, as seen through a telescope under the same 
magnifying power. 

9. Defining a lunar day as the interval between two consecutive 
transits of the Moon across the meridian, find its mean length in 
(i) mean solar, and (ii) sidereal units. 

10. At what seasons is the aberration of a star least whose R. A. is 
90° and whose declination is 60° ? 

11. Show that the constant of aberration can be determined by 
observation of Jupiter’s satellites, without a knowledge of the radius 
of the Earth’s orbit. 

12. How is it possible to calculate separately the aberration — the 
constant of aberration being supposed unknown — annual parallax, 
and proper motion of a star, from a long series of observations of the 
apparent place of a star ? 
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EXAMINATIOIT PAPEE.-^XI. 

1. Why is the method for finding the Moon’s parallax not avail- 
able in the case of the Sun? Show how the determination of the 
parallax of Mars leads to the determination of the Sun’s parallax. 

2. Show how the Sun’s parallax can be found by comparing the 
times of commencement or of termination of a transit of Venus at two 
stations not far from the Earth’s equator. 

3. Show how the Sun’s parallax can be found by comparing the 
durations of a transit of Venus at two stations in high N. and S. 
latitudes. Why is this method not available when the transit is 
central ? 

4. Distinguish between solar and stellar parallax. Towards what 
point does a star seem to be displaced by heliocentric parallax? 
Find an expression for the displacement. 

5. Describe Bessel’s method of determining the annual parallax 
of a fixed star. 

6. How might the Sun’s parallax be determined by observations 
of the eclipses of Jupiter’s satellites ? 

7. Explain the aberration of light, and investigate the direction 
and magnitude of the displacement which it produces on the 
apparent position of a star. 

8. Show that owing to aberration a star in the pole of the ecliptic 
appears to describe a circle, and that a star in the ecliptic appears 
to oscillate to and fro in a straight line during the course of the year. 

9. Show how the velocity of light may be determined from the 
aberration of a star when the Sun’s mean distance is known. 

10. Investigate the general effects of diurnal aberration due to 
the Earth’s rotation about its axis. In what direction are stars 
displaced by diurnal aberration? Show that the coefficient of 
diurnal aberration at a place in latitude I is K cos I, where K is the 
coefficient at the equator. 
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CHAPTER XII. 


THE EOTATIOH OP THE EARTH. 

376. Introductory. — In tlie preceding chapters we have 
shown how the motions of the celestial bodies can be de- 
termined by actual observation, and we have also explained 
certain resulting phenomena. But no use has yet been 
made of the principles of dynamics ; consequently we have 
been unable to investigate the causes of the various motions. 
In particular, while we have assumed that the diurnal 
rotation of the stars is an appearance due to the Barth’s 
rotation, we have not as yet given any definite proof that 
this is the only possible explanation. 

The ancient G-reeks accounted for the motions of the 
solar system by means of the Theory of Epicycles, accord- 
ing to which each planet moved as if it were at the end of 
a system of jointed rods rotating with uniform but different 
angular velocities. Suppose AB, BG, CJ) to be three rods 
jointed together at B, 0. Let A be fixed ; let AB revolve 
uniformly about A ; let BG revolve with a different angular 
velocity about B ; and let GI) revolve with another different 
angular velocity about G. Then, by properly choosing the 
lengths and angular velocities of the rods, the motion of D, 
relative to A, may be made nearly to represent the motion, 
relative to the Barth, of a planet. 

Copernicus (a.d. 1600 circ,) was the first astronomer* 
who explained the motions of the solar system on the theory 
that the diurnal motion is due to the Earth’s rotation, and 
that the Earth is one of the planets which revolve round the 
Sun, This theory was adopted by Kepler (a.d. 1609 circ,) 
whose laws of planetary motion have already been mentioned 
(§ 326). These laws were, however, unexplained until their 

* Some of the old Greek philosophers had made similar sugges- 
tions ; but the evidence was then insufficient to carry conviction. 
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true cause was found by Newton (a.b. 1687) by bis dis^ 
covery of the law of gravitation. 

377. Arguments in Favour of the Earth^s Rota- 
tion. — Without appealing to dynamical principles, the pro- 
bability of the Earth’s rotation about its axis (§ 87) may 
be inferred from the following considerations : — 

(i) If the Earth did not rotate, we should have to 
imagine the Sim and stars to be revolving about it with 
enormous velocities. We could not, indeed, assume on 
that hypothesis quite so great values for the distances 
of the stars, as those to which we have been led on 
the received hypothesis. But even the meridian obser- 
vations of the Sun made at G-reenwich and the Cape 
sufiS.ce to prove that its distance is some 90 millions of 
miles or 24,000 times the radius of the Earth. A speed 
of 25 million miles per hour would be required to carry it 
round the Earth in a day. The very small parallaxes of 
the stars would suffice to prove that their distance was 
many times as great as the Sun’s, and their speed hundi'eds 
or thousands of millions of miles an hour or comparable 
with that of light. It is difficult to conceive of such speed 
in the case of bodies immensely larger than the Earth. 

(ii) The diurnal rotations aU take place about the pole, 
and are all performed in the same period — a sidereal day. 
This uniformity is a natural consequence of the Earth’s 
rotation, but if the Earth were at rest, it could only be 
explained by supposing the stars to be rigidly connected 
in some manner or other. Were such a connection to exist 
it would be difficult to explain the proper motions of cei'tain 
fixed stars, and the independent motions of the Sun, Moon, 
and planets. 

(hi) By observing the motion of the spots on the Sun 
at different intervals, it is found that the Sun rotates on 
its axis. Moreover, similar rotations may be observed in 
the planets ; thus, Mars is known to rotate in a period of 
nearly 24 hours. There is, therefore, nothing unreasonable 
in supposing that the Earth also rotates once in a sidereal day. 

(iv) The phenomenon of diurnal aberration affords a 
proof of the Earth’s rotation. Were it not for the diffi- 
culty of its observation, this proof alone would be conclusive 
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We may mention that diurnal parallax could be equally well 
accounted for if the celestial bodies revolved round the Eartihi ; not 
so, however, diurnal aberration. 


378. Dynamical Proofs of the Eartk’s dotation. — 

The following is a list of the methods by which the Earth’s 
rotation is proved from dynamical considerations : — 

(1) The eastward deviation of falling bodies. 

(2) Eoucault’s pendulum experiment. 

(3) Eoucault’s experiments with a gyroscope. 

(4) Experiments on the deviation of projectiles. 

(6) Observations of ocean currents and trade winds. 

(6) Experiments on the di:fferences in the acceleration of 
gravity in different latitudes, due to the Earth’s centrifugal 
force, as observed by counting the oscillations of a pendu- 
lum ; combined with 

(7) Observations of the figure of the Earth. 


379. The Eastward Deviation of Palling Bodies. — 

If the Earth is rotating about its polar axis, those points 
which are furthest from the Earth’s axis move with greater 
velocity than those which are nearer the axis. Hence the 
top of a high tower moves with slightly greater velocity 
than the base. If, then, a stone be dropped from the top 
of the tower, its eastward horizontal velocity, due to the 
Earth’s rotation, is greater than that of the Earth below, 
and it falls to the east of the vertical through its point of 
projection. The same is true when a body is dropped 
down a mine. This eastward deviation, though small, has 
been observed, and affords a proof of the Earth’s rotation. 

Consider, for example, a tower of height h at the equator. If a 
be the Earth’s equatorial radius, the base travels over a distance 27ra 
in a sidereal day, owing to the Earth’s rotation, while the top of the 
tower describes 27r (a + h) per sidereal day. Thus, the velocity at 
the top exceeds that at the bottom by 2Trh per sidereal day. 

If h be measured in feet, this difference of velocities is 7r^/3600 
inches per sidereal second, and is sufficiently great to cause a small 
but perceptible deviation when a body is let fall from a high tower. 

The calculation of the deviation is somewhat difficult, and involves 
an application of principles which are discussed in the next chapter. 
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If t is the time of flight, v the difference of velocities of the top and 
the bottom of the tower, the deviation is found to be approximately 
%vt, and not vt as might naturally be expected. Owing to the diffi- 
culty of measuring this deviation experimentally, the question is 
chiefly of historic interest. 


380. roTtcaxilVs Pendulum Experiment. — In 1851, 
M. Foncanlt invented an experiment by which the Earth’s 
rotation is very clearly shown. A pendulum is formed of 
a large metal ball suspended by a fine wire from the roof 
of a high building, and is set in motion by being drawn on 
one side and suddenly released ; it then oscillates to and 
fro in a vertical plane. If now the pendulum be sufficiently 
long and heavy to continue vibrating for a considerable 
length of time, the plane of oscillation is observed to very 
gradually change its direction relative to the surrounding 
objects, by turning slowly round from left to right at a place 
in the northern hemisphere, or in the reverse direction in 
the southern. If the experiment is performed in lati- 
tude I, the plane of oscillation appears to rotate through 
15° X sin Z in a sidereal hour, 360® sin Z in a sidereal day, 
or 360® in cosec I sidereal days. This apparent rotation is 
accounted for by the Earth’s rotation, as follows. 


(i) Let us first imagine the experiment to be performed 
at the north pole of the Earth. Let the pendulum AB be 
vibrating about A in the arc BB' in 
the plane of the paper. The only forces 
acting on the bob are the tension of 
the string BA and the weight of the 
bob acting vertically downwards ; both 
are in the plane of the paper. The 
Earth’s rotation about its axis OA pro- 
duces no forces on the bob. Hence 
there is nothing whatever to alter the 
direction of the plane of oscillation; 
this plane therefore remains fixed in 
space. But the Earth is not fixed in 
space ; it turns from west to east, mak- 
ing a complete direct revolution in a 
sidereal day. Hence the plane of the pendulum’s oscilla- 
tion appears, to an observer not conscious of his own motion, 



Fig 126. 
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as though it rotated once in a sidereal day, in the reverse 
or retrograde direction (east to west). If, however, he 
were to compare the plane of oscillation not with the Earth 
but with the stars, whose directions are actually fixed in 
space, he would see that it always retained the same 
position relatively to them. 

Since, then, the pendulum, at the pole of the Earth 
appears to follow the stars, it evidently appears to rotate 
in the same direction as the hands of a watch at the north 
pole, and in the direction opposite to the hands of a watch 
at the south pole. 

(ii) Next suppose the experiment performed at the 
Earth’s equator. If the bob be set 
swinging in the plane of the equator, 
take this as the plane of the paper 
(Eig. 127). The direction of the ver- 
tical AQC is now rotating about an 
axis through G perpendicular to the 
plane of the paper ; hence it always 
remains in that plane. Hence there is 
nothing whatever to turn the plane of 
oscillation of the pendulum out of the 
plane of the E arth’ s equator. It there- 
fore continues always to pass through 
the east and west points, and there is 
no apparent rotation of the plane of 
oscillation. 

If the pendulum do not swing in the plane of the equator, 
the explanation is much more complicated. As the Barth 
rotates, the direction of gravity performs a direct revolution 
in a sidereal day. Hence, relative to the point of support, 
gravity is gradually and continuously turning the bob west- 
wards, in such a way as to keep its mean position always 
pointed towards the centre of the Earth. When the bob is 
south of its position of equilibrium, this westward bias tends 
to turn the plane of oscillation in the clockwise direction, 
but when the bob is north of the mean position, the west- 
ward bias has an equal tendency to turn the plane in the 
reverse direction. Consequently the two effects counter- 
act one another, and therefore produce no apparent 
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rotation of the plane of oscillation relative to surrounding 
objects. 

(hi) Lastly, consider the case of an observer 0 in la;titude 
I (Fig. 128). Let n denote the 
angular velocity with^ which the 
Earth is rotating about its pole axis 
OP. It is a well-hnown theorem 
in Eiigid Dynamics that an angular 
velocity of rotation about any line 
may be resolved into components 
about any two other lines, by the 
parallelogram law, in just the same 
way as a linear velocity or a force 
along that line; this theorem is 
called the Parallelogram of Angu- 
lar Velocities. Applying it to the 
angular velocity n about CP , we may 
resolve it into two components — 

n cos POO or n sin I about CO, 

n sin PCO or n cos I about a line 00' perpendicular to CO, 
and we may consider the effects of the two angular velo- 
cities separately. 

As in case (i), the component n sin I causes the Earth to 
turn about CO, without altering the direction in space of 
the plane of oscillation; this plane, therefore, appears to 
rotate relatively in the reverse or retrograde direction, with 
angular velocity n sin 1. As in case (ii), the angular 
velocity n cos I about 00' produces no apparent rotation of 
the plane of oscillation relative to the Earth. Hence the 
plane of oscillation appears to revolve, relative to the Earth, 
with retrograde angular velocity n sin 1. 

But the angular velocity = 15° per sidereal hour 

= 360° per sidereal day. 

Therefore the plane of oscillation turns through 

15° sin I per sidereal hour = 360° sin I per sidereal day, 

and its period of rotation = — : — => 

^ n sin I 

= cosec I sidereal days. 
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381, Tlie Gyroscope or Gyrostat is anotlier apparatus 
used bj Foucault to prove tbe Earth’s rotation. It is simply 
a large spinning-top, or, more correctly, a heavy revolving 
wheel M (Fig. 129), whose axis of rotation AB is supported 
by a framework, so that it can turn about its centre of 
gravity in any manner. Thus, by turning the wheel and 
the inner frame ACBD about the bearings GJD, and then 
turning the outer frame DEGF about the bearings JEF, the 
axis AB (like the telescope in an altazimuth or equatorial) 
can be pointed in any desired direction. The three axes 
AB, GD, EF all pass through the centre of gravity of the 
top ; hence its weight is entirely supported, and does not 
tend to turn it in any way ; and the bearings A,B,G, Z>, F, F 
are very light, and so constructed that their friction may 
be as small as possible. 

The top may be spun by a string in the usual way, and 
it continues to spin for a long time. 



Fig. 129 . 

When a symmetrical body, such as the wheel M, is re- 
volving rapidly about its axis of figure, and is not acted on by 
any force or couple, it is evident that no change of motion 
can take place, and therefore the axis of rotation AB must 
remain fixed in direction. This is the case with the gyro- 
scope, for, from the mode in which the weight of the wheel 
is supported, there is no force tending to turn it round. 

When the experiment is performed it is observed that the 
axis AB follows the stars in their diurnal motion ; if pointed 
to any star, it always continues to point to that star, its 
position relative to the Earth changing with that of the star. 
Hence it is inferred that the directions of the stars ai-e fixed 
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in space, and tliat the diurnal motion is not due to them, 
but to the rotation of the Earth. 


382. If while the gyroscope is spinning rapidly any attempt be made 
to alter the direction of the axis of rotation by pushing it in any 
direction, a very great resistance will be experienced, and the axis 
will only move with great difficulty. This shows that the small 
friction at the pivots OD, EF can have but little effect in turning 
the axis of the top, and therefore the gyroscope spins as if it were 
practically free, as long as its angular velocity remains considerable. 

The following additional experiments with the gyroscope can be 
also used to prove the Earth’s rotation. 

Experiment 1. — ^Let the hoop CEDE be steadily rotated about the 
line EF, The line J.J5 is no longer free to take up any position, for 
the pivots Oand D obviously force it always to be in a plane through 
EF and perpendicular to plane GEEF. Hence the axis of rotation 
is no longer able to maintain always the same position, unless that 
position coincides with EF. The result 
is that the axis gradually turns about 
GD till it does coincide with EF, the di- 
rection of rotation of the wheel being 
the same as that in which frame is forced 
to revolve. It will then have no further 
tendency to change its place. Of course 
we suppose the hoop turned so quickly 
that the effect of the slow motion of the 
Earth is imperceptible. 

Experiment 2. — We may now repeat 
Experiment 1, using the Earth’s rota- 
tion. Let the framework GEDF be fixed 
in a horizontal position, the line CE 
being held pointed due east and west. The axis AB is then 
free to turn in the plane of the meridian. Now, owing to the 
Earth’s rotation, the framework carrying GE is turning about the 
Earth’s polar axis, and this causes the top to turn till its axis points 
to the celestial poles. The result of experiment agrees with theory, 
thus affording a further proof of the Earth’s rotation about the 
poles. The gyro-compass, now used on many battle-ships and other 
large vessels, is essentially a large gyroscope whose rotation is 
maintained by an electric motor. It points to the astronomical 
north, not the magnetic north. As the guiding force is more 
powerful than in the magnetic compass, it is possible to have a 
single compass at a safe position below the water line, which con- 
trols dials in various parts of the ship. 

EocperimeTVt 3. — ^Let the framework GEEF be clamped in a vertical 
plane. The axis A B can then turn in a horizontal plane^ but it 
cannot point to the pole. It will, however, try to point in a direction 
differing as little as possible from the direction of the Earth’s axis, 
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and will therefore turn till it points due north and south. This has 
also been verified by actual observation. 

Experiments 3 and 2, if performed with a sufficiently perfect 
gyroscope, would enable us to find the north point, and then to find 
the celestial pole, and thus determine the latitude without observing 
any stars. By means of Foucault’s pendulum experiment we could 
also (theoretically) determine the latitude. 

383. The Deviation of Projectiles. — If we suppose a 
cannon ball to be fi.red in any direction, say from the Earth’s 
l!Tortli Pole, the ball will travel with uniform horizontal 
velocity in a vertical plane. But, as the Earth rotates 
from right to left, the object at which the ball was aimed 
will be carried round to the left of the plane of projection, 
and therefore the ball will appear to deviate to the right of 
its mark. At the South Pole the reverse would he the 
case, because in consequence of the direction of the vertical 
being reversed, the Earth would revolve from left to right ; 
hence the ball would deviate to the left of its mark. At 
the equator no such effect would occur. 

The deviation, like that in Eoucault’s pendulum, depends 
on the Earth’s component angular velocity about a vertical 
axis at the place of observation, and this component, in 
latitude ?, is n sin 2 (§ 380, iii). Now the Earth rotates 
about the poles through 15" per sidereal second. Hence, 
if t be the time of flight measured in sidereal seconds, the 
deviation is 

= nt sin I = 15" . t sin 

and it is necessary to aim at an angle 15" . t sin I to the 
left of the target in N. lat. Z, or 15" . Z sin Z to the right in 
S. lat. 1. The formula is sufficiently approximate even if t 
be measured in solar seconds. It is necessary to allow for 
this deviation in gunnery — thus affording another proof of 
the Earth’s rotation. 

384. The Trade Winds are due to a similar cause. The 
currents of air travelling towards the hotter parts of the 
Earth at the equator, like the projectiles, undergo a devia- 
tion towards the right in the northern hemisphere, and 
towards the left in the southern. This deviation changes 
their directions from north and south to north-east and 
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south-east respectively. In a similar manner the Barth’s 
rotation causes a deviation in the ocean currents, making 
them revolve in a direction opposite to that of the Earth’s 
rotation, which is “ counter clockwise ” in the N. and 

clockwise ” in the S. hemisphere. The rotatory motion 
of the wind in cyclones is also due to the Earth’s rotation. 

385. Centrifugal Force. — ^If a body of mass m is revolv- 

ing in a circle of radius r with uniform velocity v under the 
action of any forces, it is known that the body has an 
acceleration 'c^jr towards the centre of the circle.* Hence 
the forces must have a resultant acting towards the 

centre, and they would be balanced by a force mv^/r acting 
in the reverse direction, i.e. outwards from the centre. 
This force is called the centrifugal force. 

Thus, in consequence of its acceleration, the body ap- 
pears to exert a centrifugal force outwards. If it be attached 
to the centre of the circle by a string, the pull in the string 
is If m be measured in pounds, r in feet, and v in 

feet per second, then mv^[r represents the centrifugal force 
in ^oundals. Similarly, in the centimetre-gramme- second 
system of units, mv^/r is the centrifugal force in dynes. 

If n represent the body’s angular velocity in radians per 
second, v = nr, and the centrifugal force is therefore mn\. 

386. General Effects of the Earth’s Centrifugal 
Force. — ^If the Earth were at rest the weight of a body 
would be entirely due to the Earth’s attraction. But in con- 
sequence of the diurnal rotation the apparent weight is the 
resultant of the Earth’s attraction and the centrifugal force. 

Let QOB, represent a meridian section of the Earth 
(Eig. 131). Consider a body of mass m supported at any 
point 0 on the Earth’s surface. Since the Earth is nearly, 
but not quite, spherical, the force of the Earth’s attraction 
on a unit mass is not directed exactly to the Earth’s centre, 
but along a line OK. But, owing to the body’s central 
acceleration along OM, the force which it exerts on the 
is not quite equal to the Earth’s attraction 


* See any book on Dynamics. 
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but is compounded of mg^ acting along OJT, and the centri- 
fugal force m . . MO acting along MO. 

On KQ take a point G such that 

KQ:KO=:n^ .MO:g^ 

then, hj the triangle of forces, OG is the direction of the 
resultant force exerted hj the body on its support, and this 
force is the apparent weight of the body. Hence, also OG 
represents the apparent direction of gravity, or the verti- 
cal as indicated by a plumb-line. Producing GOy KO to Z, 
Z", we see that tJie effect of centrifugal force is to displace 
the vertical from Z” towards the nearest pole (P) . 

The angle ZGQ measures the (geographical) latitude of 
the place, and is greater than Z"KQ, which would measure 
the latitude if the Earth were at rest. Hence the ap'parent 
latitude of any place is increased hy centrifugal force. 



Pig. 131. 


Again, if the apparent weight be denoted by mg, we have, 
by the triangle of forces, 

g:g,= GO:KO; 

now from the figure it is evident that GO<KO, and there- 
fore ^ 0 - Hence the apparent weight of a body is 
diminished hy centrifugal force. 

387. Effect on the Acceleration of a Palling Body. 

— If a body is falling freely towards the Earth near 0, the 
whole acceleration of its motion in space is due to the Earth’s 
attraction, and is ^q, along OK. But the Earth at 0 has 
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itself an acceleration n^OM towards M. Hence tlie accelera- 
tion of tlie body relative to the Earth is the resultant of 
along OK, and . MO along MO, and is therefore g along 
OG. Hence the body approaches the Earth with accelera- 
tion g along OG. Therefore its relative acceleration is the 
acceleration due to its apparent weighty that is, to the 
resultant of the Earth^s attraction and centrifugal force. 


388. To find the loss of weight of a "body at the 
equator, due to centrifugal force. — ^At the equator 
centrifugal force is directly opposed to gravity j hence, if a 
denote the Earth’s radius GQ, 


g=:go-n^a. 


How we have roughly 

gQ = 32*18 feet per second per second, 
a = 3963 rniles = 3963 x 5280 feet, 
and ^ = 27r radians per sidereal day 


2ff 

86164 


radians per mean solar second. 


Hence n^a = 
and therefore 


3963 X 5280 x 47r‘^ 
86164 X 86164 
n^a _ 11127 _ 
go ' 32*18 “ 


•11127, 


289 


nearly. 


Hence 




289 




or the effect of the Earth's rotation is to decrease the weight 

of a tody hy about of the whole. 

289 


Eor rough calculations it would be sufiBicient to take g = 32 '2, 
a — 3960 miles, and to neglect the difference between a solar and a 
sidereal day. This would give as before. 

389. To find approximately the loss of weight of a 
body and the deviation of the vertical due to centri- 
fugal force in any given latitude. — 

Let I = QGO = astronomical latitude of 0 ; D = GOK 
= ZOZ'' = deviation of vertical from direction of Earth’s 
attraction, or increase of latitude due to centrifugal force. 
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We tave OM = (70 cos COM 

= a cos I approximately ; 

where a is the Earth’s radius, since the Earth is very nearly 
spherical, and L 0 OM is therefore veiy nearly equal to the 
latitude 1. Therefore centrifugal force per unit mass at 0 
= . OM =:zn\ a cos I = ^ (from § 388). 


Eesolving along 00, we have, if be the Earth’s 
attraction per unit mass at 0'^, 

g = gQ cos JD — n^. OM cos I 


= Qq- 


• cos^ I approximately 

289 


(since D is small, and cos D = 1 nearly) . 


Hence, in latitude Z, the JEartVs rotation diminishes the 


weight of a hody by approximately 


1 

289 


cos^ I of itself. 


Eesolving perpendicular to 0(?, 
we have 

g^ sin D — n^OM sin Z = 0 ; 

Tfc ^%cosZsinZ 

• . sin JJ = 

9o 

_ 1 sin 2Z^ 

““ 2M ‘ 

Since D is small, this gives 
approximately 

circularmeasure of D = ~ 

289 2 ’ 



D" (number of seconds in D) 
180 X 60 X 60 


sin 2Z 


289 X 27r 

206265 . 07 OK‘7// • 07 

sin 2Z = 357" sm 2Z. 


Hence the deviation D = 5' 57" . sin ^l, and this is the 
increase of latitude due to centrifugal force. 

* Since the Earth is not quite spherical, is not the same at 0 as 
at the equator. The difference may be neglected, however, when 
multiplied by the small constant 
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CoBOLLART.—Tlie deviation of the vertical due to centri- 
fugal force is greatest in latitude 45^^ ( *; sin 2Z = 1) , and 
is there 6' 57". 

390. Figure of the Earth. — In § 114 we stated that the 
form of the Barth has been observed to be an oblate spheroid. 
Now it has been proved mathematically that a mass of 
gravitating liquid when rotating takes the form of an oblate 
spheroid whose least diameter is along its axis of rotation. 
Thus the Earth’s form may be accounted for on the theory 
that the Earth’s surface was formerly in a fluid or molten 
state, and that it then assumed its present form, owing to 
its diurnal rotation. We thus have another argument in 
favour of the Earth’s rotation ; but it is only fair to say 
that this theory of the Earth’s origin has not been satis- 
factorily demonstrated. 

It accounts satisfactorily, however, for the form of the 
surface of the ocean. 

This theory may he illustrated by the following general considera- 
tions. When a mass of liquid is acted on by no forces beyond the 
attractions of its particles, it is easy to realise that the whole^ is in 
equilibrium in a spherical form, being then perfectly symmetrical. 

If, however, the fluid be rotating about the axis POF^ the centri- 
fugal force tends to pull the liquid away from this axis and towards 
the equatorial plane. The liquid would, therefore, fly right off, but 
its attraction is always trying to pull it back to the spherical form. 
Hence, the only effect of centrifugal force (which, for the Earth, is 
small compared with gravity) is to distort the liquid from its spheri- 
cal form by pulling it out towards the equator ; and it is therefore 
reasonable to suppose that the fluid will assume a more or less oblate 
figure, whose equatorial is greater than its polar diameter. 

It may also be remarked that the form assumed by the liquid 
would be such that the effective force of gravity [i.e. the resultant 
of the attraction and centrifugal force) on the surface would every- 
where be perpendicular {i.e. normal) to the surface. 

*391. Qravitational Observations. — If the Earth were a sphere, 
its attraction po would everywhere tend to its centre, and would be 
of the same intensity at all points on its surface, while the variations 
in g, the apparent intensity of gravity, would be entirely due to the 
Earth’s centrifugal force, its value in latitude I being proportional 
^ (§ 389). By comparing the values of g at different 

places, we should then be able to demonstrate the Earth’s centri- 
fugal force, and hence prove its rotation. But, owing to the Earth’s 
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elliptioity, its attraction Qq does not pass through the centre, except 
afc the poles and equator, and its intensity is not everywhere con- 
stant. It is, therefore, important to determine experimentally the 
values of g at different stations. By allowing for centrifugal force, the 
corresponding values of the Earth’s attraction Qq can be found, and 
the variations in its intensity at different places afford a measure of 
the amount by which the Earth differs from a sphere. We thus 
have a gravitational method of finding the Earth’s elliptieity. 

But the Earth’s elliptioity can also be determined by direct 
observation, as explained in Uhapter III. , Section III. The agree- 
ment between the results thus independently obtained furnishes 
another proof of the Earth’s rotation. 

In consequence of the Earth’s elliptieity it is found (by observa- 
tion) that the difference in the intensity of gravity between the pole 
and equator is increased from to of the whole. 


392. To compare the Intensity of Gravity at different places.— 
The intensity of gravity may be measured by the force with which 
a body of unit mass is drawn towards the Earth. This cannot be 
measured by weighing a body with a common balance, because the 
weights of the body and of the counterpoise, by means of which it is 
weighed, are equally affected by variations in the intensity of 
gravity, and two bodies of equal mass will, therefore, balance one 
another when placed in the scale pans, no matter what be the in- 
tensity of gravity. In fact, by weighing a body with weights in the 
ordinary way, we determine only its mass, and not the absolute 
force with which it is drawn to the Barth. 

We might determine the intensity of gravity by means of a 
“ spring balance, for the elasticity of the spring does not depend on 
the intensity of gravity, and therefore the extension of the spring 
gives an absolute measure of the force with which the body is drawn 
towards the Earth. If the apparatus were to support a mass of one 
pound, first at the equator and then at the pole, the force on it 
would be greater at the latter place by about and this spring 
would there be extended about more. It would be very difficult 
to construct a spring balance sufficiently sensitive to show such a 
small relative difference of weight, but it has been done. 

Atwood^ s machine might be used to find g, but this method is not 
capable of giving very accurate results. 

The most accurate method of finding g is by timing the oscillations 
of a pendulum of known length. 

[* A theoretical simple pendulum, consisting of a mere heavy par- 
ticle of no dimensions, suspended by a thread without weight, is of 
course impossible to realise in practice, but the difficulty is over- 
come by the use of a pendulum called Captain Xater's Reversible 
jPenduhm, This pendulum is a bar which can be made to swing 
about either of two knife-blades fixed at opposite sides of, bub un- 
equal distances from, its centre of gravity, and it is so loaded that 
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the periods of oscillation, when suspended from either knife-edge, 
are equal. It is then known that the pendulum will swing about 
either knife-edge in just the same manner as if it were a simple 
pendulum whose whole mass was concentrated at the other knife- 
edge. The distance between the knife-edges is, therefore, to be 
regarded as the length of the pendnlum.'\ 

393. Oscillations of a Simple Pendulum. — In a simple 
pendulum, formed of a small heavy particle suspended by 
a fine light thread of length I, the period of a complete 
small oscillation to and fro is 



the time of a single swing or heat ” being of course half of 
this. 

Hence by observing the time of oscillation t and measur- 
ing the length Z, the intensity of gravity g can be found. 

By the “ seconds pendulum ” is meant a pendulum in 
which one heat occupies one second, hence a complete 
oscillation occupies two seconds. 

Example. — Having given that the length of the seconds pendulum 
is 99*39 centimetres, to find g in centimetres per second per second. 

t — 2Tr ^ Ijg =: 2 seconds, and I = 99*39 cm., 

/. g=7rH= 99*39 X (3*14=16)3 = 981. 

It is often necessary to compare the lengths of two 
pendulums whose periods of oscillation are very nearly 
equal, to find the effect of small changes in the length of a 
pendulum due to variations in temperature, or, in comparing 
the intensity of gravity at different places, to find the effect 
of a small alteration in the value of g on the period of 
oscillation and on the number of oscillations in a given 
interval. If the differences are small, the calculations may 
be much simplified by means of the following methods of 
approximation.* 

394. To find the change in the time of oscillation of 
a pendulum, and in the number of oscillations in a 
given interval, due to a small variation in its length 
or in the intensity of gra"vity. 

The same results can of course be obtained by means of the 
differential calculus. 
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If i be the time of a complete oscillation of a pendulum 
of length Z, we have, by § 393, 

~ 47r2 -L (i). 

(i) Suppose the length increased to Z', and let Z' be the 
new period of oscillation. We have 

V 


Z'2 = 47r2 


Therefore, by division, 

and therefore also 

Z'2~-Z2 _ 

- — 


*1- 


(Z'-Z) 


Z' + Z _ Z'-Z 


These formulae are exact. But if V is very nearly equal to 
Z, t' is very nearly equal to Z, and therefore, putting Z + Z' = 2Z, 
we have approximately 

t' ’-t 

2 zr — - — 9 

t I 

whence, if Z, Z be known, the change Z' — Z, consequent on 
the increase of length V — Z, may be readily found approxi- 
mately without the labour of extracting any square roots. 


(ii) Suppose the intensity of gravity increased to g\ the 
length Z being unaltered, and let Z' be the new period. Since 

9 

we have, by division, 

g' 

and therefore also 

, _g-g 

Z2 g' 

But, if Z, g are very nearly equal to Z', g', this gives 
approximately 

t (j 
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(iii) If Z and g both, vary, becoming V and we have, in 
like manner 

Ig 

Therefore also 

^ A t'+i _ I'g-V __ I'g-iV , 

-p — — j^+-w~ 

= ^ 9-g y i'-i. 

I g' ^ I 

or approximately, if the variations are small, 

^i/^t _ Z'— Z _ j5r'-r/ 
t Z ' 

showing that the effects of the two variations may be con- 
sidered separately. 


(iv) If n, n' be the nnmber of complete oscillations of 
the pendulum in a given interval T, and if, in consequence 
of the change, this number be altered to n', we have 
nt = n't' = T, 

. n' t 


whence 


n' —n __ t—t' 


If t' is very nearly equal to Z, this gives approximately 
n'—n_ t'—t _ 1 1'— I fir'— fir. 

— 2 -J-g. 9 

n t 9 

which determines the number of beats gained by the pen- 
dulum in the time T, in consequence of the variations, the 
original number n being supposed known. 


Example. — To find the number of oscillations gained or lost in an 
hour by the pendulum of the Example of § 393, supposing (i) its 
length increased to 1 metre; (ii) the acceleration of gravity in- 
creased to 982 ; (iii) both changes made simultaneously. 

(i) The pendulum beats seconds ; therefore it performs 3600 half 
oscillations or 1800 whole oscillations in an hour. Also U = 100*00, 

r-; = o*6i, ^ ~ ^ = 0. 
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Hence, if n' be the new number of oscillatione in an hour, 


w'-1800_ 0-61 

1800 21 


0*61 , , 
(approx. ) = 


0-61 . 
200 ' 


1800= -9x *61= -5*49, 


Hence the pendulum loses nearly 5| oscillations in an hour, and the 
number of oscillations is therefore 1794|. 


(ii) Here 


7i'-1800_.7'“.g_982-981_ 1 

1800 2g 2x981 2x981 ^ 

w' - 1 800 = =*9 = 1 nearly. 


Hence the pendulum gains 1 oscillation in an hour, the total 
number of oscillations being 1801. 


(iii) Since from the first cause the pendulum loses 5J oscillations 
and from the second it gains 1 oscillation, therefore on the whole it 
loses 5 J - 1 or 4| oscillations per hour. It therefore performs 17954 
oscillations or 3591 leata per hour. ^ 


395. To compare the times of oscillations of two 
pendulums whose periods are very nearly equal. 

If t wo pendulums of nearly equal periods are simultaneously 
started swinging in the same direction, the one whose period 
is a little the shortest will soon begin to swing before the 
other. After some time it will gain a half oscillation, and 
the pendulums will then be swinging in opposite directions. 
After another equal interval, the quicker pendulum will 
have gained one whole oscillation on the slower, and both 
will he again swinging together in the same direction. 
Similarly, every time the quicker pendulum has gained an 
exact number of complete oscillations on the slower, both 
will he swinging together in the same direction. Thus, 
the number of coincidences, or the number of times that 
the two pendulums are together, in any interval, is equal 
to the number of complete oscillations (to and fro) gained 
by the quicker pendulum over the slower, i.e. the difference 
between the numbers of complete oscillations performed 
by the two pendulums. 

Thus, if n, nJ be the number of oscillations of the slower 
and faster pendulums in any given interval, then W— u is 
the number of oscillations gained by the latter, and is, 
therefore, the number of '' coincidences.” If either of the 
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mim'bers n, n' is known, we cSin, "by counting tlie coin- 
cidences, find tlie otker number. 


396. To find g, the acceleration of gravity, the 

simplest plan is to use a Captain Eater’s pendulum, the 
beat of which is rery nearly one second. Ey counting the 
“ coincidences ^ ’ of the pendulum with the pendulum of a 
clock regulated to beat seconds during, say, an hour (as 
shown by the clock) the exact time of oscillation can be 
found. MoreoTer, from the number of beats gained or 
lost, and the observed length of the pendulum, we may 
calculate the amount by which the length must be increased 
or decreased in order to make the pendulum beat seconds. 
The length of the seconds pendulum is thus known, and 
the value of g can be found. 

The reason for using two penduhims is that it would he extremely 
difficult to measure the length of the pendulum of the clock, and it 
would be equally difficult to find the period of oscillation of a pen- 
dulum without comparing it with that of a clock, whose rate can 
he regulated daily by astronomical observations. 


397. To compare the value of g at two different 
stations, the simplest plan is to determine the number of 
seconds gained or lost in a day hy a clock after it has been 
taken from one station to the other, the length of the pen- 
dulum remaining the same. If n, n' he the number of 
seconds marked by the clock in a day at the two places, we 


have exactly 
or approximately, 



' — 2 ~" ■» 


whence the ratio of g' to g may he found. 


Here there is no necessity to use a Captain Eater’s pendulum, 
because the length of the pendulum is not required ; hence the 
ordinary compensating pendulum of the clock answers the purpose. 
If a non-coTnpensating pendulum were used, it would be necessary 
to make allowance for any change in the length of the pendulum 
due to Yariations in temperature. 
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EXAMPLES.-~-XII. 


1. A Foucault’s pendulum being set vibrating in latitude 30“, 
show that after one sidereal day it is again vibrating in the same 
plane. Find the corresponding interval in latitude 45®. 

2. If two conical penduluTm of equal length revolve in opposite 
directions, describing cones of equal vertical angle, show that at a 
place in the northern hemisphere the pendulum which revolves in 
the same direction as the hands of a watch will have the greater 
apparent angular velocity, and will gain two complete revolutions 
on the other in the period in which the plane of Foucault’s pendulum 
turns through 360®. Consider, in the first place, the phenomena at 
the North Foie. Also describe the corresponding phenomena in 
the southern hemisphere. 

3. If a railway is laid along a meridian, and a train is travelling 
from the equator towards the pole, investigate whether it will exert 
an eastward or a westward thrust on the rails, and why. 

4. A bullet is fired in N. latitude 45®, with a velocity of 1,600 feet 
per second, at an elevation 45®. Prove that it must be aimed in a 
vertical plane 12' 30" to the left of the target ; and, if this precaution 
be neglected, calculate how many feet it will deviate to the right. 

5. Show that if the Earth were to rotate seventeen times as fast, 
a body at the equator would have no weight. 

6. If the Earth were a homogeneous sphere rotating so fast that 
bodies at the equator had no weight, show that in any latitude the 
plumb-line would point to the celestial pole. 

7. Would the latitude of G-reenwich be increased or decreased by 
an increase in the speed of the Earth’s rotation ? If the latitude of 
a place be 60®, find what would be its latitude if (i) the Earth were 
reduced to rest, (ii) its angular velocity were doubled. 

8. Prove that if the Earth were reduced to rest, a pendulum in 
latitude 45° would gain one oscillation in every ilc6, but if the 
Earth’s angular velocity were doubled, it would lose three oscillations 
in 1156. 

9. A clock and a chronometer are taken from London to Gibraltar 
and it is observed that the clock begins to lose, while the chrono- 
meter continues to keep correct time. Why is this ? 

10. Assuming that a body loses of its weight when taken 
from the poles to the equator, show that a clock which keeps mean 
time at the equator would keep sidereal time at the poles, with a 
rate amounting to only a fraction of a second per day. 

11. With the data of the last question, show that the Earth’s 
attractions on a unit mass placed at the equator and at the poles are 
in the ratio of (nearly) 496 : 497. 

12. If a railway train is travelling along the equator from east to 
west, show that it presses on the rails with a force greater than its 
apparent weight when at rest. If the train is travelling at forty-five 
geographical miles per hour, and its mass is 144 tons, find (roughly) 
in pounds the increase in the downward thrust on the rails. 
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EXAMINATION PAPER.— XII. 

1. Give reasons for supposing that the diurnal rotation of the 
heavens is only an appearance caused by a real rotation of the 
Earth. Name methods by which it has been claimed that this is 
proved. 

2. Describe the gyroscope experiment^ and the gyroscope. 

3. Give any theoretical methods of determining latitude without 
observing a heavenly body. 

4. Describe Foucault’s experiment for exhibiting the Earth’s 
rotation ; and find the time of the complete rotation of the plane of 
vibration of a simple pendulum freely suspended in latitude 60°. 

5. Having given that the Earth’s circumference is 40,000 kilo- 
metres, find the acceleration of a body at the equator due to the 
Earth’s rotation in centimetres per second per second, and taking 
po, the acceleration of gravity, to be 981 of these units, deduce the 
ratio of centrifugal force to gravity at the equator. 

6. What is meant by the vertical at any point of the Earth’s 
surface? Supposing the Earth to be a uniform sphere revolving 
round a diameter, calculate the deflection of the vertical from the 
normal to the surface. 

7. State what argument is drawn from the Earth’s form to support 
the hypothesis of its rotation. 

8. Why is it that the intensity of gravity is less at the equator 
than in higher latitudes ? Show that the alteration in the apparent 
weight of a body due to centrifugal force varies nearly as qq^'% 
where I is the latitude, and state the ratio of centrifugal force to 
gravity at the equator. 

9. If a body is. weighed by a spring balance in London and at 
Quito, a difference of weight is observed. Why is this not observed 
if an ordinary pair of scales be used ? 

10. Show that an increase in the intensity of gravity will cause 
a pendulum to swing more rapidly, and vice versd. If the accelera- 
tion of gravity be increased by the small fraction 1/r of its value, 
show that a pendulum will gain one complete oscillation in every 2n 



CHAPTER XIIL 


THE LAW OP UNIVEESAL G-EATITATION. 

Section I . — The JEarth's Orbital Motion — Kejpler's Laws 
and their Consequences, 

398. Evidence in favour of the Earth’s Annual 
Motion round the Sun. — The theory that the Earth is a 
planet, and revolves round the Sun, Avas propounded by 
Copernicus (circ. 1530) and received its most convincing 
proof, over 150 years later from Newton (a.d. 1687), who 
accounted for the motions of the Earth and planets as 
a consequence of the law of universal gravitation. This 
proof is based on dynamical principles ; but the following 
arguments, based on other considerations, afford indepen- 
dent evidence in favour of the theory that the Earth 
revolves round the Sun rather than the Sun round the 
Earth. 

(i) The Sun’s diameter is 110 times that of the Earth’s, 
and it is much easier to believe that the smaller body 
revolves round the larger, than that the larger body revolves 
I'ound the smaller. 

If the dynamical laws of motion be assumed, it is impossible to 
see how the larger body could revolve round the smaller, unless 
either its mass and therefore its density were very small indeed, 
or the smaller one were rigidly fixed in some way. 

(ii) The stationary points, and alternately direct and 
retrograde motions of the planets, are easily accounted for 
on the theory that the Earth and planets revolve round 
the Sun (Chap. X.) in orbits very nearly circular, and it 
would be impossible to give such a simple explanation of 
these motions on any other theory. It is true that we 
might suppose, with Tycho Brahe (circ, 1600), that the 
planets revolve round the Sun as a centre, while that body 
has an orbital motion round the Earth, but this explanation 
would be more complicated than that which assumes the 
Sun to be at rest. And it would be hard to explain how 
such huge bodies as Jupiter and Saturn could be brought 
to describe such complex paths. 
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(iii) As seen through a telescope, Venus and Mars are 
found to he verj similar to the Earth in their physical 
characteristics, and their phases show that, like the Earth 
and Moon, they are not self-luminous. It is, therefore, 
only natural to suppose that their property of revolving 
round the Sun is shared by the Earth. Moreover, the 
Earth’s relative distance from the Sun agrees fairly closely 
with that given by Bode’s law; hence there is a strong 
analogy between the Earth and the planets. 

(iv) The orbital motion of the Earth is in strict accor- 
dance with Kepler’s Laws of Planetary Motion. In parti- 
cular, the relation between the mean distances and periodic 
times given by Kepler’s Third Law (§ 326) is satisfied in 
the case of the Earth’s orbit. 

Moreover, a similar relation is observed to hold between 
the periodic times of Jupiter’s satellites and their mean 
distances from Jupiter. Hence it is probable that the 
Earth and planets form, like Jupiter’s satellites, one system 
revoking about a common centre. But it is improbable 
that the Sun and Moon should both revolve about the 
Earth, for their distances from it and their periods are ^ot 
connected by this relation. 


(y) The changes in the relative positions of two stars 
during the year in consequence of annual parallax can only 
be accounted for on the hypothesis either of the Earth’s 
orbital motion, or of a highly improbable rigid connection 
between all the nearer stars and the Sun, compelling them 
all to execute an annual orbit of the same size and position. 

(vi) The aberration of light afiords the most convincing 
proof of all. In particular, the relation between the co- 
efficient of aberration and the retardation of the eclipses 
of Jupiter’s satellites has been fully verified by actual 
observations, and affords incontestible evidence that the 
phenomenon IS actually due to the finite velocity of light 
Chapter XI. And the alternative hypothesis 
which would account for annual parallax would not give 
nse to aberrati<m, but would produce an entirely different 
phenomenon Hence the evidence derived from the aber- 
^ ^ previous evidence, furnishes a 
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399.»-3ffEWT03Sr'S THEORETICAL BEDVCTIOHS 

FROM KEPLER’S LAWS. 

Kepler’s Three Laws of planetary motion (§ 326) natu- 
rally suggest the following questions : — 

(1) What makes the planets move in ellipses? 

(2) Why does the radius vector from the Sun to any 
planet trace out equal areas in equal times ? 

(3) Why are the squares of the periodic times pro- 
portional to the cubes of the mean distances from the Sun ? 

These questions were first answered by hTewton about 
1687, or nearly sixty years after the death of Kepler. The 
theoretical interpretation of the Second Law necessarily 
precedes that of the first ; accordingly we now repeat the 
laws in their new order, together with Kewton’s interpre- 
tations of them. 

Kepler’s Second Law. — The radius vector joining 
each planet to the Sim moves in a plane describing 
equal areas in equal times* 

Kewton’s deduction*. — The force under which a 
planet describes its orbit always acts along the 
radius vector in the direction of the Sun’s centre, 

Kepler’s First Law. — The planets move in ellipses, 
having the Sun in one focus, 

Kbwton’s deduction. — The force on any planet 
varies inversely as the square of its distance 
from the Sun, 

Kepler’s Third Law. — The squares of the periodic 
times of the several planets are proportional to the 
cubes of their mean distances from the Sun, 

Newton’s deduction. — The forces on different 

planets vary directly as their masses, and inversely 
as the squares of their distances from the Sun, 
or, in other words, the accelerations of different 
planets, due to the Sun’s attraction, vary inversely 
as the squares of their distances from the Sun. 
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If, as we have every reason for believing, the planets are 
material bodies, Hewton’s laws of motion show that they 
cannot move as they do unless they are acted on by some 
force, otherwise they would either be at rest or move uni- 
formly in a straight line. Kepler’s Second Law then 
enables us to determine the direction of this force, his 
First Law enables us to compare the force at different 
parts of the same orbit, and his Third Law enables us to 
compare the forces on different planets. 

400. We have seen that the orbits of most of the planets 
are nearly circular, the eccentricities being small, except 
in the case of Mercury. Before proceeding to the general 
discussion of the dynamical interpretation of Kepler’s 
Laws, it will be convenient therefore to consider the case 
where the orbits are supposed circular, having the Sun for 
centre. Kepler’s Second Law shows that under such 
circumstances the planets will describe their orbits uni- 
formly, and it hence follows that the acceleration of a 
planet has no component in the direction of motion, but is 
directed exactly towards the centre of the Sun. The law 
of force can now be deduced very simply, as follows : — 


KEFliEB’S THIBD LAW FOB CIRCULAB 
ORBITS. 


401. To compare the Sun’s attractions on different 
Planets, assuming that the orbits are circular and 
that the squares of the periodic times are propor- 
tional to the cubes of the radii. 


Suppose a planet of mass M is moving with velocity v 
in a circle of radius r. Let T be the periodic time, P the 
force to the centre. 

Since the normal acceleration in a circular orbit is v^/r^ 
therefore P = 

r 

In the period T the planet describes the circumference 27r?’j 
vT = 27rr. 

Substituting for v, we have 

. 47r^JlIr M 

“Ji2 -JtT* 


P = . 
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Let M' be the mass of another planet revolving in a 
circular orbit of radius r', T' its periodic time, P' the force 
of the Sun’s attraction ; then we have in like manner 

^ ^ rj^V’Z 

Bj Kepler’s Third Law, 

^ > 

• * ^ ' ^1% 


Therefore the forces on different planets vary 
directly as their masses and inversely as the squares 
of their distances from the Sun. 


Corollary 1. — Let P= OM/r®; then C is called the abso- 
lute intensity of the Sun’s attraction, and we see that 


The absolute intensity of the Sun's attraction is 
the same for all planets. 


For 


4'3r2'r^ 


47rV’^ 


The constant 0 evidently represents the force with which 
the Sun would attract a unit mass at unit distance, or the 
acceleration which the Sun would produce at unit distance. 


Corollary 2. — If another body be revolving in an orbit 
of radius r' in a period P', under a different central force, 
which produces an acceleration Ojr"^ at distance r', we have 


47rV'^ 


and 


0 = 


47rV'^ . 


G'T '^ : GT^ = r'3 : r^. 


a formula which enables us to compare the absolute intensi- 
ties of two different centres of force, which attract inversely 
as the squares of the distances, when the periodic times and 
distances of two bodies revolving about them are known. 
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402. To compare the velocities and angular velo- 
cities of two planets moving in circular orbits.-- If 

V, 'v' are the velocities, the angular velocities (in radians 
per unit time), we have 

^ = 27r/T, n'=27r'r; 

n : n! = T-^ : : r'-'l 

Also '0 = r/i, v' = r'nl ; 

V : v' : r'~^. 

Examples. 

1. If the Earth’s period were doubled, to find what would be its 
new distance from the Sun. 

If r, T be the old and new distances, Kepler’s Third Law gives 
r'3 ; = 2* : P ; 

r' = r X ^4 = 92,000,000 X 1*587 
= 146 , 000,000 miles. 

2. If the Earth’s velooity were doubled, its orbit remaining cir- 
_ oular, to find its new distance. 

Here r' : r = = 1 : 4 ; 

r = Jr = 23,000,000 miles. 

3. If the Earth’s angular velooity were doubled, to find its new 
distance. 

The new angular velooity being double the old, the new period 
would be half the old, and therefore 

r'»:r3=(ir-:P; 

/ = r X = r/ 1^4 = 92,000,000 -i- 1 *587 
= 92,000,000 X *63 = 58,000,000 miles. 

4. To find what would be the coefiioient of aberration to an 
observer situated on Yeniis. 

The coefficient of aberration (in circular measure) is the ratio of 
the observer’s velocity to the velooity of light ; hence, if tc are the 
coefficients on the Earth and Venus, 



li! = 20*47r' X si (1*38) = 20*471" X 1-1785 
= 24 - 126 ''. 
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We shall now prove llTewton’s deductions from Kepler’s 
Laws, for the general case of elliptic orbits, employing, 
however, di:ffierent and simpler proofs than those used by 
Newton. 

403. Areal Velocity. — BefLnition. — If a point P is 
moving in any path MFK about a centre jS, the rate of 
increase of the area of the sector M8Pf bounded by the fixed 
line SM and the radius vector /SP, is called the areal 
velocity of P about the point 8. 

If the radius vector 8P describes equal areas in equal 
times, in accordance with Kepler’s Second Law, the areal 
velocity of P about 8 is of course constant, and is then 
measured by the area of the sector described in a unit of time. 

If the rate of description of areas is not constant, we 
must, in measuring the areal velocity at any point, pursue 
a similar course to that adopted in measuring variable 
velocity at any instant, as follows : — 



If the radius vector describes the sector P8P' in the 
interval of time then the average areal velocity over 
the arc PP' is measured by the ratio 
area P8P^ 
time t 

(Thus the average areal velocity is the areal velocity with 
which a radius vector, sweeping out equal areas in equal 
times, would describe the sector P8P' in the same time t.) 

The areal velocity at a point P is the limiting value of 
the average areal velocity over the arc PP' when this arc 
is infinitesimally small. 
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404. Kelation between the Areal Velocity and the 
Aetna! (linear) Velocity,— Let PP' 'he the small arc 
described by a body in any small interval of time Let v 
be the actual or linear velocity of the body, h its areal 
velocity. Since the arc PP' is supposed small, we have 
PP = vt, 
area PSP' = M. 

Draw SY perpendicular on the chord PP' produced. Then 
AP^P' = i(base) x (altitude) 

= |PPx 8Y; 

Tit = ^vt X BY, 

or = A-y . SY. 



But when the arc PP is infinitesimally small, P Y is the 
tangent at P, and SYis therefore the perpendicular from 8 
on the tangent at P. If this perpendicular be denoted by 
0 , we have therefore 

h = ^vp....... (i), 

or (areal vel. about S) 

= ^ (velocity) x (perp, from S on tangent) . 

Corollary. — Por planets moving in circular orbits 
of radii r, r\ h = and 7i' = 

But V : v' = : r'~? ; 

hence the areal velocity of a planet moving in a circular 
orbit is proportional to the square root of the radius. 
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405. Proposition I. If a particle moves in such a 
manner that its areal velocity about a fixed point is 
constant, to prove that the resultant force on the 
particle is always directed towards the fixed point. 
[ITewtou’s Beduction from Kepler’s Second Law.] 

Let a body be moving in the curve TQ in such a way 
that its areal velocity about S remains constant. Let v, v' 
be tbe velocities at P, Q, and let FT, QY', the correspond- 
ing directions of motion, intersect in F. Drop SY, ST 
perpendicular on PY, QY\ ’ ' 

Since the areal velocities at P and Q are equal, 
v.8Y=: v\ST. 

But SY = SF sin 8FY, 

ST =z SF sin SFT. 

/. V sin SFY = v' sin SFT. 



i.e, Component velocity at P perpendicular to SF 

= component vel. at Q perp. to SF. 

Therefore, as the particle moves from P to Q, its velocity 
perpendicular to FS is unaltered, and therefore the total 
change of velocity is parallel to FS. 

This is true whether the arc PQ be large or small. But 
if the arc PQ be taken infinitesimally small, the average 
rate of change of velocity over PQ measures the accelera- 
tion at P, and F coincides with P. 

Therefore the direction of the acceleration of the particle 
at any point of its path always passes through S, and 
therefore the force acting on the particle also always passes 
through S. 
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406. Conversely, if the force on the particle always passes through 
Sy the areal velocity about S rem/ains constant. For in passing from P 
to Q, tlie direction of motion is changed from FP to PQy and the 
same change of velocity conld therefore be produced by a suitable 
single blow or instantaneous impulse acting at P, And since the 
force at every point of FQ always passes through S, this equivalent 
impulse must evidently also pass through jSf ; it must therefore act 
along PjS. Hence the velocity perpendicular to PS is unaltered by 
the whole impulse, and is the same at P as at <3 ; therefore 

X 



V sin SPY = v' sin SPY ' ; 
therefore v.SY = v' . SY ; 

therefore areal vel. at P = areal vel. at Q. 

407. Peoposition II. A particle describes an ellipse 
under a force directed towards the focus ; to show 
that the force varies inversely as the s< 3 |.nare of the 
distance. 

[Newton’s Deduction from Kepler’s First Daw.] 

If h is the constant areal velocity, we have, by (i), 

V = 2^/p. 

We will now express the kinetic energy of the particle in 
terms of r, its distance from the focus. Let its mass be itf. 

In the Appendix (Ellipse 11) it is proved that for the 
ellipse whose major and minor axes are 2a, 21, 

1 = = 

Tkerefore = = 

¥ \ T a J 

and kinetic energy at distance r 

= = (ii, 
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If v' is the velocity at distance r', we have, similarly, 

r4 - i-)- 

and therefore, for the increase of kinetic energy, 

(iii) 



Fia. 137. 


Now the increase of kinetic energy is equal to the work 
done by the impressed force in bringing the particle from, 
distance r to distance r'. The resolved part of the displace- 
ment in the direction of the force is r — Hence if P' 
denote the average value of the force between the distances 
r and r', we have 

Work done = F (r-r ) = 


___ 4Mh^a r — r' 

(iv) 

rr' 

p/ _ mh'^a 

¥rr^ 

(0 


Put r' = r ; then the average force P ' becomes the actual 
force P at distance r. Therefore 

P (Force at distance r) = (vi). 

This is proportional to 1/r^. 

Therefore the force varies inversely as the square of the 
distance. 


ASTRON. 


23 
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408. Proposition III. Having given tliat the 
squares of the periodic times of the planets are pro- 
portional to the cubes of the semi-axes major of their 
orbits, to compare the forces acting on different 
planets. [Newton’s Deduction from Kepler’s Third 
Law.] 

Let T be the periodic time of any planet; then, by 
hypothesis, the ratio 

J12 


is the same for all planets. 

In the last proposition (vi) we showed that the force at 
distance r is given by 


, 4Mh^a 


Let this be pnt = MOIr^, where 0 is some constant ; then 

n _ 4Ji^a / ..s 

^ = (^'0 


'Now in the period T the radius vector sweeps out the 
area of the ellipse, and this area is irah (Appendix, Ellipse 
13). Hence, since the areal velocity is h, we have 
JbT =r TTob, 

Substituting the value of h from this equation in (vii), we 
have 


But a®/T2 is the 
constant for all 


it follows that 


0 = 




TW (vih). 

same for all the planets ; therefore G is 

the planets, and since the force 

MG ... 

(ix), 


P = : 


The forces on different fflaneis are proportional to their 
masses divided by the squares of their distances from the Sun. 

Or, as in § 401, Cor. 1, 

The absolute intensity of the Sun^s attraction (C) is the 
same for all the 'planets. 

CoBOiiiiART. — Let accented letters refer to the orbit of 
another particle revolving round a different centre of force 
of intensity O. Then, by (viii), 

r^GiT'^'G'=za^:qf\ 
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409. Other Consequences of Kepler^'s Laws. 

(i) In § 150 we showed that, in consequence of Kepler’s 
Second Law being satisfied by the Earth in its annual orbit, 
the Sun s apparent motion in longitude is inversely propor- 
tional to the square of the Earth’s distance from it. Since 
the areal velocity of any planet about the Sun always re- 
mains constant, it may be shown in like manner that its 
angular velocity is inversely proportional to the square of 
its distance from the Sun. 



For, if the planet’s radius vector revolves from SP to 
SP' in the time t, and if the arc PP' is very small, we have 
area 8PP' = ^8P^ X I PSP' (§ 150), ’ 
the angle being measured in radians ; 

. area 8PP' _ I PSP' 

^ ^ t ’ 

i.e, (areal velocity of P) = ^SP^ X (angular velocity of P), 
provided that the angular velocity is measured in radians 
per unit of time. 

If n denote the angular velocity, h the areal velocity, and 
r the distance /SP, we have therefore 

h = 

And since li is constant, n is inversely proportional to rl 

* (ii) If the mass of the planet is M, its momentum is Mv along 
PF, and the moment of this momentum about 8 is 
= Mv X 8Y = Mvp — 2hM. (§ 404.) 

This is the planet’s angular momentum^ and is constant, since li is 
constant. 
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*410. Having given, in magnitude and direction, the 
velocity of a planet at any point of its orhit, to construct 
the ellipse described under the Sun's attraction. 


Let the attraction at distance r be per unit mass, where G is 
given. Suppose that at the point 
P of the orbit the planet is moving 
with velocity v in the direction PT, 

We have 

V X /S'^r= 27i, which determines li. 
Also, from (vii), 

G = WajlA 

Substituting in (ii), 

= c (i-A)...(x). 

V r a / 

Hence, by considering the planet 
at P, we have 

= -I) 

Now V, (7, and SP are known ; hence the last equation determines 
the semi-axis major a. If r = SP, we have 

20r 



2a = 


20 - r v'i ' 


Let H be the other focus of the ellipse. Then it is known 
(Ellipse 8) that HP, SP make equal angles with P T. Also SP + tIP 
= 2a. Hence, we can construct the position of H by making 
I TPI = I TPS, and producing IP to a point H such that 

PH = 2a- SP. 

The ellipse can now be constructed as in Appendix (Ellipse 2). 


Corollary 1.— Since SP -f- HP ~ 2a, equation (x) gives 
SP .a 

Corollary 2. — Substituting for h in terms of C, we see from 
equation (iv) that the work done when the body moves from dis- 
tance r to distance r' is 


* This result is also proved independently in many treatises on 
dynamics, but a fuller investigation would be out of place here. 
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Hence the work done by a mass M in falling from distance 2a to 
distance r is 

= (f -— ) = by (X). 

= kinetic energy of the planet when at distance r. 

Therefore, if a circle be described about the centre of force with 
radius equal to the major axis 2a, the velocity at any point of the 
orbit is that which the planet would acquire by falling freely from 
the circle to that point under the action of the attracting force. 

Corollary 3. — If the planet be revolving in a circle, r = a, and 
therefore = Cjr = C/a, as in § 401. 

Corollary 4. — If = 2(7/^, (x) gives 1/a = 0 ; /. a = oo . 

Hence the velocity is that acquired by falling from an infinite 
distance. In this case, the orbit is not an ellipse, but a parabola, a 
conic section satisfying the “focus and directrix” definition of 
Appendix (1), but having its eccentricity equal to unity. 

If > 2Glr, the velocity is greater than that due to falling from 
infinity, a comes out negative, and the orbit is a hyperbola, a conic 
section satisfying the focus and directrix definition, but having its 
eccentricity e greater than unity. 

Many comets move in orbits that are sensibly parabolic ; however, 
it can be shown that comets arriving from other solar systems 
would have strongly marked hyperbolic orbits, which have never 
been observed. Hence we infer that all observed comets belong to 
the solar system, and that the supposed parabolas are really very 
long ellipses. In a few oases the perturbations produced by the 

E lanets change these orbits into hyperbolas that are almost para- 
olas. Such comets leave our system for ever, unless subsequent 
perturbations reverse the action. 

Example. —To find how long the Earth would take to fall into 
the Sun if its velocity were suddenly destroyed. 

If the Earth’s velocity were very nearly, but not quite destroyed, 
it would describe a very narrow ellipse, very nearly coinciding with 
the straight line joining the point of projection to the Sun. The 
major axis of this ellipse would be very nearly equal to the Earth’s 
initial distance from the Sun, and therefore the Earth would have 
very nearly gone half round the narrow ellipse when it would 
collide with the surface of the Sun. 

Hence, if r denote the Earth’s distance from the Sunj the semi- 
major axis of the narrow ellipse is and the periodic time in this 

ellipse would be years. The Earth would therefore collide 
with the Sun in 

i X (4)^ years = ^-^years = ^ years 
= X 1 ■ilii days = 64^ days nearly. 

5 
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Section II. — Wewton^s Law of Gravitation — ConipaTiso7i 
of the Masses of the Sun and Planets. 

411. In tlie iRst section we showed that the Sun attracts 
any planet of mass M at distance r with a force OlT/r^, 
where 0 is a constant. If we assume the truth, of Newton’s 
Third Law of Motion (i.e. that action and reaction are 
equal and opposite) , the planet must also attract the Sun 
with an equal and opposite force OMjrK Since in the 
former case the force is proportional to the mass of the 
attracted body, and in the latter to the mass of the attract- 
ing body, it is reasonable to suppose that the attraction 
between two bodies is proportional to the mass of each. 

Moreover, the motions of the various satellites, such as 
the Moon, confirm the theory that they revolve in their 
orbits under the attraction of their respective primary 
planets. From evidence of this character Newton, after 
many years of careful investigation, enunciated his Xiaw 
of TTniversal Gravitation, which he stated thus : — 

Every particle in the universe attracts every other 
particle with a force proportional to the quaiUtities 
of matter in each, and inversely proportional to the 
square of the distance between them. 

Ey quantity of matter is, of course, meant mass, and the 
word attracts implies that the force between two particles 
acts in the straight line joining them and tends to bring 
them together. 

If M, M be the masses of two particles, and r the distance 
between them, the law asserts that either particle is acted 
on by a force, directed towards the other, of magnitude 



where Jc has the same value for all bodies in the universe. 
The constant Jc is called the constant of gravitation. 

*4:12. Astronomical Unit of Mass. — Taking any fundamental 
units of length and time, it is possible to choose the unit of mass 
such that A = 1. This unit is called the astronomical unit of mass* 
Hence, if Jf, if' are expressed in astronomical units, the force 
between the particles is to It is, however, usually 

more eonvenient to keep the unit of mass arbitrary, and to retain 
the constant h 
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413. Bemarks on the Law of Gravitation. — ITewton’s 
Law states that not only do the Sun, the planets and their 
satellites, and the stars, mutually attract one another, but 
every pound of matter on one celestial body attracts every 
other pound of matter, on either the same or another body. 
But it is well-known that two spheres attract one another 
in just the same way as if the whole of the mass of either 
were concentrated at its centre, provided that the spheres 
are either homogeneous or made up of concentric spherical 
layers, each of uniform density. Since the Sun and 
planets are very nearly spherical, and their dimensions are 
very small compared with their distances, we see that their 
attractions may be very approximately found by regarding 
them as mere particles, instead of taking separate account 
of the individual particles forming them. 

Moreover, every planet is attracted by every other planet, 
as well as by the Sun. But the mass of the Sun, and con- 
sequently its attraction, is so much greater than that of 
any other member of the solar system, that the planetary 
motions are only very slightly influenced by the mutual 
attractions. Kepler’s Laws, therefore, still hold approxi- 
mately, but the orbits are subject to small and slow changes 
or perturbations. 

The Moon, on the other hand, is far nearer to the Earth 
than to the Sun ; hence the Moon’s orbital motion is mainly 
due to the Earth’s attraction. The chief effect of the Sun’s 
attraction on the Earth and Moon is to cause them together 
to describe the annual orbit ; but it also produces pertur- 
bations or disturbances in the Moon’s relative orbit (§ 272) 
with which we are not here concerned. 

The fixed stars also attract one another and attract the 
solar system, which in its turn attracts the stars. The 
proper motions of stars are probably due to this cause; 
but when we consider the vast distances of the stars, and 
remember that the attraction varies inversely as the square 
of the distance, it is evident that the relative accelerations 
are mostly too feeble to have produced any sensible changes 
of motion within historic times, and that countless ages 
must elapse before such changes can be discerned. 
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414. Correction of Kepler^s TMrd I.aw.— From the 
tact that a planet attracts the Sun with a force equal to 
that with which the Sun attracts the planets, it maj be 
shown that Kepler’s Third Law cannot be strictly true, as 
a consequence of the law of gravitation. Kot only will the 
planet move under the Sun’s attraction, but the Sun will 
also move under the planet’s attraction. But since the 
forces on the two bodies are equal, while the mass of the 
Sun is very great compared with the mass of any planet, it 
follows that the acceleration of the Sun is very small com- 
pared with that of the planet, and hence the Sun remains 
very nearly at rest. 


^^7* however, obtain a modification of Kepler’s 
Third Law, in which the planet’s reciprocal attraction is 
allowed for as follows : — 

Let S, M be the masses of the Sun and planet ; then the 
attraction between them is 

^ -jSM 


This attraction, acting on the mass M of the planet, produces 
an acceleration of the planet towards the Sun equal to 

4 - 

The corresponding attraction on the mass S of the Sun 
produces an acceleration, in the reverse direction of 

r2‘ 

Hence the whole acceleration of the planet relative to the 
Sun is Jc ^ ^ ^ 

instead of hS/if^, as it would be if the Sun were at rest. 

Hence the absolute intensity of the planet’s acceleration 
towards the Sun is and this depends on the 

values of both M and 8, Let now T he the periodic time, 
r the planet s mean distance from the Sun, or the semi-axis 
major of the relative orbit; then, by § 401 (for a circular 
orbit), or § 408 (for aa elliptical orbit), 

i(S'-hJlf)r2=47rV. 
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If M be tlie mass of another planet, we have in like manner 
for its orbit 7c(S’\-M')T^=47r¥K 

Therefore T^S(+M) : = 7 ^ : r's, 

the correct relation between the periods and mean distances. 

It is known that different planets have different masses. 
Hence, the fact that Kepler’s Third Law is approximately 
true shows that the masses of the planets are small com- 
pared with that of the Sun. 

415. Motion relative to Centre of Mass. — The 

mutual attractions of the Sun and planet have no influence 
on the position of the centre of mass (commonly called the 
“centre of gravity”) of the solar system; hence, in con- 
sidering the relative motions, that point may be treated as 
fixed. It is known from general dynamical principles that 
when a system of bodies are under the influence of their 
mutual reactions or attractions alone, the centre of mass 
of the whole system is not accelerated. But it may be in- 
teresting to prove independently that when two bodies, 
such as the Sun and a planet, attract one another, they 
both revolve about their centre of mass. 

Let us suppose (to take a simple case) the relative 
orbit circular and of radius (SP=) r, the angular velocity 
being n. Then, if 0 be the point about which the planet 
(P) and Sun (S) revolve, individually, we have 

n^ X 6?P=accel. of planet =/c/S/r2; 
n^X (?^=accel. of Sun =JcMlr\ 

Hence MxGF=8xGS; 

which relation shows that G is the common centre of mass, 

as was to be proved. 

In the case of three or more bodies, such as the Sun and 
planets, the centre of mass is still the common centre about 
which they revolve, but the corresponding investigation is 
more difficult, owing to the effect of the mutual attractions 
of the planets in producing perturbations. 

It may be mentioned that the mass of the Sun is so large, 
compared with those of the planets, that, although the 
further planets are so very distant, the centre of mass of 
the whole solar system always lies very near the Sun. 
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416. Verification of the Theory of Gravitation for 
the Earth and Moon. — ^Before considering the motions of 
the planets about the Sun, Newton investigated the orbital 
motion of the Moon about the Earth, with the view of dis- 
covering whether the Earth’s attractive force, which retains 
the Moon in its orbit, is the same force as that which pro- 
duces the phenomenon of gravity at the Earth’s surface. 

If we assume that the force varies inversely as the 
square of the distance, and that the Moon’s distance is 60 
times the Earth’s radius, the acceleration of gravity at the 
Moon should be ii-oTg, where g is the acceleration of 
gravity on the Earth’s surface. 

But the acceleration g =32'2 feet per sec. per sec. ; 
accel. at Moon’s distance =32*2/3600 feet per sec. per sec. 

=32*2 feet per min. per nain. 
Erom the length of the lunar month and the Moon’s dis- 
tance in miles, Newton calculated what must be the normal 
acceleration of the Moon in its orbit. At the time of his 
first investigation (1666) the Earth’s radius and the Moon’s 
distance were but imperfectly known, and the Moon s 
normal acceleration, as thus computed, came out only 
about 27 feet per minute per minute. Some fifteen years 
later, the Earth’s radius, and consequently the Moon’s 
distance, had been measured with much greater accuracy, 
and, working with the new values, Newton found that the 
Moon’s normal acceleration to the Earth agreed with that 
given by his theory. 

Taking the lunar sidereal month as 27*3 days, the 
Earth’s radius as 3,960 miles, and the radius of the Moon’s 
orbit as 60 times the Earth’s radius, the angular velocity 
(n) of the Moon, in radians, per minute is 
2t 

27*3x24x60‘ 

The Moon’s distance in feet (d) = 3960 x 60 X 5280. 

Hence the Moon’s normal acceleration (n^d) in feet per 
minute per minute 

_ 3960 X 60 X 5280 x _ 2 x 110" X 

‘ (27'3)"x24"x60" (27*3)2x10 

= 32 approximately, 

thus agreeing with that given by the law of gravitation. 
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Example. — Having given that a body at the Earth’s equator loses 
1/289 of its weight in consequence of centrifugal force, 

(i) To calculate the period in which a projectile could revolve in 
a circular orbit, close to, but without touching the Earth, and 

(ii) To deduce the Moon’s distance. 

(i) The centrifugal force on the body would have to be equal to 
its weight, and would therefore have to be 289 times as great as that 
at the Earth’s equator. 

Hence the projectile would have to move /y/289, or 17 times as 
fast as a point on the Earth’s equator, and would therefore have to 
perform 17 revolutions per day.* 

Therefore the period of revolution = of a day. 

(ii) Assuming the law of gravitation, the periodic times and dis- 
tances of the projectile and Moon must be connected by Kepler’s 
Third Law. Hence, taking the Moon’s sidereal period as 27| days, 
we have, if a = Earth’s rad., d = Moon’s diet., 

== (27F : (*)^ 

X (17 X 27|)2 = . 215915*1 ; 

d = ax V215915-1 = 69*99a ; 
distance of Moon = 60 x Earth’s radius almost exactly. 


417. EjQfect of Moon’s Attraction. — Moon’s Mass. — 

If we take account of the Moon’s attraction on the Earth 
we must introduce a correction analogous to that made in 
Kepler’s Third Law (§ 414). If M, m are the masses of 
the Earth and Moon, the whole relative acceleration is 
instead of JcMjd^, But, if is the acceleration 

of gravity on the Earth’s surface, gQ = IcM/a ^ ; 

k = g^dflM, 

and, if T is the length of the sidereal month, then, by § 414, 

= -k(M -\-m)'P = 

• 1 _i_ ^ 47r^d® 

This formula might be used (and has been used by Airy) 
to find mjM, the ratio of the Moon’s to the Earth’s mass, in 
terms of the observed values of a, d, g^, T, It is not, how- 
ever, a very accurate method, owing to the smallness oimjM 

* Relative to the Earth it would perform 16 or 18 revolutions per 
day, according to whether it was revolving in the same or the 
opposite direction to the Earth. 
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418. To find the ratio of the Sung's Mass to that 
of the Earth, 

Let 8, Mf m be the masses of the Sun, Earth, and Moon, 
d, r the distances of the Moon and Sun from the Earth, T, Y 
the lengths of the sidereal lunar month and year respec- 
tively. Then, if h be the gravitation constant, the Earth’s 
attraction on the Moon is=^lfm/<^^, and its intensity is loM, 

The Sun’s attraction on the Earth is = hSMIr^f and its 
intensity is JcS. 

Therefore, by § 408, Corollary, 




S:M=z 


^3 

Y' 


kS . Y2 = 47rV^ ; 


whence the ratio of the Sun’s to the Earth’s mass may be 
found. 


If we take account of the attraction of the smaller body 
on the larger, the whole acceleration of the Earth, relative 
to the Sun, is Jc(8+M+m)/ii^ (since the Sun is attracted 
by the Moon as well as the iSarth), and that of the Moon, 
relative to the Earth, is h(M’\‘m)ld^. Hence the corrected 
or more exact formula is 

S+M+m-.M+m = ^ 

Since the Moon’s mass is about -^ 3 - of that of the Earth, 
the first or approximate formula can only be used if the 
calculations are not carried beyond two signifi.cant figures. 

In this manner it is found that the Sun’s mass is about 
331,100 times that of the Earth. 


Examples. 


1. To compare, roughly, the masses of the Earth and Sun, taking 
the Sun’s distance to be 390 times the Moon’s, and the number of 
sidereal months in the year to be 13. 


We have 


SiM 

mass of Sun 
mass of Earth 


_ 3903 


: l '>; 


13^ 

= 30« X 390 : 


: 361,000. 


To the degree of accuracy possible with these data, the Sun’s mass 
is therefore 850,000 times that of the Earth. 
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2. To find the ratio of the masses, taking the Moon’s mass as 
of the Earth s, and the number of sidereal months in the year as 13J. 

JS+M+m 390^ 390^x32 5338710 ooo««o 

= W = -40^ = 

S = 333668 {M+m) = 333668 (1-f A) i/ = 337,787 M. 

419. To determine the mass of a planet which has 
one or more satellites. 

The method of the last paragraph is obviously applicable 
to the case of any planet which has a satellite. We require 
to know the mean distance and the periodic time of the 
satellite. The former may be easily found by observing the 
maximum angular distance of the satellite from its primary, 
the distance of the planet from the Earth at the time of 
observation having been previously computed . The periodic 
time of the satellite may also be easily observed. 

Let M\ m' be the masses of the planet and satellite, d' 
their distance apart, r' their distance from the Sun, T' the 
period of revolution of the satellite, Y' the planet’s period 
of revolution round the Sun. Using unaccented letters to 
represent the corresponding quantities for the Earth and 
Moon we have, roughly, 

47r2 _ M'T^ _ ST^ _ SY^ _ MT- 
7e ^3 d? ’ 

or, more accurately, 

h 

= _ {M+7n)T ^ . 

whence the mass of the planet, or, more correctly, the sum 
of the masses of the planet and satellite, may be determined 
in terms of the mass of the Sun, or the sum of the masses 
of the Earth and Moon. We do not require to know the 
periodic time and mean distance of the planet from the Sun, 
since the above expressions enable us to express the required 
mass, M'+m', in terms of the year and mean distance of 
the Earth, or in terms of the lunar month and the mean 
distance of the Moon. 
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mass of Uranus in terms of that of the 
8 (In TO , K that its satellite Titmia revolves in a period of 

kSe nf the planet = -003 times the 

custanee of the Earth from the Sun. 

Let M be the mass of Uranus, then we have 


M -.8 = 


T'^ ’ T^* 


H^oe ^ Ijaw, is the same for Uranus as for the 


(8d. 17h.)‘^ 

■ ~ =2 ( ^ Y 
s “ liooo/ 


V 

(365d. 6h.) 


y /365d. 6h. 

[mrrn:) 


= 27 


__ ^ /8766Y^ 

10 ® ^ IW/ 

^ 21553 

1 to^8l|o53 Uranus is to that of the Sun in the ratio of 

satdlftesT^ouW Venus (which have no 

distances from thf> r by determining their mean 

with those calculaf-pfT ^ observation, and comparing them 

W Fors^'t by Kepler’s^Third 

IJ or, If M 18 the mass of such a planet, we 4ve 

{§_±M)Z1 = (^ + ifer + m)72 

r'» ^3 

planet, and^^Se^u^s masses of the Sun and 

be found. ’ being known, the planet’s mass could 

and Venus worthless, because the masses of Mercury 
and in order to calJu“n?K^J^''^. ^bat of the Sun, 

it would be necessary to know!? ^he fraction M'/S 

significant figures, a devreft correct to about seven 

gures, a degree of accuracy unattainable in practice. 

pteets b^ means of^^^ cMculate the masses of these 

and on the ; thLe^nerw^^v ^b®y jproduce on one another 
chapte*. ^ perturbations will U discussed in the next 
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421. Centre of Mass of the Solar System. — When 
the masses of the various planets have been found in terms 
of the Sun’s mass, the position of the centre of mass of the 
system can be found for any given configuration, and can 
thus be shown to always lie very near the Sun. 


Examples. 

1. To find the distance of the centre of mass of the Barth and 
Sun from the centre of the Sun. 

Here the mass of the Sun is 331,100 times the Earth’s mass, and 
the distance between their centres is about 92,000,000 miles. Hence, 
the centre of mass of the two is at a distance from the Sun’s centre 


of about 


2»020= 278 miles. 
331,10UH-1 


2. To find the centre of mass of Uranus and the Sun, and to show 
that it lies within the Sun. 

The distance of Uranus from the Sun is 19*2 times the Earth’s 
distance, and its mass is 1/21053 of the Sun’s. Hence the O.M. is 
at a distance from the Sun’s centre of 

92,000,000x19*2 -i 

miles = 83,900 miles. 

^XUOi) T" X 

The Sun’s semi-diameter is 433,200 miles; hence the centre of 
mass of the Sun and Uranus is at a distance from the Sun’s centre 
of rather less than | the radius. 

3. In the case of Jupiter, the mean distance is 5*2 times that of 
the Earth, and the mass is l/lOoO of that of the Sun ; hence the 
O.M. is at a distance 

5*2 x 92,000,000 . 

1050+1 


; 455,000 miles. 


This is just greater than the Sun’s radius (433,200), showing that 
the centre of mass lies just without the Sun’s surface. 


Section III . — The Earth's Mass and Density. 

422. The so-called “ Weight of the Sarth ” really 
means the Earth’s mass, and the operation called weighing 
the Earth,” in some of the older text-books, means finding 
the mass of the Earth. In the last section we explained 
how to compare the masses of the Sun and certain planets 
with that of the Earth, and in the next chapter we shall 
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give metliods applicable to a planet having no satellites. 
But before the masses can be expressed in pounds or tons 
it is necessary to determine the Earth’s mass in these units. 
The methods of doing this all depend on comparing the 
Earth’s attraction with that of a body of known mass and 
distance; and the only difB.culty lies in determining the 
latter attraction, since the force between two bodies or 
ordinary dimensions is always extremely small. The 
following methods have been used. The first two are by 
far the best. 

(1) By the ** Cavendish Experiment,” or the balance. 

(2) By observations of the influence of tides in estuaries. 

(3) By the Mountain ” method. 

(4) By pendulum experiments in mines, 

423. The ‘‘Cavendish Experiment” owes its name to 
its having been first used to determine the Barth’s mass by 
Cavendish, about the year 1?98. The essential principle 
of the method consists in comparing the attractions of two 
heavy balls of known size and weight with the Earth’s 
attraction. Since the attraction of a sphere at any point 
is proportional directly to the mass of the sphere and in- 
versely to the square of the distance from its centre, it is 
evident that by comparing the attractions of different 
spheres — such as the Earth and the experimental ball of 
metal — we can find the ratio of their masses. 

The comparison is effected by means of a torsion 
balance. Two equal small balls A, B are fixed to the 
ends of a light beam suspended from its middle point 0 
by means of a slender vertical thread or “ torsion fibre ” (in 
his recent experiments. Professor C. V. Boys has used a 
fine fibre of spun quartz), so as to be capable of twisting 
about 0 in a horizontal plane (the plane of the paper in 
Eig. 140). Two heavy metal balls 0, B, are brought near 
the small balls A, B (as shown in the figure), and their 
attraction causes the beam to turn about 0, say from its 
original position of rest XX' to the position AB. As the 
beam turns the fibre twists ; this twisting is resisted by 
the elasticity of the fibre, which produces a couple, proper- 
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tional to the angle of twist JLOA, tending to untwist it 
again. Let ns call this couple /x Z XOA, where / is a con- 
stant depending on the fibre, called its “ torsional rigidity ^ 

The beam AB assumes a position of equilibrium when 
the moments about 0 of the attractions of the large spheres 
0, JD on the balls J[, B, just balance the “ untwisting 
couple ” /x Z XOA, The angle XOA being measured, 
and the dimensions of the apparatus being supposed 
known,^ the attractions of the spheres can now be deter- 
mined in terms of the torsional rigidity. 



Fig. 140. 


The value of f is found in terms of absolute units of 
couple by observing the time of a small oscillation of the 
beam when the balls A, B have been removed. [The beam 
will then swing backwards and forwards like the balance 
wheel of a chronometer (§ 204). The greater the torsional 
rigidity, the more frequently will it reverse the motion of 
the beam, and the more frequent will be the oscillations.’^] 

Hence finally the attractions between the known masses 
Gf D and A, B are found in terms of known units of force, 
and by comparing these attractions with that of gravity 
the Earth’s mass is found. 

In practice, instead of measuring the angle XOA, the masses C, D 
are subsequently placed on the reverse side of the beam, say with 
their centres at c, d, and they now deflect the beam in the reverse 
direction, say to ah. The angle measured is the whole angle aOA , 
and this angle is twice the angle XOA, if the positions OB and cd 
are symmetrically arranged with respect to the line XOX'. 


* The student who has read Rigid Dynamics should work out the 
formula. 

ASTRON. 24 
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In the earlier experiments the beam AB was six feet long, and the 
masses u, B were balls of lead a foot in diameter. Quite recently, 
nowever. Professor 0. V. Boys, by the use of a quartz fibre for the 
suspending thread, has performed the experiment on a much smaller 
scam, the whole apparatus being only a few inches in size and being 
highly sensitive. He uses cylinders instead of spheres for the 
attracting bodies, and this introduces extra complications in the 
calculations. His researches, and those of Rev. C. Braun, who used 
method, agreed in making the Earth’s density 5*527 times 
in d This remarkable agreement inspires great confidence 

Although the above description shows the general principle of the 
method, many further precautions are required to ensure accuracy. 
A lull description of these would be out of place here. 


424. The common balance lias also been used to 
determine tbe Earth’s mass. In this case the differences 
of weight of a body are observed when a large attracting 
mass is placed successively above and below the scale-pan 
containing it. 


J.-L To find the Earth’s mass in tons, having given that 

he attraction of a leaden ball, weighing 3 owt., on a body placed at 
of thebody^^ ^ mches from its centre is *0000000432 of the weight 

Let M be the mass of the Earth in tons, 
of til® ball in tons is = 

in feet = 3960 x 5280 = 20,900,000 roughly ; 
and the distance of the body from the hall in feet = 

attractions of the Earth and ball are proportional 
from thebr centres inversely to the squares of the distances 

-0000000432 : 1 = ^ . 

(i)'" ' (20,900,000)=^ ’ 

A M-= W9QQ, 000)2 3x2092x1010 
ix*0000000432 ^432x10-10 


5 432 2160 


X 10“ 


= 6067 X 10“. 

Hence the mass of the Earth is (roughly) 6067 mlUion bilHon, tons. 

Sod wwt of Tides iu Estuaries.— A 

wMchthe accuracy is that in 

of tbe Earth is found by comparing it witb 



THE LAW OE UNIVERSAL GRAVITATION* 


365 


that of the water brought by the tide into an estuary. 
Consider an observatory situated (like Edinburgh Obser- 
vatory) due south of an arm of the sea, whose general 
direction is east and west. The direction of its zenith, as 
shown either by a plummet or by the normal to the surface 
of a bowl of mercury, is not the same at high tide as at 
low, because the additional mass of water at high tide 
produces an attraction which deflects the plummet and the 
nadir point northward, and hence displaces the zenith 
towards the south. Hence the latitude of the observatory 
is less at high tide than at low; and the diiference is a 
measurable quantity. The great advantage of this method 
is that the mass which deflects the plumb-line can be 
measured with great certainty ; for the density of the sea- 
water is exactly known (and, unlike that of the rocks in 
the next methods, is uniform throughout) and the shape 
and height of the layer of water brought in are known from 
the ordnance maps, and the tide measurements at the port. 

*426. In the Pendulum Method the values of tjr, the 
acceleration of gravity, are compared by comparing the 
oscillations of two pendulums at the top and bottom of a 
deep mine. The difference of the two values is due to the 
attraction of that portion of the Earth which is above the 
bottom of the mine ; this exerts a downward pull on the 
upper pendulum, and an upward pull on the lower one. 

If the Earth were homogeneous throughout, the values of 
g at the top and bottom would be directly proportional to 
the corresponding distances from the Earth's centre. If 
this is not observed to be the case, the discrepancy enables 
us to find the ratio of the density of the Earth to that of 
the rocks in the neighbourhood of the mine. If the latter 
density is known, the Earth’s density can be found, and 
knowing its volume, its mass can be computed. But this 
method^ is very liable to considerable errors, arising from 
imperfect knowledge of the density of the rocks overlying 
the mine. 

*427. In the Mountain Method the Earth’s attraction is com- 
pared with that of a m ountain projecting above its surface. Suppose 
a mountain range, such as Schiehallien in Scotland, running due E. 



366 


ASTRONOMY. 


and W. ; then at a place at its foot on the S. side the attraction of 
the mountain will pull the plummet of a plumb line towards the JN., 
and at a place on the N". side the mountain will pull the plummet 
to the S. Hence the Z.D. of a star, as observed by means of zenith 
sectors, will be different at the two sides, and from this difference 
the ratio of the Earth’s to the mountain’s attraction may be found. 

In order to deduce the Earth’s density it is then necessary to 
determine accurately the dimensions and density of the mountain. 
This renders the method very inexact, for it is impossible to nna 
with certainty the density of the rocks throughout every part ot 
the mountain. 


428 . Determination of Densities. — Gravity on the 
Surface of the Sun and Planets. — ^When the mass and 
volume of a celestial body have been computed, its average 
density can, of course, be readily found. By dividing the 
mass in pounds by the volume in cubic feet, we find the 
average mass per cubic foot, and since we know^ that the 
mass of a cubic foot of water is about 62 -| lbs., it is easy to 
compare the average density with that of water. The 
determination of densities is particularly interesting, ^ on 
account of the evidence it furnishes regarding the physical 
condition of the members of the solar system. The Earth s 
density is about 5 * 527 . 

Erom knowing the ratios of the mass and diameter of 
the Sun or a planet to that of the Earth, we can compare 
the intensity of its attraction at a point on its surface 
with the intensity of gravity on the Earth. 

It may be noticed that attraction of a sphere at its surface is pro- 
portional to the product of the density and the radius. 

For the attraction is proportional to mass (radius)^, and the 
mass is proportional to the density x (radius)® ; the attraction 
at the surface is proportional to the density x radius. 


Examples. 

1. To find the Earth’s average density and mass, ha^ung given 
that the attraction of a ball of lead a foot in diameter, on a particle 
placed close to its surface, is less than the Earth’s attraction in the 
proportion of 1 : 20,5(X),(KX), and that the density of lead is 11*4 
times that of water. 

I^t D be the average density ®f the Earth. Then, since the 
radii of the Earth and the leaden ball are ^ and 20,900,000 feet 
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respectively, and the attractions at their surfaces are proportional 
to their densities multiplied by their radii, 

1 : 20,500,000 = ll*4x| : i)x20, 900,000 ; 
averagfe density of Earth 2) = 5*7 x |gf = 6 ’6. 

Hence the average mass of a cubic foot of the material forming 
the Earth is 6*6 x 62‘5 pounds. But the Earth is a sphere of volume 
f7r(20,900,000)® cubic feet. 

Hence the mass of the Earth, with these data, 

= |7r X 209^ X 10^*^ X 5 ’6 x 62*5 pounds 
= 1338 X lO''^^ pounds = 697 X 10'*^ tons. 


2. To calculate the mean density of the Sun from the following 
data — 

Mass of O = 330,000 . (mass of 0) ; 

Density of 0 =5*58 ; 

O’s parallax = 8*8" ; Q’s angular semi-diameter = 16'. 


The radii of the Sun and Earth being in the ratio of the Sun’s 
angular semi-diameter to its parallax (§ 258), we have 

O’s radius 16' 960 

0’s radius “ 8*8" “ 8*8 ' 

.*. volume of Sun = (109*1)^ . (vol. of Earth) 

= 1,298,000 . (vol. of Earth) roughly. 


But mass of Sun = 330,000 . (mass of Earth) ; 


density of Sun 
density of Earth 


density of Sun = 1*4. 


3. To find the number of poundals in the weight of a pound at 
the surface of Jupiter, taking the planet’s radius as 43,200 miles 
and density IJ times that of water. 


Taking the Earth’s radius as 3960 miles and density as 5*58, we 
have 

(gravity at surface of Jupiter) : (gravity on Earth) 

= 1*33x43,200: 5*58x3960. 

But at the Earth’s surface the weight of a pound 
=: 32*2 poundals ; 

therefore on the surface of Jupiter the weight of a pound 

= 32-2 poundals 

6'58 x 3960 ^ 

= 83*7 poundals. 
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EXAMPLES.— XIII. 


1. Taking Neptune’s distance from the Sun as 30 times the 
Earth’s distance, and the Earth’s velocity as 18‘() miles per aeoond, 
find the orbital velocity of Neptune. 

2. If we suppose the Moon to be 61 time.s as far from the JCarth’s 
centre as we are, find how far the Earth’s attraction can pull the 
Moon from rest in a minute. 

3. If the Earth possessed a satellite revolving at a distance of only 
6,000 miles from the Earth’s surface, what would bo approximately 
its periodic time, assuming the Earth to be a sphere ol: 4,(XK) miles 
radius ? 

4. Assuming the distance between the Earth’s centre and tlie 
Moon’s to be 240,000 miles, and the period of the Moon’s revolution 
28 days, find how long the month wotild be if the distance were 
only 80,000 miles. 

5. Calculate the mass of the Sun in terms of that of Mars, given 
that the Earth’s mean distance and period are 92 x 10'* miles anti 
365J days, and the mean distance and period of the outer satellite 
of Mars are 14,650 miles and Id. 6h. 18m. 

6. Show that the periodic time of an asteroid is 3J years, having 
given that its mean distance is 2*305 times that of the Earth. 

7. Show that we could find the Sun’s mass in terms of the Earth’s, 
from exact observation of the periods and mean distances of the 
Earth and an asteroid, by the error produced in Kepler’s Third Liw 
in consequence of the Earth’s mass. 

8. Show that an increase of 10 per cent, in the Earth’s distatme 
from the Sun would increase the length of the year by 56*14 days. 

9. The masses of the Earth and Jupiter are approximately 

and respectively of the Sun’s mass, and their distancjes 
from the Sun are as 1 : 5. Show that Kepler’s Liws would give the 
periodic time of Jupiter too great by more than 2 days. 

10. Prove that the mass of the Sun is 2 x 10^“^ tons, given that 
the mean acceleration of gravity on the Earth’s surface is 9 ‘SI 
metres per second per second, the moan density of the Earth is 
5*53, the Sun’s mean distance 1*5 X 10® kilometres, a quadrant of the 
Earth’s oiroumference 10,000 kilometres, and taking a metre cub© 
of water to be a ton. 
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11. Having given that the constant of aberration for the Earth 
is 20*49", and that the distance of Jupiter from the Sun is 5*2 times 
the distance of the Earth from the Sun, calculate the constant of 
aberration for Jupiter. 

12. If the mass of Jupiter is xoV?) of the Sun, show 

that the change in i ts constant of aberration caused by taking into 
account the mass of Jupiter is 0*004" nearly (see Question 1 1). 

13. Find the centre of mass of Jupiter and the Sun. Hence find 
the centre of mass of Jupiter, the Sun, and Earth, (1) when Jupiter 
is in conjunction, (2) when in opposition. (Sun’s mass = 1,048 
times Jupiter’s = 332,000 times Earth’s. Jupiter’s mean distance 
= 480,000,000 miles ; Earth’s = 93,000,000 miles.) 

14. If the intensity of gravity at the Earth’s surface be 32*185 
feet per second per second, what will be its value when we ascend 
in a balloon to a height of 10,000 feet ? (Take Earth’s radius = 4,000 
miles and neglect centrifugal force.) Would the intensity be the 
same on the top of a mountain 10,000 feet high ? If not, why not ? 

15. Show how by comparing the number of oscillations of a 
pendulum at the top and bottom of a mountain of known density, 
the Earth’s mass could be found. 

16. How would the tides in the Thames affect the determination 
of meridian altitudes at Greenwich observatory theoretically ? 

17. If the mean diameter of Jupiter be 86,000 miles, and his mass 
315 times that of the Earth, find the average density of Jupiter. 

18. If the Sun’s diameter be 109 times that of the Earth, his mass 
330,000 times greater, and if an article weighing one pound on the 
Earth were removed to the Sun’s surface, find in poundals what its 
weight would be there. 

19. Taking the Moon’s mass as Earth, show that 

the attraction which the Moon exerts upon bodies at its surface is 
only about l-6th that of gravity at the Earth’s surface. 

20. If the Earth were suddenly arrested in its course at an 
eclipse of the Sun, what kind of orbit would the Moon begin to 
describe ? 
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CHAPTER XIV. 


FURTHER APPLIOATIOHS OF THE LAW OF 
OEAVITATIOIsr. 

Section I. — The Moon^s Mass — Concavity of Lunar Orbit. 

429. Tlie Sartli’s Displacement due to tlie Moon. — 

In Section. II. of the last chapter we saw that when two 
bodies are under their mutual attraction they revolve about 
their common centre of mass. Thus, instead of the Moon 
revolving about the Earth in a period of 27 J days, both 
bodies revolve about their centre of mass in this period, 
although from the Moon’s smaller size its motion is more 
marked. 

In this case both the Earth and Moon are under the 
attraction of a third body — ^the Sun — ^which causes them 
together to describe the annual orbit. But the Sun’s dis- 
tance is so great compared with the distance apart of the 
Earth and Moon, that its attraction is very nearly the same, 
both in intensity and direction, on both bodies. To a first 
approximation, therefore, the resultant attraction of the Sun 
is the same as if the masses of both the Earth and Moon 
were collected at their common centre of mass. Hence it is 
strictly the centre of mass of the Earth and Moon, and not 
the centre of the Earth, which revolves in an ellipse about 
the Sun with uniform areal velocity, in accordance with the 
laws stated in § 155. And, owing to the revolution of the 
Moon, the Earth’s centre revolves round this point once in 
a sidereal month, threading its way alternately in and out 
of the ellipse described, and being alternately before and 
behind its mean position. 


S71 
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This displacement of the Earth has been used for finding 
the Moon’s mass in tei'ms of the Earth’s, hy determining the 
common centre of mass of the Earth and Moon, as follows. 



Fia. 141. 


^Let Ifj, (tj (Eig. 141) be the positions of the centres 
of the Earth and Moon, and their centre of mass, at the 
Moon’s last quarter, M^, G, and M„ G, tlieir posi- 
tions at new Moon and at first quarter respectiYely, S the 
Sun’s centre. 


Then at last quarter, B, is behind (?„ and the Sun’s 
longitude, as seen from B^, is less than it would he as seen 
troin by the angle At first quarter, JS. is in 

:^ont of ^ 3 , and therefore the Sun’s longitude is greater at 
B, than at G hj the angle G,8B,. If, then, the observed 
coordmates of the Sun be compared with those calculated 
on tte supposition that the Earth moves uniformly (i e with 
uniform areal velocity), its longitude will be found to be 
decreased at last quarter and increased at first quarter. 

Fromobse^gthese displacements the Moon’s mass may 
the angle of displacement B,SG 
and the Sun s distance, the length B,G, may be found. Also 
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tlie Moon’s distance is known. And, since G^ is tlie 
centre of mass of the Earth and Moon, 

mass of Moon : mass of Earth = ; 

whence the mass of the Moon can be found. 

The Sun’s displacement at the quarters could be found by 
ineridian observations of the Sun’s E. A. with a transit circle. 
The displacement of the Earth will also give rise to an ap- 
parent displacement, having a period of about one month, 
in the position of any near planet ; this could be detected 
by observations on Mars, when in opposition, similar to 
those used in finding solar parallax (§ 339). 

From this and other methods it is found that the mass of 
the Moon is about 1/81 of that of the Earth. The Moon’s 
density, as thus deduced, is about 3*44, or f of that of the 
Earth.*^ 

The fact of the Moon’s orbit being inclined to the ecliptic 
makes the Earth’s centre move alternately above and below 
the ecliptic plane in addition to the oscillation in longitude. 
This gives the Sun a latitude (as seen from the Earth’s 
centre) of the same sign as that of the Moon, and approxi- 
mately proportional to the latter: its greatest value is 
about O’ 6". 


Example. — To compare tlie masses of the Moon and Earth, having 
given that the Sun’s displacement in longitude at the Moon’s 
quadratures is equal to | of the Sun’s parallax. 

Since / S)i80i = | the angle subtended by Earth’s radius at S, 
therefore = f (Earth’s radius). 

But = ^9 (Earth’s radius) ; 

80. 

= 79 . ^1^1, 

and mass of Moon : mass of Plarth = E-^Gi : G^Mi = 1 : 79 ; 

430. Application to Determination of Solar Paral- 
lax. — If the Moon’s mass he found by any other method, the 
above phenomena give us a meaus of finding the Sun’s 
parallax and distance. For we then know E^G^: G^M^, 
and therefore E,G, and the angle E^SG, is found by obser- 
vation. But the exact ratio of E^SG^ to the parallax is 

^ The near approach of Eros to the Earth in January 1931 will be 
used to give an improved determination of the Moon’s mass. 
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*432. Alternate Concavity and Convexity of tli© Patli of 
a Point on tlie Earth.— In consequence of the Earth’s diurnal 
rotation, combined with its annual motion, a point on the Earth’s 
equator describes a wavy curve forming 365 undulations about the 
path described by the Earth’s centre. In this case, however, it may 
be easily shown in the same way that the acceleration of the point 
towards the Earth’s centre is greater than the acceleration of the 
Earth’s centre towards the Sun. The path is, therefore, not 
always concave to the Sun, being bent away from the Sun in 
the neighbourhood of the points where the two component accelera- 
tions act in opposite directions. 


Section II . — The Tides. 

In tbe last section we investigated the displacements due 
to the Moon’ s attraction on the Earth as a whole. W e shall 
now consider the effects arising from the fact that the Moon’s 
attractive force is not quite the same either in magnitude or 
direction at different parts of the Earth, and shall show how 
the small differences in the attraction give rise to the tides. 

433. The Moon’s or Sun’s Disturbing Force. — Let G, 

Jf be the centres of the Earth and Moon; AGA^ the Earth’s 
diameter through M\ B, B points on the Earth such that 
MG=^MB=zMB'. Let M, m denote the masses of the 
Earth and Moon, ct the Earth’s radius, d the Moon’s distance. 


B 



The resultant attraction of the Moon on the Earth as a 
whole is hMm/CJ\P, and the Earth is therefore moving with 
acceleration hmlCM^ towards the common centre of mass 
of the Earth and Moon, as shown in §§ 415, 417. 

(i) Now at the sublunar point A the Moon’s attraction on 
unit mass is hm/AM^ and is greater than that at G (since 
AM < GM). Hence the Moon tends to accelerate A more 
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than Q and tlins to draw a body at A away from the Earth, 
with relative acceleration F, where 


F = hm\ 




CMy~ 


, a(2d—a) j 

= km ^ = km 

-ay 


hn 
2a 1- 


GJyP.AM'^ 
al2d 


d^ {l--aldy 

Since ajd is a smallf raction, we have, to a first appro ximation, 
.2k — GA 


Fz 


:km ^ : 



(ii) At A' the Moon’s attraction per unit mass is kmlA^AP, 
and is less than that at C, since A'M > CM. Hence the 
Moon tends to accelerate C more than A', and thus to draw 
the Earth away from A' with relative acceleration JE', where 


F' = km 



1 ^ - 7,^ CA'(CM+A' M) 
A'M^J'~ OMKAM'^ 


= km 


a(2d-\- a) 
d\d+a:y 


= km 


2a l + a/2d 

d;'{\ + ajdf 


To a first approximation, therefore, 


F' = fcm ^ = 2fc “f^CA'. 


Thus a body either at A or A' tends to separate from the 
Earth, as if acted on by a force away from 0, of magnitude 
approximately = 2kmald^ per unit mass. 

(iii) Consider now the effect of the Moon’s attraction on 
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a body at B, This produces a force per unit mass of 
1cm/ BM\ which may be resolved into components 

^ ^ parallel to OM, 

Since we have taken BM = OM, the first component is 
equal to Icm/GM^; that is, to the force at 0. This component 
therefore tends to make a body at B move with the rest of 
the Barth, and produces no relative acceleration. Therefore 
the Moon tends to draw a body at B towards the Earth with 
relative acceleration /, represented by the second component ; 

tlius f=lcm.~^ 

The point B is approximately the end of the diameter 
BOB' perpendicular to J.0 (since BM, CM, B'M are nearly 
parallel in the neighbourhood of the Earth). 

Hence the relative acceleration at B is approximately 
perpendicular to CM, and its magnitude 

Similarly at B' the Moon tends to draw a body towards 
0, with relative acceleration / = hma/d^. 

At either of these points, B, B', therefore, a body tends 
to approach the Earth, as if acted on by a force towards 
the Earth’s centre, of magnitude hma/d^ per unit mass. 
Generally, the Moon’s attraction at any point 0 tends to 
accelerate a body, relatively to the Earth, as if it were 
acted on by a force depending on the difference in magni- 
tude and direction between the Moon’s attractions at that 
point and at the Earth’s centre. 

This apparent force is called the Moon’s disturbing 
force or tide-generating force. We see that the dis- 
turbing force produces a pull along AA' and a squeeze 
along BB'. 

A similar consequence arises from the attraction of the 
Sun. The Sun’s actual attraction on the Earth as a whole 
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keeps the Barth in its annual orbit, but the variations in 
the attraction at different points give rise to an apparent 
distribution of force on the Earth which is the Sung's dis- 
turbing force or tide-generating force. 


434. To find approximately the Moon“s or Sun^s 
Disturbing Force at any point. 

Let 0 be any point of the Earth. Draw ON perpen- 
dicular on CM. Then the difference, of the Moon’s attrac- 
tions at 0 and N tends to accelerate 0 towards N , with a 
relative acceleration /cm. [by § 433 (iii)]* Also, the 
difference of the attractions at A*, 0 tends to accelerate N 
away from G with a relative acceleration 27cm . GN / [by 

§ (i)]- 

The whole acceleration of 0, relative to G, is compounded 
of these two relative accelerations. Therefore, if X, Y be 
the components of the disturbing force at 0 in the directions 
OX, AO, 


X = ’21cm . 


GN y 


— 7cm. 


NO 


435. Hence the following geometrical construction : — 

On GN ^produced take a point H such that 
NH = 2CN. 

Then the line OH represents the disturbing force at 0 in 
direction, and its magnitude is 

F=Jcm.9^. 

The Sun’s tide-raising force may be found exactly in tlie 
same way. The force is everywhere directed towards a 
point on the diameter of the Earth through the Sun, found 
by a similar construction to the above. And if r, 8 denote 
the Sun’s distance and mass, the force is proportional to 
Sji^ instead of m/d^. 

In all these investigations we see that the tide-raising 
force due to an attracting body is proportional directly to its 
mass and inversely to the cube (not the square) of its 
distance. 

From this it is easy to compare the tide-raising forces 
due to different bodies acting at different distances. 
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Examples. 


1. To compare the tide-raising forces due to the Sun and Moon. 

The masses of the Sun and Moon are respectively 331,000 and 
times the Earth’s mass. Also, the Sun’s distance is about 390 
times the Moon’s. 


Sun’s tide-raising force : Moon’s tide-: 
= i = 331 : = 331 X 3 : 13 


-raising force 


/o9o\3 


= 33 : 73 nearly = 3:7 nearly. 

Thus the Sun’s tide-raising force is about three-seventlis of that 
of the Moon. 


2. To find what would be the change in the Moon’s tide-raising 
force if the Moon’s distance were doubled and its mass were in- 
creased sixfold. 

If /, /' be the old and new tide-raising forces at corresponding 
points, 

-5 • L • * f = 

*' 2*^ * * • • •' 4*/ • 

Therefore the tide-raising force would have tliree-q.Tiarters of its 
present value. 

3. To compare the Moon’s tide-raising forces at perigee and 
apogee. 

The greatest and least distances of the Moon being in the ratio of 
1 -p ^ to 1 - or 19 to 17 (§ 270), the tide-raising power at 
perigee is greater than at apogee in the ratio of 19® : 17® or 6859 : 4913, 
or roughly 7 : 6. 

4. To compare the maximum and minimum values of the Sun’s 
tide-raising force. 

The eccentricity of the Earth’s orbit being these are in the 
ratio of (I + : (1 - - 5 ^)®. or approximately 1 4- ^ : 1 - or 

21 ; 19. As before, the force is greatest at perigee and least at 
apogee. 


436. The EquililbPium Theory of the Tides.- — ^Let 
us imagine the Earth to he a solid sphere covered with an 
ocean of uniform depth. If we plot out the disturbing 
forces at different points of the Earth by the construction 
of § 435, we shall find the distribution represented in Eig. 
145, the lines representing the forces both in magnitude 
and direction. Here the disturbing force tends to raise 
the ocean at the suh-lunar point A and at the opposite 
point A’, and to depress it at the points At inter- 

ASTRON. 
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mediate points it tends to draw tlie water awaj from B 
and towards A and A’, 



Hence tlie surface of tlae ocean will assume an oval form, 
as represented bj tbe tbick line in Fig. 145, and there will 
be high water at the sublunar point A and the opposite 
point A\ low water along the circle of the Earth BB\ 
distant 90° from the sublunar point. Thus we have the 
same tides occurring simultaneously at opposite sides of 
the Earth. 

It may be shown that the oval curve aha^h' is an ellipse 
whose major axis is aa'. The surface of the ocean, therefore, 
assumes the form of the figure produced by revolving this 
ellipse about its major axis. This figure is called a prolate 
spheroid, and is thus distinguished from an oblate spheroid, 
which is formed by revolution about the minor axis. 

But though this is the form which the ocean would 
assume if it were at rest, a stricter mathematical investi- 
gation shows that the Earth’s rotation would cause the 
surface of the sea to assume a very different form. 

In fact, if the Earth were covered over with a sufficiently 
shallow ocean of uniform depth, and rotating, we should 
reaUy have low tide very near the sublunar point A and its 
antipodal point A\ and high tide at the two points on tlie 
Earth’s equator distant 90° from the Moon (Fig. 146). 

If the Moon were to move in the equator, the equilibrium 
theory would always give low water at the poles. This 
phenomenon is uninfluenced by the Earth’s rotation, and 
since the Moon is never more than about 28° from the 
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equator, we see that tlie Moon’s tide-raising force has the 
general eiffect of drawing some of the ocean from the poles 
towards the equator, 

*437. A few other consequences of the equilibrium theory may 
also be enumerated. (1) According to it the height of the tides, or 
the difference of height between high and low water at any place, is 
directly proportional to the tide-generating force, and consequently, 
with the results of Example 1 of § 435, the heights of the solar and 
lunar tides are in the proportion of 3 to 7- (2) Since the distortion 

of the mass of liquid is resisted by gravity, the height of the tide 
depends on the ratio of the tide-producing force to gravity, and 
therefore is inversely proportional to the intensity of gravity, and 
therefore to the density of the Earth ; if the density were halved, 
the height of the tides would be doubled. (3) If the diameter of 
the Earth were doubled, its density remaining the same, the inten- 
sity of gravity and the tide-producing force would both be doubled, 
since both are proportional to the Earth’s radius. This would cause 
the ocean to assume the same shape as before, only all its dimensions 
would be doubled.t Consequently the height of the tide would also 
be doubled, and it thus appears that the height of the tide is pro- 
portional to the Earth’s radius. 

We thus have the means of comparing the tides which would be 
produced on different celestial bodies, for the above properties show 
that the height of tide is proportional to ma/Dd^, where a and I) 
are the radius and density of the body under consideration, m, d 
the mass and distance of the disturbing body. 

^438. Canal Theory of the Tides. — As an illustration, 
let us consider what would happen in a circular canal, not 
extremely deep, supposed to extend round the equator of 
a revolving globe. Then, in Fig. 146, it is clear that the 
direction of the disturbing force would, if it acted alone, 
cause the water in the quadrants AB and AB' to flow 
towards A ; and, in the quadrants A!B and A'B\ towards 
A'. Hence this force acts in the same direction as the 
Earth’s rotation in the quadrants B'A and BA', and in 
the o^pposUe direction in AB and A'B'. Hence, as the 
water is carried from A to J5, it is constantly being retarded, 
from B to A' it is accelerated, from A' to B' it is retarded, 
and from B' to A it is again accelerated, the average velocity 
being, of course, that of the Earth’s rotation. Hence the 
velocity is least at B and B', and greatest at A and A', 


t Of course this is not a very strict proof. 
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ISTow, it is easy to see that when water moves steadily 
in a uniform canal it must he shallow where it is swift and 
deep where it is slow. 'For, if we consider any portion 



Fig. 146. 


of the canal, say AB, the quantity that flows in at one end 
A is equal to the quantity that flows out at the other 
end B. But it is evident that if the depth of the canal 
were doubled at any point without altering the velocity of 
the liquid, twice as much liquid would flow through the 
canal ; consequently, in order that the amount which flows 
through might be the same as before, we should have to 
halve the velocity of the liquid. This shows that where 
the canal is deepest the water must be travelling most 
slowly. Conversely, where the velocity is least the depth 
must be greatest, and where the velocity is greatest the 
depth must be least. Hence the depth is least at A and A', 
and greatest at B and B', just the opposite to what we 
should have expected from the equilibrium theory. 

In a canal constructed round any parallel of latitude the 
same would be the case ; and hence, if we could imagine a 
uniform ocean replaced by a series of such parallel canals, 
low tide would occur at every place when the Moon was in 
the meridian. 

This theory (due to Newton), though sounder than 
Laplace’s equilibrium theory, is still not quite mathe- 
matically correct. The true explanation of the tides, even 
in an ocean of uniform depth, is far more complicated, and 
quite beyond the scope of this book. 
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. Lunar Day and Lunar Time— According to 

either liypothesis, the recurrence of high and low water 
aepends on the Moon’s motion relatiye to the meridian ; 
hence, in investigating this, it is convenient to introduce 
another kind of time, depending on the Moon’s diurnal 
^iiotion. 



The lunar day is the interval between two consecutive 
upper transits of the Moon across the meridian. 

Irt a lunation, or 29^ mean solar days, the Moon performs 
one direct revolution relative to the Sun, and therefore 
performs one retrograde revolution less relative to the 
meridian. Thus 29-J mean days = 28-| lunar days ; whence 
the mean length of a lunar day 

= (1+^) mean solar days = 24h. 50m. 32s. nearly. 

The lunar time is measured by the Moon’s hour angle, 
converted into hours, minutes, and seconds, at the rate of 
15® to the hour. 

*440. Semi-diurnal, Diurnal and Fortnightly Tides. 

— ^It has been found convenient to regard the tides produced 
by the Moon’s disturbing force as divided into three parts, 
whose periods are half a day, a day and a fortnight, the 
day ” being the lunar day of the last paragraph. 

If we adopt the equilibrium theory as a working hypo- 
thesis, the lunar tide must be highest when the Moon is 
nearest to the zenith or nadir. Hence high tide takes 
place at the Moon’s upper and lower transits, when its 
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zenith distance and nadir distance are least respectively. 
But, for a place in IST. lat. (Fig. 147) when the Moon’s 
declination is l!^., it describes a small circle Q'B\ and its 
least zenith distance ZQ is less than its least nadir distance 
NE^ ; hence the two tides are unequal in height.^ This 
phenomenon can he represented by supposing a diurnal 
tide, high only once in a lunar day, combined with a 
semi-diurnal tide, high twice in this period. 

Again, the Moon’s meridian Z.D. and N.D. go through 
a complete cycle of changes, owing to the change of the 
Moon’s declination, whose period is a month. But after 
half a month, the Moon’s declination will have the 
value but opposite sign, and hence the diurnal circles QE , 
Q'E^'f equidistant from the equator QE, are described at 
intervals of a fortnight. But NE" = ZQ! , ZQ!'^ = NE ^ ; 
hence the two tides have the same heights. This can be 
represented by supposing a fortnightly tide of the proper 
height combined with the diurnal and semi-diurnal ones. 

In just the same way the smaller tides caused by the 
Sun may be artificially represented by combining a diurnal 
and semi-diurnal tide (the solar day being used) and a 
six-monthly tide. 

441. Spring and Keap Tides. — Priming and Lagging’. 

— We have hitherto considered chiefly the tides due to the 
action of the Moon. In reality, however, the tides are due 
to the combined action of the Sun and Moon, the tide- 
raising forces due to these bodies being in the proportion 
of about 3 to 7 (Ex. 1, § 435). We shall make the 
assumption that the height of the tide at any place is the 
algebraic sum of the heights of the tides which would be 
produced at that place by the Sun and Moon separately. 

At new or full Moon the Sun is nearly in the line AA\ 
and the tide-raising powers of the Sun and Moon both act 
in the same direction, and tend to draw the water from 
B, B' to A, A' ; hence the whole tide is that due to the 
sum of the separate disturbing forces of the Sun and 
Moon. The tides are then most marked, the height of 
high water and depth of low water being at their maximum. 
Such tides are caUed Spring Tides. We notice that the 
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height of the spring tide = 1 4 - 1 or of that of the lunar 
tide aJone. 


B 



Moon 


At the Moon’s first or last quarter the Sun is in a 

line BB' perpendicular to AA', Hence the Sun tends to 
draw the water away from JL, -d' to B, B\ while the Moon 
tends to draw the water in the opposite direction. The 
Moon’s action being the greater, preponderates, but the 
Sun’s action diminishes the tides as much as possible. 
The variations are therefore at their minimum, althougli 
high water still occurs at the same time as it would if the 
Sun were absent. These tides are called Keap Tides. 
The height of the neap tide is the difference of the heights 
of the lunar and solar tides, and is therefore ^ of that of 
the lunar tide. 

Hence spring tides and neap tides are in the ratio of 
(roughly) 10 to 4. 

For any intermediate phase of the Moon, the Sun’s 
action is somewhat different. 

Between new Moon and first quarter, the Sun is over 
a point behind A, Here the Moon tends to draw the 
water towards JL, A', and the Sun tends to draw the water 
towards and the antipodal point 8^. Therefore the com- 
bined action tends to draw the water towards two points Q, Q' 
between A and Si and between A and 8^ respectively, whose 
longitudes are rather less than those of A and J.' respec- 
tively. The resulting position of high water is therefore 
displaced to the west, and the high water occurs earlier 
than it would if due to the Moon’s influence alone. The 
tides are then said to prime. 
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Between first quarter and full Moon tlie Sun is over 
a point between B' and and the combined action of 
the Sun and Moon tends to draw the water towards two 
points B, By whose longitudes are slightly greater than 
those of Ay A!. The resulting high tides are therefore dis- 
placed eastwards, and occur later than they would if the 
Sun were absent. The tides are then said to lag. 

Between full Moon and last quarter the Sun is over 
some point 8^ between B and A', but the antipodal point Si 
is between A and B ' ; hence the tide primes. 

Between last quarter and new Moon, when the Sun 
is at a point 8^^ between B and Ay it is evident in like 
manner that the tide lags. 

Hence Spring Tides occur at the syzygies (conjunction 
and opposition). 

Nea,p Tides occur at the quadratures. 

Brom syzygy to quadrature, the tide primes. 

From quadrature to syzygy, the tide lags. 

The heights of the spring and neap tides vary with the varying 
distances of the Sun and Moon from the Earth. Spring tides are 
the highest possible when both the Sun and Moon are in perigee, 
while neap tides are the most marked when the Moon is in apogee 
hut the Sun is in perigee (because the Sun then pulls against the 
Moon with the greatest power, as far as the Sun’s action is con- 
cerned). Both the spring and neap tides, and also the priming and 
lagging, are on the whole most marked when the Sun is near perigee, 
i.e. about January. 

It may be here stated, without proof, that, taking the Sun’s and 
Moon’s tide-raising forces to be in the proportion of 3 to 7, the 
maximum interval of priming or lagging is found to be about 51 
minutes. 

442. Establishment of the Bort,^ — ^Both the equili- 
brium and canal theories completely fail to represent the 
actual tides on the sea, owing to the irregular distribution 
of land and water on the Earth, combined with the varying 
depth of the oc^n. These circumstances render the pre- 
diction of tides by calculation one of the most complicated 
problems of practical astronomy, and the computations 
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have to be based largely on previous observations. In con- 
sequence of the barriers offered to the passage of tidal 
waves by large continents, lunar high tide does not occur 
either when the Moon crosses the meridian, as it would on 
the equilibrium theory, or when the Moon^s hour angle is 
90^, as it would on the canal theory. But this continental 
retardation causes the high tide to occur later than it would 
on the equilibrium theory, by an interval which is constant 
for any given place. This interval, reckoned in lunar hours, 
is called the Establishment of the Port for the place 
considered. Thus the establishment of the port at London 
Bridge is Ih. 58m., so that lunar high water occurs Ih. 58m. 
after the Moon’s transit, i.e. when the Moon’s hour angle, 
reckoned in time, is Ih. 58m. 

The same causes affect the solar tide as the lunar, hence 
the Su'n/s hour angle (or the local apparent time) at the solar 
high tide is also equal to the establishment of the port. 

The actual high tide, being due to the Sun and Moon con- 
jointly, is earlier or later than the lunar tide by the amount 
of priming or lagging. By adding a correction for this to 
the establishment of the port, the lunar time of high water 
may be found for any phase of the Moon ; and we notice in 
particular that at the Moon’s four quarters (syzygies and 
quadratures), the lunar time of high water is equal to the 
establishment of the port. And, knowing the lunar time of 
high water, the corresponding mean time can be found, for 

(mean solar time) — (lunar time) 

= (mean O’s hour angle) — ( ([ ’s hour angle) 
= ( ([ ’s E.A.) — (mean Q’s E.A.) 

[since E.A. and hour angle are measured in opposite direc- 
tions] . 

How the Moon’s E.A. is given in the Nautical Almanac 
for every hour of every day in the year. Also the mean 
Sun’s E.A. at noon is the sidereal time of mean noon, and 
is given in the Nautical Almanac.* Hence the mean Sun’s 
E.A. [which = (sidereal time) — (mean time)] is easily 
found for any intermediate time. 

^ From 1931 onwards the sidereal time of mean midnight is given : 
the addition of 12h. Im. 58*28s. gives the value at mean noon. 
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Hence the mean time of high water can be readily found. 
The establishments of different ports, and the times of 
high water at London Bridge, are given in the Admiralty 
Tide Tables, etc. s j 

^443. If only a vtry rough calculation is required, we may proceed 
as in §§ 35, 40. We assume the Moon’s K.A. to increase uni- 
formly ; we shall then have 

( ([ ’s R.A.) - (Q’s R.A.) = ( ([ ’s elongation) ; 

(solar time) = (lunar time) + ( ([ ’s elongation). 

Knowing the Moon’s age, its elongation may be found, as in § 40, 
and this must be converted into time, at the rate of Ih. to 15“. We 
then have (time of high water) 

= (establishment) + (amount of lag.) +( ([ ’s elongation in time). 

Example. — To find, roughly, the time of high water at the Moon's 
nrst quarter, at London Bridge. 

Here there is no priming or lagging. Hence the lunar time, or 
([ s hour angle at high water, is equal to the establishment, or Ih. 
58m. ^so the Moon’s elongation is 90°. Hence the Sun’s hour 
= Ih. 58m. + 6h., and high water occurs about 

7n. o8ra. 


444, Tidal Constants. — ^The excess of the establishment of the 
port at any place, over that at London Bridge, expressed in mean 
time, IS sometimes called the Tidal Constant of that place. 

1 1 amount) of priming or lagging to be the same at 

tidal constant is the difference between the times 
^ high waiter at London Bridge and the given place. Hence, 
momng the tidal constant and the time of high water at London 
^ m ut’ £ time at any other place can be found. 

laW^ of tid^ constants, and of the heights of the spring and 
neap tides at different places, are given in Whitaker's Almanack. 


Example,~To find the times of high water at Cardiff and Ports- 
25, 1892, the tide intervals from London Bridge 

Erom the Almanack we find 
times of high water at London Bridge are 

Jan. 24. Jan. 25. 

9h. 53m. morn., lOh. 31m. aft. 
4h. 58m. 4h. 58m. 

Times at Cardiff are ~~ ~~ ~~ — — 

(Jan. 25) 2h. 13m. mom. 2h. 51m. aft. 

Again, subia:act from first line 2h. 17m. 2 h. 17 m 

times at Portsmouth, are (Jan. 25) 7h. 36m. morn., 8h. 14m. aft. 
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445. Tlxe Masses of the Suu and Moon can be com- 
pared by observing the relative heights of the solar and 
lunar tide, the relative distances of the Sun and Moon being 
known. Or, if the ratio of the masses be supposed known, 
the distances could be compared by this method. In this 



manner Newton (a.d. 1687) found the masses of the Moon 
and Earth to be in the proportion of 1:40 nearly. D. 
Bernouilli (1738) found 1 : 70, and Lubbock (1862) found 
1 : 67-3. The two last make the Moon’s mass a little too 
great. Newton makes it double what it ought to be. 

446. XSifects of Tidal Friction. — iRetardation of 
Farth’s Rotation. — Acceleration of Moon’s Orbital 
Motion. — All liquids possess a certain kind of friction, 
known as viscosity,” which tends to resist their motion 
when they are changing their form, and to convert part of 
their kinetic energy into heat. Owing to this friction be- 
tween the Earth and the oceans, the Earth, in its diurnal 
rotation, tends to carry the tidal wave round slightly in 
front of the point underneath the Moon, taking the 
positions of high water forward from the line H'GM to 
A'GA. The Moon, on the contrary, tends to draw the 
Avater back from A, A\ the disturbing forces AH, A'H.' 
forming a couple, which is resisted only by the Earth’s 
friction. Hence the ocean exerts an equal frictional couple 
on the Earth, and this couple tends to diminish the angular 
velocity of the Earth’s diurnal rotation, and thus increase 
its period. 

Therefore iidal friction tends to gradually lengthen the day. 

But if the Moon exerts a couple on the Earth, tending to 
retard it, the Earth must exert an equal and opposite 
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couple on tlie Moon, tending to accelerate it. Tliat it really 
does so is naanifest from Pig. 149. The portion of the ocean 
heaped np at A, being nearer the Moon, exerts a greater 
attraction than that at A!^ in addition to which the angle 
CMA is very slightly greater than GMA'. Hence the re- 
sultant of the attractions of equal masses of water at A and 
A^ acts on JkT in a direction slightly in front of MG, and tends 
to pull the Moon forward. This tends to increase the 
Moon’s areal velocity. (Compare § 406.) Since the areal 
velocity of a body revolving in a circle varies as the square 
root of the radius (§ 404, Cor.), the Moon’s distance must 
be gradually increased by this means, and hence also its 
periodic time.* 

Therefore tidal friction tends to increase the Moon^ s distance 
and to lengthen the month. 

Still the final effect of tidal friction must be to equalise 
the lengths of the day and lunar month. The angular 
velocities of the Earth and Moon both decrease, but the 
effect of the couple, in producing retardation, is far more 
considerable on the Earth than on the Moon. 

The student who has not read Bigid Dynamics may illustrate this 
statement by the comparative ease with which a small top can be 
spun with the fingers, and the great difficulty of imparting an equal 
angular velocity to the same body by whirling it round in a circle 
at the end of a string of considerable length. The top represents 
the Earth, and the body on the long string the Moon. 

In Bigid Dynamics it is shown that when a system of bodies are 
revolving under their mutual reactions, their angular momentum, or 
moment of momentum about their centre of mass, remains constant. 
Hence the decrease in the Earth’s angular momentum is equal to 
the increase in that of the Moon. Now the angular momentum of 
a particle revolving in an orbit is twice the product of its mass into 
its areal velocity, and this is also approximately true of the Moon. 
Hence, since the Moon’s distance from the common centre of mass 
is far greater (about sixty times as great) than the distance of any 
point on the Earth from its axis of rotation, it is evident that the 
same change in angular momentum produces far more effect on the 
angular velocity of the Earth than on that of the Moon. 


* This increase of the distance more than counterbalances the 
tendency to increase the Moon’s ^ctual velocity. For the actual 
velocity is inversely proportional td the square root of the distance 
(§ 402), and therefore diminishes as the distance increases. Simi- 
larly, the cmgda/r velocity is decreased. 
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It tliiis appears that, after the lapse of probably many 
millions of years, tidal friction will equalise the periods of 
rotation of the Earth and Moon, and the day and month 
will be of equal length, each being probably about 1,400 
hours long. The Earth will then always turn the same 
face towards the Moon, just as the Moon now does towards 
the Earth ; hence there will be no lunar tides, and the 
retardation due to lunar tidal friction will no longer 
exist. 

Dr. H. Jeffreys estimates that it will need 50,000 million 
years to bring this about. 

The solar tides will, however, still continue to exist, 
provided that water surfaces still exist on the Earth ; 
indeed, even apart from this condition, considerable bodily 
tides in the solid crust are known to occur. Eurther, the 
lunar tidal force will only amount to one- third of its 
present value, owing to its increased distance from the 
Earth j the solar tides will, therefore, be the stronger and 
will further lengthen the day. The lunar tidal wave will 
then go round the Earth in the reverse direction, and the 
Moon as a result will again approach the Earth. 

Prof. Sir Gr. H Darwin investigated the theory of tidal 
evolution and the past and future of the Earth-Moon 
system. The summary given above follows his conclu- 
sions. 

It is certain that the effect of tidal friction on the Earth^s 
rotation must be very small ; hence a very long period must 
necessarily elapse before any perceptible increase in the 
length of the day can be detected. 

Eediscussion of the records of ancient eclipses by 
Cowell, Eotheringham, and Schoch makes it very pro- 
bable that the day is lengthening by about -008 of a 
second in 1000 years. 

Moreover, the Earth is gradually cooling, and conse- 
quently is shrinking ; and this shrinkage, by bringing the 
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particles of the Earth nearer to the axis, causes an increase 
of the angular velocity of rotation.’^ It is quite possible 
that^ an increase of this nature is at the present time 
partially counteracting the retardation which is due to 
tidal friction. 


447. The Moon’s Form and Rotation. — The theory of 
tidal friction affords a simple explanation of how it is that 
the Moon always turns the same face to the Earth. Re- 
membering that the Earth’s mass is 81 times the Moon’s, 
but that its radius is about four times as great, the Earth’s 
tide-raising force at a point on the Moon would be about 
81/4, or over twenty times as great as the Moon’s on the 
Earth. Although there are now no oceans on the Moon, 
still we have some evidence that water may once have 
existed on its surface. Furthermore, the large volcanic 
craters with which its surface is dotted prove that the 
Moon was at one time filled with molten lava, and that it 
was probably wholly in a liquid or viscous state at an earlier 
period of its history. At that time the huge tides on the 
Moon, ever following the Earth, must, by their friction, 
have gradually equalised the Moon’s period of rotation with 
its period of revolution about the Earth, in just the same 
way as if the Moon were surrounded by a friction belt 
attached to the Earth. This continued till tho Moon 
always turned the same face to the Earth. 

If the Moon was then not quite solid, the Earth’s tide- 
raising force, which had then become constant, must have 
d^wn it out into the form demanded by the equilibrium 
theory, namely, to a first approximation, a prolate sphex'oid, 
with its longest diameter pointed towards the Earth. 

^ It may ^sily be seen, from the expressions in § 433, that 
the tide-raising force of a body is slightly greater at the 
point just under it than at the opposite point (when we do 
hot only consider ajpj^roximate values) . Hence the Moon is 


For, according to the principles of Rigid Dynamics, the angular 
momentum of the Earth = (its angular velocity) x (its moment of 
inertia). Ana if the angular momentum remains constant, and the 
mu^Uncrease*^'^ decreases through shrinkage, the angular velocity 
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not quite spheroidal, but is more drawn out on the side to- 
wards the Earth than on the remote side. Its form is, 
therefore, that of an egg, the small end being towards the 
Earth. This result of theory cannot, of course, be con- 
firmed by direct observation, the remote side being in- 
visible ; hut Hansen, by the theory of perturbations, has 
shown that the Moon’s centre of mass is further from the 
Earth than its centre of figure, thus furnishing independent 
evidence in favour of the theory. 

*448. Application to Solar System. — Since the Sun’s 
tide-raising force on different planets varies inversely as 
the cube of their distance, the solar tides are far greater on 
the nearer planets than on those more remote. It is, there- 
fore, quite natural to suppose that the effects of tidal fric- 
tion may have produced such a great retardation in the 
rotations of Mercury, and possibly also Venus, that one or 
both of these bodies already turn the same face towards 
the Sun, while the Earth, and the remoter planets, must 
necessarily take a much longer time to undergo the neces- 
sary retardation, and it would be very unnatural to expect 
Neptune, for example, always to turn the same face to the 
Sun. Thus Professor Schiaparelli’s researches on the 
rotations of Mercury and Venus are in support of the 
theory of tidal friction. His conclusion that Mercury 
turns one face to the Sun is now (1930) practically 
certain : the case of Venus remains doubtful. 

Section III . — Precession and Nutation, 

449. In § 141 we stated that the plane of the Earth’s 
equator is not fixed in space, hut that its intersections with 
the ecliptic have a slow retrograde motion. This phenome- 
non, which is known as Precession, is due to the fact that 
the Earth is not quite spherical, and that, in consequence 
of its spheroidal form, the Sun’s and Moon’s attractions 
exert a disturbing couple on it. 

450. The Sun’s and Moon’s Disturbing Couples on 
the Earth. 

Let the plane of the paper in Eig. 150 contain the 
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Earth’s polar axis PP', and the Moon’s centre Jf, say at 
the time when the Moon’s south declination is greatest. 

Inside the Earth inscribe a sphere PJ.P'JL', touching its 
surface at the poles. Then we may (for the sake of illus- 
tration) regard the protuberant portion of the Earth out- 
side this sphere as a kind of tide firmly fixed to the Earth, 
and the arguments of the last section (§ 446) show that 
the variations in the Moon’s attraction at different points 
give rise to a distribution of disturbing force identical with 
the tide-raising force, tending to draw this protuberant 
part with its longest diameter QM pointing towards the 
Moon. The Moon’s attraction on the matter inside the 
inscribed sphere passes exactly through the Earth’s centre 
0, and produces no such couple ; but the disturbing forces 
at J[', which are represented by AJBC, A^H', form a 
couple on the protuberant parts, AQ^A^R, tending to turn 
the diameter A^A towards CM. The same is true of the 
disturbing forces at any other pair of opposite points of 
the Earth in the quadrants ECE, WCIV . Of course 
there are couples ^ in the two other quadrants tending in 
the reverse direction, but they have less matter to act on, 
and are therefore insufiBLcient to balance the former couples. 



T?T f opposite point of its orbit, 

OS, ag^ tends to draw the Earth’s equatorial plane 

intermediate position of 

awn 18 m the equator; still, on the whole, the Moon’s 
force cdmays tends to draw the plane of the Earth’s 
equator tmm-ds the plane of the Moon’s orbit. 
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Similarly, the Sun^s disturbing force ahoays tends to draw 
the jplane of the JSarWs equator towards the ecliptic. 

Since the Moon’s nodes are rotating (§ 273), the plane 
of the Moon’s orbit is not fixed ; but it is inclined to the 
ecliptic at a small angle (5°), while the plane of the 
equator is inclined to the ecliptic at a much larger angle 
(23^^). The average effect of the Moon’s disturbing 
couple is thus to pull the Earth’s equator towards the 
plane of the ecliptic. This tendency is increased by the 
Sun’s disturbing couple ; and the two are proportional to 
the Sun’s and Moon’s tide-producing forces, i.e. as 3 : 7 
roughly. For this reason, the resulting phenomenon is 
sometimes called Itiiii- solar precession. 

*451. Effect of the Couple on the Earth’s Axis.— 

If the Earth were without rotation, the tendency of this 
couple would be to bring the plane of the equator into 
coincidence with the ecliptic, with the result that the 
equator would oscillate from side to side of the ecliptic, 
like a pendulum under gravity. But the rapid diurnal 
motion of the Earth entirely alters the phenomena. 


TV' 



Let GE be a semi-diameter of the Earth, perpendicular 
to OP and GM. The processional couple would, alone, 
produce a slow rotation in the direction JEQM ; i.e. about 
GB. If now the Earth’s rotation be represented in mag- 
nitude and direction by OP, measured along the Earth’s 
axis, this additional rotation must be represented by a 
very short length OJR^ measured along GB, 

Take PF, equal and parallel to OF; then, since PP' is 
very small, OP' is of almost exactly the same length as 

26 
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GP, But angular velocities, and momenta about lines 
whicli represent them in magnitude, are compounded by 
the same lavr as forces, velocities, etc. [c/, § 380 (in)] 
along the same lines of corresponding magnitudes. 

Hence, the resultant axis of rotation is shifted from 
GP to OP', in a direction jper^endicular to the plane of the 
acting couple > 

A full explanation of what follows would be impossible 
without a close acquaintance with Rigid Dynamics. But 
it is evident that a body flattened at the poles will syin 
more readily about the line OP than about any other line 
drawn in its substance. Hence it is easy to understand 
that the polar axis OP is itself deflected towards OP^, and 
thus moves perpendicular to the acting couple. 

This motion can be illustrated by that of a rapidly 
spinning top, or of a gyroscope, the phenomena of which 
can readily be investigated by experiment. 

452. Precession of a Spinnings Top . — Bxperiment 1. 

^ Let a top be set spinning rapidly about its extremity, in the oppo- 
site direction to the hands of a watch, as seen from above, the top 
being supported at a point on its axis below its centre of gravity. 
The weight of the top, acting vertically through the centre of 
gravity, tends to upset the top by pulling its axis out of the vertical. 
But if the top is spinning sufl&ciently rapidly, we know that it will 
not fall, the only effect of gravity being to make it ‘‘reel,^’ ^.e. to 
cause its axis of rotation to describe a cone about the vertical 
through the point of support, revolving slowly in the counter- 
eloekwise direction. This slow revolution may be called the pre- 
cession of the top, and the experiment shows that when a top is 
acted on by a couple (such as that due to its weight) tending to pull 
its axis away from the vertical, it precesses in the same direction in 
which it is spinning. 

Bxpen7mnt % — Now suppose the top ampended from its upper 
extremity, being thus supported above its centre of gravity. The 
couple due to the weight and the reaction of the support, now tends 
to draw the axis of the top towards the vertioaL In this case the 
axis of the top will he found to slowly describe a cone in the 
^pposi^e direction ; that is, the top now precesses in the opposite 
direction to that in which it is spinning. 

Experimmt 3. — ^Suppose the top supported as in Experiment 1. 
if we give the top a push away from the vertical, its axis will not 
move in this direction, but its processional motion will increase. If 
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We give a push in the direction of precession, its axis will approach 
the vertical. If we push the axis in the direction of the vertical, it 
will not move towards the vertical, but its rate of precessional 
motion will be increased, i.e, the top will acquire an additional 
increased precessional motion. If we push it in the direction oppo- 
site to that of precession, the axis will begin to move away from the 
vertical. In every case the axis of the top moves in a direction 
perpendicular to the direction of the force acting on it, and there- 
fore a couple acting on a very rapidly spinning top produces dis- 
placement of the axis in a plane perpendicular to the plane of the 
couple.* 

[If we push the top by pressing the side of a pencil against its 
axis, it thus always moves in the direction in which the axis would 
roll along the side of the pencil. Of course the displacement of the 
axis is not due to rolling, as may easily he shown by repeating the 
same experiment with a gyroscope, this time pushing one of the 
hoops carrying the top instead of touching the top itself ; here no 
such rolling is possible.] 



Fio. 152. 

453. Precession of the Earth’s Axis. — On the celestial 
sphere, let P, K be the poles of the equator and ecliptic 
respectively. The Sun’s disturbing couple and the mean 
couple due to the Moon tend to pull the Earth’s equator 
towards the ecliptic, or to pull the polar axis P towards 
the axis of the ecliptic K. Hence the Earth behaves like 
a top suspended from above its centre of gravity, and 
the polar axis slowly describes a cone about the axis of 
the ecliptic, revolving in the opposite direction to that of 

* These experiments may easily be performed by the reader with 
any good-sized top. 
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the Earth’s rotation, i,bs in the retrograde direction.’*' 
The pole P therefore slowly describes a small circle 
about K, the pole of the ecliptic, with angular radius P 
equal to the obliquity of the ecliptic, i,e, 23° 27'. As the 
pole revolves from P to F it carries the equator from 
tQ— to thus carrying the equinoctial points T 

and slowly backwards along the ecliptic. The average 
angle t t'> or PiTPt, described in a year, is 50*2", and 
P therefore performs a complete revolution about K in 
25,800 years (§ 141). 

The position of the eolvptic is not affected by pi*ecession. 
Hence the celestial latitude xH of any star x remains con-- 
slant j and its celestial longitude T PE increases by the a mount 
of precession T t\ that is, at the rate of 50*2" year. 

A star’s declination and right ascension are, however, 
continually changing. This change is, of course, due to the 
motion of the equator, and not of the star. Thus, as JP 
moves to P', the H.P.D. of the star x decreases from Px to 
P'aj, and its E.A. changes from t Px to tP'x. (The 
circles tP, t^P\ xP^ xF, are not represented, in order not 
to complicate the figure unnecessarily.) The declinations 
of some stars are increasing, of others decreasing. From 
E.A. 6h. to 18h. North declinations are diminishing. 
South ones increasing : from E.A. 18h. to 6h. the reverse 
happens. 

454. To apply the Corrections for Precession. — The 

changes in the decl. and E.A. of a star in one year are always 
small, except in the case of close polar stars, which are so 
near the pole that a slight displacement of the pole produces 
a great change in the E.A. With these exceptions, the 
rates of changeof the de^l. and E.A. of a star remain sensibly 
constant for a considerable period. Hence, if the coordi- 
nates are observed on any given date, and their rates of 


If .S: be pole of ecliptic {OK nearly perpen- 
mar to GM) it is evident that as P travels towards P' it moves 
in toe retoograde direction about K. 

i ^ T is Pol® of aro KP ; / T KP' 

m a nght angle. Similarly, T' KP is & right an gl e ; 

, r. L PKP =z £ 'f 'p -p/ 

ranee T ir is a great circle^ whose pole is K. ’ 
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variation are known, tlieir values at any other date may he 
found by adding or subtracting corrections obtained by 
multiplying these rates of variation by the elapsed time. 

The rates of variation may be regarded as constant so 
long as the interval of time is small compared with the 
period of rotation of the pole. They are therefore sensibly 
uniform for several years. 

The most convenient plan, in correcting for precession, 
is to calculate the right ascensions and declinations of all 
stars for the same date or epoch. 

The time when the Sun’s mean longitude was 280°, near 
the beginning of the year 1900, or 1925, or 1950, is now 
frequently chosen as the standard epoch of reference. 
Bessel introduced the method of beginning the year for the 
purpose of star ephemerides at the time when the Sun’s 
mean longitude is 280° j thus for this purpose all years 
are of the same length, and it is not necessary to apply a 
different precession in leap year. When the E.A. and 
deck of a star are known, their rates of variation can be 
calculated by Spherical Trigonometry in terms of the 
known rate of precession, and the correction can then be 
applied. 

It would, of course, be possible to proceed somewhat 
differently, namely, from the deck and E.A. to find the 
star’s lat. and long. The long, could then be increased by 
the amount of the precession, namely, 50 ’26’' X (the num- 
ber of years elapsed) ; and from the new lat. and long, the 
new deck and E.A. could be found ; but the calculations 
would be longer. 

For the purpose of facilitating observations of time, ’ 
latitude and longitude, and instrumental errors, the de- 
clinations and right ascensions of 489 stars are calculated 
at intervals of 10 days in the Nautical Almanac; these 
stars include the clocTc stars of § 54. 

The effects of aberration, of precession and nutation, 
also proper motion, are taken into account, the tabulated 
coordinates being those of the apparent and not the true 
positions of the star. Such stars can therefore be used to 
determine clock error and other errors, without applying 
any further correction. 
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455. Various Effects of Ere cession. 

Since the E. A. and decl. of a star depend only on the 
relative positions of the star and equator, their yariations 
due to precession are just the same as they yrould be if the 
equator and ecliptic were fixed, and the stars had a direct 
motion of rotation, of 50*26^' per annum, about the pole of 
the ecliptic. 

If we make this supposition, the stars will describe 
circles about A in a period of 25,800 years. 

(i) If a star’s distance Kx from the pole of the ecliptic 
is less than the obliquity i, or its latitude (Z) greater than 
— if it will describe a circle ax^a^x^ (Fig- 153), of radius 
90° — Z, not enclosing the pole P, audits greatest and least 
KP.D. will be 

Pa' = a + (90°-Z), Pa = -i - (90° - Z). 



Also the star’s E.A. will fluctuate between the walues 
rPiKi and rPx^, ITow r is the pole of PK ; hence 
FTP T is a right angle, and tP-S:= 270° ; therefore the 
minimum E.A. are 270° + KPx^, and 
270° — ETPajj. ^ 

•X other hand, the star’s latitude is < 90° — t, 

it wiLL describe a circle hyV enclosing the pole P. Its 
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greatest and least N.P.D. will be 

Ph' = (90° - Z) -f i Pb = (90° -1) -i. 

The stars E. A. will continually increase from 0° to 360°. 

In either case the star’s ISf.P.D. will increase as its longi- 
tude increases from 90° (at cl or h) to 270° (at a' or V), and 
will decrease over the other half of the path. 

The Pole Star will, after a time, move away from the pole, 
and its place will be then occupied in succession by other 
stars whose latitude is very nearly = 90° — ^ = 66° 33'. If 
Z, L be the latitude and longitude of such a star, it will be 
nearest the pole in an interval of (90° — L) 50 26 years, 
and its N.P.D. will then be (90° — Z) 

That precession has shifted the equinoctial points from 
the constellations Aries and Libra, into Pisces and Virgo, 
has already been mentioned. Since there are twelve signs 
of the zodiac, the equinoctial points shift from one con- 
stellation into the next in 26,800/12 years, i.e. about 2,150 
years. This is an average value ; the signs are all equal 
in breadth but the constellations are not. 

456. Effects on the Climate of the Earth’s Hemi- 
spheres. — We have seen (§ 132) that the fact of the Earth 
being in perihelion near the winter solstices renders the 
climate of the Earth’s northern hemisphere more equable, 
but makes the seasons more marked in the southern hemi- 
sphere. Owing, however, to precession, combined with the 
progressive motion of the apse line (§ 153), the reverse 

will be the case in or 10,545 years. The 

50*22 Hh li’25 

summer in the northern hemisphere will then be hotter, 
but shorter, and the winter colder and longer. On the 
whole, the climate will be colder, as the Earth’s radiation 
will be more rapid during the heat of summer, and there- 
fore a larger proportion of the heat received from, the Sun 
will be lost before the winter. 

In a paper, Sir Eobert Ball has shown that the ice 
ages, of which we have geological evidence, can possibly 
be accounted for in this manner. The eccentricity of the 
Earth’s orbit is not constant, but is changing very slowly, 
and is decreasing at the present time. When the orbit had 
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its greatest eccentricity and tlie winter solstice coincided 
with aphelion, the autumn and winter were 199 days long, 
spring and summer being only 166 days long. At this 
time the climate of the northern hemisphere must have 
been so exceedingly cold that the whole of northern Europe, 
including G-ermany and Switzerland, was ice-bound. When 
aphelion coincided with the summer solstice a similar efect 
tooh place in the southern hemisphere, but the northern 
hemisphere was warmer and more genial than it is now, 
spring and summer being 199 days long, and autumn and 
wmter only 166 days long. Thus, at the time of greatest 
eccentricity ^ there must have been long ages of arctic 
climate, oscillating from one hemisphere to the other and 
back in a period of 10,500 years, alternating with more 
equable, and, perhaps, almost tropical climates. This 
eory has failed to meet with favour among geologists. 



457. Nutation of the Earth’s Axis.— In treatmor « 
precession, we haye supposed the Earth’s poles to describe 
smaJlcircles unrformly about the poles of tfie ecUptic This 

hemg constant, are subject to periodic 

sequence of which the Earth’s poles reallv ’ 

curve Cshown in 1 describe a wavy 

if a, cottS'" ™ “p£ 
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HomexLon is called Nutation, because it causes the Earth’s 
poles to nod to and from the pole of the ecliptic. 

Nutation is really compounded of several independent 
periodic motions of the Earth’s axis ; the most important of 
these is known as Lunar Nutation, and has for its period 
the time of a sidereal revolution of the Moon’s nodes, i.e, 
about 18 years 220 days. The effect of lunar nutation may 
be represented by imagining the pole P to revolve in a small 
ellipse about its mean position p as centre, in the above 
period, in the retrograde direction, while p revolves about 
Ky the pole of the ecliptic, with the uniform angular velocity 
of precession of 50*2" per annum. The major and minor 
axes of the little ellipse are along and perpendicular to 
Kp respectively, their semi-lengths being jpa = 9 ' and 
pJ = 6*8'' respectively. The angle pPTft = 6p/sin Kj^ (Sph. 
Geom. 17) = 6*8" cosec 23° 27' = 171" nearly. 



458. General Effects of Lunar Nutation.— In con- 

seq[uence of lunar nutation, the obliquity of the ecliptic is 
subject to periodic variations. For this obliquity is equal 
to the arc KP, and as P revolves about its mean position 
from one end to the other of the major axis of the little 
ellipse, the arc KP becomes alternately greater and less 
than its mean value Kp, by 9". Thus the greatest and 
least values of the obliquity of the ecliptic differ by 18 , 
and the obliquity fluctuates between limits differaig by 
this amount once in 18*6 years. But as, in addition, the 
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obliquity is diminisbing 0‘47" eacli year owing to planetary 
action, the limits are not fixed. 

Again, when tbe pole is at an extremity of tlie minor 
axis it has regreded further than its mean position p by 
the angle which we have seen is about 17*1". Hence, 
^so, the first point of Aries has regreded 17*1" fui'ther than 
it would have gone had its motion been uniform. Similarly, 
at it has regreded 17‘1" less than it would have done if 
moving uniformly. Hence the first point of Aries oscil- 
lates to and fro about its mean position through an arc of 
34-2" in the period of 18| years, while its mean position 
moves through an angle 18| X 50*2", or about 15' 37". 

The angular distance between the true and mean positions 
of the first point of Aries is called the ’Equation of the 
Equinoxes. It is, of course, equal to the angle i? AT. 

Nutation does not affect the position of the ecliptic ; hence 
the latitudes of stars are unaltered by it. Their apparent 
longitudes are, however, increased by the equation of the 
equinoxes. Both this cause and the varying obliquity of 
the ecliptic produce variations in a star’s E.A. and decL 


459. Discovery of Nutation. — ^Nutation was discovered 
by Bradley soon after his discovery of aberration, while con- 
tinuing his ^ observations on the star y Er acorns and on a 
small star in the constellation Camelopardus, by its effect 
declinations of these stars. The peculiarity which 
ed him to separate nutation from aberration was their 
clifterence of period. The period of the former phe- 
nomenon IS about 19 years, while that of the aberration 
msplacement is only a year. Had the observed variations 
m animation been due to aberration alone, the declination 
would_always have had the same apparent value at the 
^ ^^se. 

P^e^iously (1687), proved the 
nutetion from theory, but had supposed that 
Its effects would be inappreciable 


tlie coordinates of a 
sto malwa^pefmedto the position of the equator, 
the posihon which the equate? would occupy^ if its 
pole were at p, the centre of the Uttle ellipse. 
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since tlie appai'ent decl. and R.A. of a star x are measured 
bj 90® — jPx and (= 270° + KPx), tbe corrected 
decl. and EA. are 90°— and 270° + ^^. If the 
star’s position is specified by its celestial latitude and 
longitude, the only correction required is to increase the 
longitude by the equation of tbe equinoxes. 

461. Bessel's Day Numbers. — If the declinations and right 
ascension of stars have been tabulated for a certain date, their 
apparent values for any other date, as affected by precession, 
nutation, and aberration, can be found by adding certain small cor- 
rections to the tabulated values, and it is found that these may be 
put into the form 

Change of R. A. = Aa -jr Bb Gc -{■ Dd^ 

Change of decl. = Aa' + Bb' + Gc' -f- Dd% 
where A, B, Gy D are constants, whose values depend only on the 
date, and are the same for all stars; while a, c, d, a', 6', c', d' 
depend only on the coordinates of the star, being practically con- 
slant for some years for the same stary and independent of the time 
of observation. 

The four quantities A, E, Cy JD are called Day Numbers y 

and their logarithms are given in the Nautical Almanack for every 
day of the year. The logarithms of the eight constants a, by c, d, 
a', h’y c'f d'y have been tabulated for many thousands of stars in the 
star catalogue of the British Association. These are now, however, 
out of date, for the star places have altered about a degree by pre- 
cession since the epoch of the catalogue. 

462. Physical Cause of Nutation.— If the Moon were 
to move exactly in the ecliptic, the average couples exerted 
by the Moon as well as the Sun would both tend to pull 
the Earth’s pole directly towards JBT, the pole of the ecliptic. 
But the Moon’s orbit is inclined to the ecliptic at an angle 
of 5° ; hence, if L be its pole, KL = 5°, and the Moon’s 
average disturbing couple tends to pull the pole JP towards 
X instead of K. When we consider the Sun’s action also, 
the resultant of the two couples tends to pull the pole 
towards a point JS which is intermediate between K and L, 
but nearer to L (because the Moon’s disturbing couple is 
about 2^ times the Sun’s). Hence the pole P moves off in 
a direction perpendicular to HP, and not to HP. In con- 
sequence of the rotation of the Moon’s nodes, X, and there- 
fore also H, revolves in a small circle about P in the period 
of 18f years (see Eig. 156). 
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Let £ z £ be the positions of L, and P., P,, P, , 

corresnnn/i’ Respectively, the positions of S 

directed •^’a couple is 

nendiciilflvT^^^^^D^’ tl»erefore P is then moving per- 
CT a_a J .1 ° *^® couple is directed towards 

nassii^Tf^® perpendicularly to H^P^, thus 

descriiiAd inside to the outside of the small circle 

bv 111^11 position. Similarly, at P, the pole, 

out^dr? ^ Perpen^cularly to P;p,, passes back from the 
descvilio + 1 ^ inside of the small circle which it would 
Tbnf +t “ directed towards K. 

counted f form of the curve described by P is ac- 
counted f or. And since the whole space P,KP, or £, EL,, 

oscillatLn^^ *’ L, is very small, the period of 

Mw« n d® revolution of the 

revnlntm ^ ' j.- ®^®'®i'iy the same as their period of 

5 V — ^ i® 5 days in 

excess of their sidereal period. 

depends on the angular dis- 
*’"® S**®^*®^ distant (as may 
Sjfore T *^® resultant couple, and 

grSraf P potion, is least at P.’ and 

motion of -p ’’ accounts for the variable rate of 

equinoxes * gi^es rise to the equation of the 

the^nteMif^nf Nutation s . — The variations in 

orbital revohifinn«^ s and Moon’s disturbing couples during their 
Wcon^r ^ kinds of nutation. Lt us 

duce Solar Nutation^^ Sun’s disturbing couple, which pro- 

when the Sun is § 450, that the couple vanishes 

The Sutfa (MimWnn “f i® greater the greater 

the TOuple teXeraUoft' it IS readily evident from Kg. 150 that 

vaSXesfa^\ale®lKrS? 

the Sim;va5S ^twLn ^ J Precession, due to 

solstice, when the Sun is at S summer 

, n me j^un is at S,, the couple is along S^P away from 
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8i, and this tends to make the pole process along PO' perpendicu- 
larly to SiP. At the summer solstice the couple along GP is a 
maximum, and tends to produce precession along PG perpendicular 
to KP» At Sz the couple along S^P tends to make the pole process 
in the direction PG'\ At the autumnal equinox, the couple, and 
therefore the velocity of solar precession, vanishes. At S-^ the Sun’s 
declination is negative, and the couple tends to draw P towards Sy , ; 




hence the Earth again tends to preoess along PG', At the winter 
solstice the direction of precession is again along PQ, and the pro- 
cessional velocity again a maximum. Finally, at 84^ the direction 
of precession is again along PO''. 

Hence the variations in the Sun’s declination cause the pole to 
thread its way in and out of the circle it would describe under 
uniform precession once every six months, and to cause the velocity 
of revolution about K to fluctuate in the same period. This gives 
rise to the nutation known as Solar Nutation^ whose period is half a 
tropical year. In the case of the Moon the corresponding 
phenomenon is known as Fortnightly Nutation, and its period is half 
a month ; the explanation is exactly the same. 

The variations in the obliquity of the ecliptic due to these two 
causes are small, because, owing to the comparatively small period 
in which they recur, the pole has not time to oscillate to and from 
K to any great extent. Moreover, the couple, and therefore the rate 
of motion of P, decreases as the inclination of PG’ to PG increases. 
When the Sun is at T or the displacement, if it existed, would 
be along PK, in the most advantageous direction for producing 
nutation, but at this instant the couple vanishes. 
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The solar nutation only displaces the pole about 1 *2'' to or from 
Th displacement due to fortnightly nutation is 0*1" at most, 

iiie effects on the equation of the equinoxes are more apparent. 
Under the Sun’s action alone, the pole would come to rest ilwice a 
year^ viz. at the equinoxes, and under the Moon’s action its rat© of 
motion would vanish txoice a month, viz. when the Moon crossed 
tne equator. At all other times the couples tend to produce ra^ro- 
grade— never direct — motion of the pole about K. Hence the pre- 
ceasioual motion can never vanish unless the Sun and Moon should 
nappen to cross the equator simultaneously. 


Section IV . — Lunar and Planetary Pertiirhations, 

consequence of the universality of gravitation, 
every hody in the solar system has its motion more or less 
msturbed by the attractioa of every other body. Kepler’s 
Haws (with the modification of the Third Law given in 
§ 414) would only he strictly true if each planet were 
attr^ted solely by the Sun, and each satellite described its 

attraction of its primary. 
^ “®arly agree with the 

resulta of observation shows that the mutual attractions of 

p™ compared with that which the Sun 

asatplUtL^f of them, and that, in the orbital motion of 

is due t,n greater part of the relative acceleration 

IS aue to the attraction of the primary. 

T fi, Perturbations.— We have seen, in Section 

I., that Ihe Moon s motion consists of two component oarts 

in an ellipse about 

Sun’s atti^tinu w ^ acceleration of the 

at the Moon as artb© ^ magnitude and direction 

les, Dy gi-nng rise to perturbations 
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(§ 272). The relative accelerations thus produced may he 
represented by a distribution of disturbing force due to the 
Sun, just in the same way that the relative accelerations o£ 
the oceans, which cause the tides, are determined by dis- 
tributions of disturbing force due to the Sun and Moon. 
And since the Sun’s distance is nearly 400 times the Moon’s, 
the expressions for the disturbing force, corresponding to 
those investigated in § 434, are sufficiently approximate to 
account for the more important lunar perturbations. 




Fig. 


158 . 




Let JJf M denote the centres of the Sun, Earth, and 
Moon. Drop MK perpendicular on E 8 , and on EK pro- 
duced take EH = 2EK, Then, if 8 denote the mass and r 
the distance of the Sun, the Sun’s disturbing force produces 
at If a relative acceleration along ME of magnitude 
h8 . its components being h. 8 , MKjT^ along MK 

and 2k, 8 . EK/r^ parallel to EK, 

This force tends to accelerate the Moon towards the Earth 
at quadrature (Mg), and awayiiom the Earth at conjunction 
and opposition (Mq, Mf). At any other position it acceler- 
ates the Moon towards a point (Hj) in the line E 83 and thus 
makes the Moon tend to approach the Sun, if its elongation 
(M^E 8 ) is less than 90°; but it accelerates the Moon to- 
wards a point (Hg) away from the Sun if its angle of 
elongation from the Sun be obtuse. 

466. The Rotation of the Moon’s MTodes.— Let CL 

represent the ecliptic, the great circle which the 

Moon would appear to describe on the celestial sphere if 
there were no disturbing force acting upon it, and let H, 
between and JV"/ on the ecliptic, represent either the 
Sun’s position on the celestial sphere or that of the point 
antipodal to it. Then the reasoning of the last paragraph 
shows that the disturbing force acts in the plane JTEifp 
and therefore has a component at Jf^ directed along the 
tangent to the great circle M^H. 



410 


ASTBONOMT. 


Now let US suppose that the Moon is revolving under the 
Earth’s attraction alone, but that on arriving at it is 



Mted on by a sudden impulse or blow directed towards S. 
Olearly the effect of such an impulse is to bend the direction 
of motion inwa,rd, fromM.N/ to and the Moon will 

^en begm to describe a great circle M.N^, which, if pro- 
both ways, wihmtercept the ecliptic at points X, 
iVj behind The inclination of the orbit to the 

ecliptic will also be diminished slightly if Jf. is within 90° 
exterior angle MN,E > MN^H, since the 
^ e/ fAe are each less than 90°. But 

w«r?« impulse act to- 

m4' S.' <iirection of motion from 

to ^ describe 

^ 3 . JVs' are still 
inclination of 

to otot to the echptic wiU, however, be increased this time. 

wWbTw,!® that the same general effect takes place 
j on by a continuous f<yrce, always 

to m^tzr&o otor^lf "^e'nc: 

it has quite described ^TSOo at the next before 

■with periodic but Rmnii fl, + nodes, combined 

to otot. ’ in the inclination of 

the analogy ig somewhat imperfect thn^f eiuinoxes, and, although 
M illustration of the way in wS '“®?' Pi»«“0“6non gives 

is 
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case of the Moon, cause a retrograde motion of the points of inter- 
section of all of their paths with the eoliptioj and this would give 
the appearance of a kind of retrograde precession of the plane of the 
rings. If the particles, instead of being separate, were united into 
a solid ring, the general phenomena would be the same. And it is 
not unnatural to expect that what occurs in a simple ring should 
also occur, to a greater or less degree, in t he case of other bodies 
that are somewhat flattened out perpendicularly to their axis of 
rotation, such as the Earth, thus accounting for the precession of 
the equinoxes. (Of course this is only an illustration, not a rigorous 
proof ; in fact, if the Earth were quite spherical it would behave 
very differently.) 



% M, S, 

Fig. 160. 

^468. Ferturhations due to Average Value of Radial 
Bisturhiug Force. — Let d be the Moon’s distance. Then, when 
the Moon is in conjunction or opposition, the Sun’s disturbing force 
acts away from the Earth, and is of magnitude 2kSdjr^ (Fig. 160). 
When the Moon is in quadrature the disturbing force acts towards 
the Earth, but is only half as great. Hence, on the average, the 
disturbing force tends to pull the Moon away from the Earth. 

In consequence, the Moon’s average centrifugal force must be 
rather less than it would be at the same distance from the Earth if 
there were no disturbing force, and the effect of this is to make the 
month a little longer than it would be otherwise for the same dis- 
tance of the Moon. 

Moreover, the disturbing force increases as the Moon’s distance 
increases, but the Earth’s attraction diminishes, being proportional 
to the inverse square of the distance ; this has the effect of making 
the whole average acceleration along the radius vector decrease more 
rapidly as the distance increases than it would according to the law 
of inverse squares. The result of this cause is the progressive 
motion of the apse line. It is difficult to explain this in a simple 
manner, but the following arguments may give some idea of how 
the effect takes place. At apogee the Moon’s average acceleration 
is less, and at perigee it is greater than if it followed the law of 
inverse squares and had the same mean value. Hence, when the 
Moon’s distance is greatest, as at apogee, the Earth does not pull 
the Moon back so q\iickly, and it takes longer to come back to its 
least distance, so that it does not reach perigee till it has revolved 
through a little more than 180°. Similarly, at perigee the greater 
average acceleration to the Earth does not allow the Moon to fly 
out again quite so quickly, and it does not reach apogee till it has 
desormed rather more than 180°. Hence, in each case, the line of 
apsides moves forward on the whole. 

ASTRON. 27 
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*469. Tariation, Evection, Annual Equation, Paralla^ic 
Inequality. — ^When the Moon is nearer than the Earth to the Sun 
(ilfi, Fig. 159), the Moon is more attracted than the 
therefore the disturbing force is towards the Sun (§ 466). its 
effect is, therefore, to accelerate the Moon from last quarter to 
junction, and to retard it from conjunction to first q^iarten 
the Moon is more distant than the Earth from the Sun (Jlifs, Fig. ^U), 
it is less attracted than the Earth, and therefore the disturbing 
force is away from the Sun. Thus the Moon is accelerated 
first quarter to full Moon, and retarded from full Moon to last 
quarter. t Hence we see that the Moon’s motion in each ca^e 
must be swiftest at conjunction and opposition, and slowest at the 
quadratures. This phenomenon is known as the Variation. 

The force towards the Earth is greatest at the quadratures, and 
least at the conjunction and opposition, since at the former t^ bun 
pulls the Moon towards, and at the latter away from the Earth. 
Either cause tends to make the orbit more curved at the quadrt^ures 
and less curved at the syzygies. For, if v is the velocity, 
radius of curvature, then v^jR = normal acceleration. Hence M is 
greatest, and the orbit therefore least curved, when v is greates'^ 
and the normal acceleration is least. The effect of this cause would 
be to distort the orbit, if it were a circle, into a slightly oval curve, 
which would be most flattened, and therefore narrowest (compare 
arguments of §§ 114, 115), at the points towards and opposite the 
Sun ; most rounded, and therefore broadest, at the points distant 
90® from the Sun. 

Of course the Moon’s undisturbed orbit is not really circular, but 
elliptic, and far more elliptic than the oval into which a circular 
orbit would be thus distorted. However, the elliptic and variational 
inequalities act independently of each other. The effect of the 
latter on the Moon’s longitude vanishes at all four quarters ; it 
makes the longitude exceed its undisturbed value by 35' at the first 
and fifth octants, and fall short of that value by 35' at the third 
and seventh octants. The octants are arcs of 45° round the orbit, 
the first being midway between new Moon and first quarter. 

The largest of the lunar inequalities is known as the evection, 
and depends on the changing position of the apse line with regard 
to the Sun in successive lunations. It has two effects : — 

(i) the apse line, while advancing on the whole, has an oscillatory 
movement, and retrogrades about the times when perigee occurs at 
first and third quarters. 

(ii) The eoeentricity also oscillates, reaching its greatest value 
0-066 when perigee occurs at new or full Moon, and its least value 
0*014 when it occurs at first or third quarter. 

These various r^ults can be deduced, at least approximately, by 


t These, retardations and accelerations are closely analogous to 
those of the water in an equatorial canal (§ 438). 
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elementary methods (see Airy’s Gravitation), Bufc it will suffice 
here to confine ourselves to the backward motion of the apse when 
perigee occurs at first quarter. The disturbing force at the quarters 
is directed towards the Barth, and varies as M 2 ^ (Fig. 158). As in 
§ 468 it can be shown that an additional inward force at perigee 
makes the apse advance, while a similar force at apogee makes it 
retrograde. But since is greater at apogee than at perigee, 
and also since the Moon remains longer in the outer half of its orbit, 
the action at apogee preponderates and the apse on the whole retro- 
grades at these times. The tangential disturbing forces vanish at 
the quarters (see Fig. 158), but it can be shown that their action 
before and after the quarters assists the retrogradation of the apse. 

The two evection effects may be combined into a single term in 
the longitude amounting to 77, with a period of 31*812 days, and 
a term in the radius vector with the same period. The period of 
the variation is half a lunation or 14*765 days. It is worthy of 
note that if a total eclipse of the Sun occurs^ at perigee, the elliptic 
inequality, variation and evection all combine to bring the Moon 
nearer to the Earth, and so to increase the duration of totality, 
which may amount to 7m. 40s. in the most favourable case. The 
duration will exceed 7m. in June 1937 and June 1955 (see § 288). 

Table illestbating the Motion of the Apse and 
THE Change op Eccentricity during the 
Year 1920. 


Date of 

Perigee. 

Age of 
Moon, 
d. 

Longitude 
of Apse. 

Moon’s 

Parallax. 

/ // 

Jan. 4 

13*16 

85*15 

61 0 

Feb. 1 

11*53 

96*15 

60 8 

„ 28 

8*67 

89*43 

59 18 

Mar. 24 

4*05 

56*83 

59 34 

Apr. 20 

2*16 

59*85 

60 25 

May 18 

0*98 

71*79 

61 5 

June 16 

29*36 

86*04 

61 22 

July 14 

28*45 

100*32 

61 10 

Aug. 11 

27*39 

112*62 

60 33 

Sept. 8 

25*76 

117*68 

59 44 

Oot. 3 

21*87 

92*62 

59 16 

„ 30 

18*57 

77*30 

59 57 

Nov. 27 

16*91 

86*12 

60 51 

Dec. 25 

15*62 

100*96 

61 26 
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It will be seen that the greatest eccentricity, and therefore the 
Moo at perigee, occur when perigee is at new or full 

The Sun’s disturbing force is greatest when the Sun is nearest, 
and. least when the Sun is furthest. These fluctuations, between 
penhehon and aphelion, give rise to another perturbation, called 
the annual eq.uatioii, whose most noticeable effect consists in the 
consequent variations in the length of the month (§ 468). 

if, instead of resorting to a first approximation, we employ more 
accurate expressions for the Sun’s disturbing force on the Moon, it 
IS evident that this force is greater when the moon is near con- 
junction than at the corresponding position near opposition; just 
as the disturbing force which produces the tides is really greater 
under the Moon than at the opposite point. Hence the Moon is 
more msturbed from last quarter through new Moon to first quarter 
than from first quarter through full Moon to last quarter. Hence 
the time of first quarter is slightly retarded, and that of last quarter 
accelerated. This is called the Moon’s Parallactic Inequality. 
Its amount is proportional to TcSdi^jr^ instead of IcSdlr^ (like the 
other perturbations). Tor many reasons this perturbation is of 
considerable use in determinations of the Sun’s mass and distance. * 

470. Planetary Perturbations. — ^The Sun’s mass is so 
great, compared with the masses of the planets, that the 
orbital motion of one planet about the Son is but sliglitly 
affected by the attraction of any other planet. The mutual 
attractions of the planets, and their actions on the Sun, 
gire rise to small planetary perturbations, which cause 
each planet to diverge slowly from its elliptical orbit, 
bemdes accelerating or retarding its motion. 

. orbital motions of the planets are all usually 

referred to the Sun as their common centre or origin,” 
centre of mass of the solar system, the 
perturbations of one planet, due to a second, depend, not 
+-U acceleration produced by the latter, but on 

the differences of the accelerations which it produces on the 
former planet and on the Sun. 


Coastruction for the Distarhiag Force. 

'“vestigated in § 465, for the Sun’a 

for^of oLnW? inapplicable to the disturbing 

foroe of one planet on another, because the distance of the disturUr^ 

annoraced ? study of this inequality that Hansen 

® *1*® Sun’s distance (95 million 
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body from the centre of motion is no longer very Ipge, compared 
with that of the disHrhed body. We must, therefore, adopt the 
following construction (Fig. 161) : — 

Let P, Q be two planets, of masses My M' \ S the Sun. Then 
the planet P produces an acceleration kMJJPQ^ on Q along QP, and 
an acceleration hlf/PS^ on S along SP. To find the acceleration 
of Q, relative to Sy due to this cause, take a point T on PQ such 
that PT : PS = PS^ : PQ\ Then the accelerations of S, Q, due to 
P, are JcM . SP/SP^ and hM . TP/SP^ respectively. Hence, by the 
triangle of accelerations, the acceleration of Q, relative to /S', is 
represented in magnitude and direction by JcM . TS/SP^. Therefore 
the disturbing force per unit mass on Q, due to P, is parallel to TSy 
and of magnitude JcM ,TS/SP^. 



Similarly, if we take a point T' on QP such that QT'iQS 
=^QS ^ : QP‘^y the disturbing force per unit mass on P, due to Q, is 
parallel to PSy and is of magnitude JcM' , T'S/SQ^. 

The disturbing force on Q, due to P, and that on P, due to Q, are 
not equal and opposite, because they depend on the planets’ attrac- 
tions on Sy as well as on their mutual attractions. 

When PQ = PS, the points Q, T evidently coincide, and the dis- 
turbing force on Q is along the radius vector QS. When PQ<PS, 
PT> PQy so that the disturbing force on Q tends to pull Q about S 
(as in Fig. 161) towards P, and when PQ>P8, the disturbing force 
tends to push Q about S away from P. 

Similarly, when QP=QSy the disturbing force on P is along PS, 
When QP<QS it tends to pull P about S towards Q, and when 
QP>QSy it tends to push P about /S^ away from Q, 

*4:72. Periodic Perturbations on an Interior Planet. — Let 
us consider, in the first place, the perturbations produced by one 
planet M on another planet V, whose orbit is nearer the Sun ; as, 
for example, the perturbations produced by the Earth on Yenus, 
by Jupiter or Mars on the Earth, or by Heptune on Uranus. 
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Let J5 be the positions of the planet, relative to B, when in 
heliocentric conjunction and opposition respectively ; U, U'^ points 
on the relative orbit such that MU=-EU' (These points are 

near, but not quite coincident with the positions of greatest elonga- 
tion. ) Then, if we only consider the component relative acceleration 
of V perpendicular to the radius vector V8, this vanishes when the 
planet is at U or ?7', as shown in the last paragraph. 



The tangential acceleration also vanishes at A and B. Over the 
arc U'A U the relative acceleration is towards therefore the 
planet’s orbital velocity is accelerated from U' to A i similarly it is 
retarded from A to U. 

Again, at a point on the arc UBW, the relative acceleration 
is away from the Earth, and this accelerates the planet's orbital 
velocity between U and 5, and retards it between B and IT* 

It follows that V is moving most swiftly at A and B^ and most 
slowly at U and XT. Hence, if we neglect the eccentricity of the 
orbit, we see that the planet, after passing A, will shoot ahead of 
the position it would occupy if moving uniformly ; thus the dis- 
turbing force displaces the planet forwards during its path from -4 
to near U, Somewhere near when the planet is moving with 
its least velocity, it begins to lag behind the position it would 
occupy if moving uniformly ; thus from near U to B the disturbing 
force displaces the planet backwards. Similarly, it may be seen 
that from B to near U' the planet is displaced forwards, and from 
near U* to A it is displaced backwards.^ 

The principal eflfect of the component of the disturbing force 
along the radius vector, is to cause rotation of the planet's apsides, 
as in the case of the Moon. The direction of their rotation depends 
on the direction of the force, and is not always direct. 

Owing to the inclination of the planes of tne orbits of E, Y, the 
attraction of E, in general gives rise to a small component perpen- 


* That there are two regions of forward displacement and of 
backward displacement in the course of a synodic revolution 
explains the fact that the mathematical search for a planet outside 
Keptune (see § 313) indicated two directions, about 180® apart. 
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dioular to the plane of F’s orbit, which is always directeA towards 
the plane of jE^'s orbit. This component produces rotation of the line 
of nodeSy or line of intersection of the planes of the two orbits. This 
rotation is always in the retrograde direction^ and is to be explained 
in exactly the same way as the rotation of the Moon’s nodes. 

It is thus a remarkable fact that since all the bodies in the solar 
system (except the satellites of Uranus, Neptune, outer ones of 
Jupiter and Saturn, and many comets) rotate in the direct direction, 
all the planes of rotation and revolution, and all their lines of 
intersection [i.e, the lines of nodes, and the lines of equinoxes) in 
the whole solar system, with the above exceptions) have a retrograde 
motion. 



*473. Periodic Perturbations of an Exterior Planet. — The 

accelerations and retardations produced by a planet E on one /, 
whose orbit is more remote from the Sun, during the course of a 
synodic period, may be investigated in a similar manner to the 
corresponding perturbations of an interior planet, assuming the 
orbits to be nearly circular. 

If 8J is less than 2/Sf^ there are two points Jf, N on the relative 
orbit at which EM = EE = ES. At these points the disturbing 
force is purely radial, and it appears, as before, that the planet J is 
accelerated from heliocentric conjunction A to AT, and from helio- 
centric opposition BioN', retarded from N to A, and from M to B, 

If SJ>2SEy then ES<EA ; hence the attraction of E is greater 
on the Sun than on J, and the disturbing force therefore always 
accelerates the planet J towards B. Thus the planet’s orbital 
velocity increases from A to B, and decreases from to A, and it 
is greatest at B and least at A. Therefore from j5 to A the planet 
is displaced in advance of its mean position, and from AtoB falls 
behind its mean position. 

The effects of the radial and orthogonal components of the dis- 
turbing force in altering the period and causing rotation of the apse 
line, and regression of the nodes, can be investigated in the same 
way for a superior as for an inferior planet. 
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*474. Ineq^tialities of Long’ Period.— If the orbits of the 
planets were circular (except for the effects of perturbations), and 
in the same plane, their mutual perturbations would be strictly 
periodic, and would recur once in every synodic period. Owing, 
however, to the inclinations and eccentricities of the orbits, this is 
not the case. The mutual attractions of the planets produce small 
changes in the eccentricities and inclinations, and even m their 
periodic times, which depend on the positions of conjunction and 
opposition relative to the lines of nodes and apses. Neglecting the 
motion of these latter lines, the perturbations would only be strictly 
periodic if the periodic times of two planets were commensurable ; 
the period of recurrence being the least common multiple of the 
periods of the two planets. Jiut when the periodic times of two 
planets are nearly hut not quite in the proportion of two small whole 
numbers, ixieq[iialities of long period are produced, whose effects' 
may, in the course of time, become consider^le. 

Thus, for example, the periodic times of Jupiter and Saturn are 
very nearly hut not quite in the proportion of 2 to 5, If the propor- 
tionality were exact, then 5 revolutions of Jupiter would take the 
same time as 2 revolutions of Saturn ; and, since Jupiter would thus 
gain three revolutions on Saturn, the interval would contain 3 
synodic periods. Thus, after 3 s 5 modio periods had elapsed from 
conjunction, another conjunction would occur at exactly the same 
place in the two orbits, and the perturbations would be strictly 
periodical. 

But, in reality, the proportionality of periods is not exact ; the 
positions of every third conjunction are very slowly revolving in 
the direct direction. They perform a complete revolution in 
2,640 years. But there are three points on the orbits at which con- 
junctions occur, and these are distant very nearly 120^^ from one 
another. When the positions of conjunction have revolved through 
120®, they will again occur at the same points on the orbits, and the 
perturbations will be of the same kind as initially. The time 
required is one-third the above period, or 880 years. The last 
maximum displacement of the planets occurred about 1790, when 
Jupiter was 19*8' in advance of the undisturbed position, Saturn 
48*4' behind it. The displacements will have zero value about 20 10. 

Again, the periodic times of Venus and the Earth are nearly in 
the proportion of 8 to 13 ; consequently 5 conjunctions of Venus occur 
in alnaost exactly 8 years, thus giving rise to perturbations having 
a period of 8 years. But the proportion is not exact, and, con- 
sequently, there are other mutual perturbations having a very 
long period. 

One of the most important secular perturbations is the alternate 
increase and decrease in the ecoentrioity of the Earth’s orbit. This, 
at the present time, is becoming gradually more and more circular, 
but in about 24,000 years the eocentrioity will be a ipinimum, and 
will then once more begin to increase. The effects of this on the 
climate of the Earth’s hemispheres have been considered (§ 456). 
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475. Gravitational Methods of Finding the Sun’s 
Bistance. — The Earth’s perturbations on Mars and Venus 
furnish a good method of finding the Sun’s distance. For 
the magnitude of these perturbations, depends on the ratio 
of the Earth’s mass, or rather the sum of the masses of the 
Earth and Moon (since both are instrumental in producing 
the perturbations), to the Sun’s mass. Hence, if 8j M, m 
denote the masses of the Sun, Earth, and Moon, it is 
possible, from observations of these perturbations, to find 
the ratio of (If+m) : S. 

But, if r, d be the distances of the Sun and Moon from 
the Earth, T and Y the length of the sidereal lunar month 
and year, we have, by Kepler’s corrected Third Law, 
(M+m)T^ : (S^M+m) Y^=d^:7^; 
whence the ratio of r to d is known. If, now, the Moon’s 
distance d be determined by observation in any of the ways 
described in Chapter YIII., or by the gravitational method 
of § 416, the Sun’s distance r may be immediately found. 

This method was used by Leverrier in 1872. From 
observations of certain perturbations of Venus he found 
the values 8*853" and 8*869" for the Sun’s parallax, while 
the rotation of the apse line of Mars gave the value 8*866" 

The perturbations of Encke’s comet were used in a 
similar way by Von Asten, in 1876, to find the Sun’s 
parallax, the value thus obtained being rather greater, viz. 
9*009". 

The lunar perturbations also furnish data for deter- 
mining the Sun’s distance, the principal of these being the 
parallactic inequality of the Moon (§ 469), Several com- 
putations of the Sun’s parallax have thus been made, the 
results being 8*6" by Laplace in 1804, 8*95" by Leverrier in 
1858, 8*838" by Hewcomb in 1867, 8*778" by Cowell and 
Brown in 1904. See also § 430 for the determination of 
the parallax from the apparent monthly displacement of 
the Sun. 

476. Determination of Masses. — The mass of any 
planet which is not furnished with a satellite can be deter- 
mined in terms of the Sun’s mass by means of the pertur- 
bations it produces on the orbits of other planets. The 
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amount of these perturbations is always proportional to tl 
disturbing force, and this again is proportional to the mo- 
ot the disturbing planet. In this manner the mass of V en\ 
has been found to be about 1/403,000 of the Sun’s mas 
and that of Mercury about 1/9,000,000. 

477. The Discovery of Neptune —The narrative ( 
the discovery of Neptune is one of the most striking an 
remarkable in the annals of theoretical astronomy, an 
forms a fitting conclusion to this chapter. 

In 1795, or about 14 years after its discovery, theplam 
Uranus was observed to deviate slightly from its predicte 
position, the observed longitude becoming slightly greate 
than that given by theory. The discrepancy increased ti. 
1822, when Uranus appeared to undergo a retardation, an 
again to approach its predicted position. About 1830 tb 
observed and computed longitudes of the planet were equa. 
but the retardation still continued, and by 1845 Uranus ha< 
fallen behind its computed position by nearly 2'. 

As early as 1821, Alexis Bouvard pointed out that thes 
discrepancies indicated the existence of a planet exterior t 
Uranus, but the matter remained in abeyance until 184^ 
when the late Mr. (afterwards Prof.) Adams, in Cambridge 
and M, Le Terrier, in Paris, independently and almos 
simultaneously, undertook the problem of determining th' 
position, orbit, and mass of an unknown planet which wouh 
give rise to the observed perturbations. Adams was un 
doubtedly the first by a few months in performing the com 
putations, but the actual search for the planet at the obser 
vatory of Cambridge was delayed from pressure of othe: 
work. Meanwhile Le V errier sent the results of his cal cul a 
tions to Dr. G-alle, of Berlin, who, within a few hours oi 
receiving them, turned his telescope towards the place pre- 
dicted for the planet, and found it within about 52' of thal 
place. Subsequent examination of star catalogues showed 
that the planet had been previously observed on several 
occasions, but had always been mistaken for a fixed star. 

It win be seen from § 472 that the acceleration of Uranus 
up to 1822, and its subsequent retardation, are at once 
accounted for by supposing an exterior planet to be in helio- 
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centric conjunction with Uranus about the year 1822. But 
Adams and Le Verrier sought for far more accurate details 
concerning the planet. At the same time the data a:fforded 
by the observed perturbations of Uranus were insufS-cient 
to determine all the unknown elements of the new planet’s 
orbit, and therefore the problem admitted of any number of 
possible solutions. In other words, any number of different 
planets could hare produced the observed perturbations. 

To render the problem less indeterminate, however, both 
astronomers assumed that the disturbing body moved 
nearly in the plane of the ecliptic and in a nearly circular 
orbit, and that its distance from the Sun followed Bode’s 
Law. 

The latter assumption led to considerable errors, in- 
cluding an erroneous estimation of the planet’s period by 
Kepler’s Third Law. For when Keptune was observed, 
its distance was found to be only 30‘04 times the Earth^s 
distance, instead of B8‘8 times, as it would have been 
according to Bode’s Law. Nevertheless, the actual planet 
was subsequently found' to account fairly well for all the 
observed perturbations of Uranus. 

The discovery of Neptune affords most powerful evidence 
of the truth of the Law of Gravitation, and so indeed does 
the theory of perturbations generally. The fact that the 
planetary motions are observed to agree closely with theory, 
that computations of astronomical constants (such as the 
Sun’s and Moon’s distances), based upon gravitational 
methods, agree so closely with those obtained by other 
methods, when possible errors of observation are taken into 
account, affords an indisputable proof that the resultant 
acceleration of any body in the solar system can always be 
resolved into components directed to the various other 
bodies, each component being proportional directly to the 
mass and inversely to the square of the distance of the 
corresponding body. Such a truth cannot be regarded as 
a fortuitous coincidence ; it can only be explained by sup- 
posing every body in the universe to attract every other 
body in accordance with Newton’s Law of Universal 

Gravitation. _ . .. m ;i;i 

The small residuals remaining were studied by iodd, 
Lee, Lau, Gaillot, Lowell, Pickering. Search was made at 
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the Lowell Observatory following his prediction, and a new 
planet found there on January 21, 1930. It is of the 15th 
magnitude, and estimated to be distant from the Sun 
about 41 units. (See pages 250, 251.) 

EXAMPLES.— XIV. 

1. If the Sun’s parallax be 8*80", and the Sun’s displacement at 
first quarter of Moon 6*52'', calculate the mass of the Moon, the 
Earth’s radius being taken as 3,963 miles. 

2. Supposing the Moon’s distance to be 60 of the Earth’s radii, 
and the Sun’s distance to be 400 times that of the Moon, while his 
mass is 25,600,000 times the Moon’s mass, compare the effects of 
the Sun and Moon in creating a tide at the equator, in the event of 
a total eclipse occurring at the equinox. 

3. If the Earth and Moon were only half their present distance 
from the Sun, what difference would this make to the tides ? Cal- 
culate roughly what the proportion between the Sun’s tide^raising 
power and the Moon’s would then be, assuming that theMoon’s 
distance from the Earth remained the same as at present. 

4. Taking the Moon’s mass as ^ of the Earth’s, and its distance 
as 60 times the Earth’s radius, show that the Moon’s tide -raising 
force increases the intensity of gravity by 1/17,280,000 when the 
Moon is on the horizon, and that it decreases the intensity of gravity 
by 1/8,640,000 when the Moon is in the zenith. 

5. Compare the heights of the solar tides on the Earth and on 
Mercury, taking the density of Mercury to be two-thirds of that of 
the Earth, its diameter *38 of the Earth’s diameter, and its solar 
distance *38 of the Earth’s solar distance. 

6. Explain how the pushing forward of the Moon by the tidal 
wave enlarges the Moon’s orbit. 

7. Show that, owing to precession, the right ascension of a star 
at a greater distance than 23^° from the pole of the ecliptic will 

changes, but that a star at a less distance than 
always have a right ascension greater than twelve hours. 

8. Prove that for a short time precession does not alter the decli- 
nations of stars whose right ascensions are 6h., or 18h. 

^ diagram the position of the pole star (R.A. 
~ relative to the poles of the equator and 

ecliptic, and hence show that owing to precession its R.A. is in- 
creasing rapidly, but that its polar distance is decreasing. 
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EXA.MI1^A.TI0¥ PAPEE.—XIV. 

1. Show that the Moon’s orbit is everywhere concave to the Sun. 

2. Show that the tide-raising force of a heavenly body is nearly 
proportional to its (mass) -r (distance)^. 

3. How is it that we have tides on opposite sides of the Earth at 
once ? 

4. Explain the production of the tides on the equilibrium theory. 

5. Define the terms spring tide, neap tide, priming and lagging^ 
establishment of the port, lunar time. 

6. What is meant by the expression Luni-solar Precession” ? 
Describe the action of the Sun and of the Moon in causing the 
Precession. 

7. Give a general description of Precession. Does precession 
change the position of (a) the equator, (&) the ecliptic among the 
stars? 

8. Describe nutation. What is the cause of Lunar Nutation? 
What is meant by the equation of the equinoxes ? 

9. Give a brief account of the discovery of Neptune. 

10. Explain how the retrograde motion of the Moon’s nodes is 
caused by the Sun’s attraction on the Earth and Moon. 



NOTE I. 

Eiagra-m: for South Latitudes. 

la order to familiarise the studeat with astronomical 
1 grams drawn under different conditions, we subjoin a 
gure showing the principal circles of the celestial sphere 
ot an observer in South latitude 45° at about 19h. of 
sidereal time (QWjRr = 270° + 15° = 19h.). The figure 

at the solstices ; also the 

■NT A which measure the K.A. and 

JN. decl. of the star aj. 


S.PoLEy^ 



Nadir 
Fia. 164. 


NOTE II. 

The Photochronogeaph. 

Qmte recently photography has been applied to recorc 

Cha?n“1sir«^^*® TW® methods explained i 

p. §§ 4 f 9 , 50, The image of the observed star i 
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projected on a sensitised plate placed in front of tlie transit 
circle, and, owing to tlie diurnal motion, it moves Jiori- 
zontally across the plate. The plate is made to oscillate 
slightly in a vertical direction, by means of clockwork, say 
once in a second, and this motion, combined with the hori- 
zontal motion of the image, causes it to describe a zigzag 
or wavy streak on the plate. The star’s position at each 
second is indicated by the undulations, and the position of 
these is capable of being measured with great exactness. 


NOTE III. 

Note on § 104. 

It may be proved, by Spherical Trigonometry, that 
sin nF = sin xP sin nxP, or sin I = cos d sin nxP ; 

■. oos^ d cos® nxP = cos® d — cos® d sin® nxP = cos® d — sin® I 
= cos (d + 1) cos (d— 1); 

D" 

. ■ acceleration i — ■ ".■.n.-Ti.i'f- a 7 * 2 7 \ 

15 a/ ( cos® c? — sin® Z) 

D" 

-pSeCS. 

15 a/ { cos {d + 1) cos {d — 1)} 

The same formula is applicable to §§ 135, 190. 



APPENDIX. 


properties op the ellipse. 

are of astronnmino'i*® those properties of the ellipse -which 

Conic Sections ^ i^^portance. The proofs are given in books on 



tai^se^f'^-^^point^onTfrorat^te^^ fi“T® 

Sy."*’ di’staLe^s oalfelTJece*^! 

uS'an eSf 'in thr^tihJ ^ "“‘y- *1^® ®"-® 

closed oval, as shown in the figure. assumes the form of a 

If S is the focus, and if from A. P L P' A> 
the curve, perpendiculars AX PM Un hJrT ’ pomts on 

and if the eco?ntricity be 

e = ^ _ >S'// _ 5P' JS^A' 

AX PM LK ~ 

md that e is less than unity. 


'~'a7x "" 


The other conic sections, the varaholn. it 

by the same property, save that in the defined 

latter e>l ; but they are of litde Tstrounr^f ?^- ^ == 
as representing the paths desorib^ by nonSSm 
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2. An ellipse has two foci (each focus having a corresponding 
directrix), and the sum of the distances of any point from the two 
foci is constant. 

Thus in Fig. 166, Sy H are the two foci, and the sum SP 4- PH 
is the same for all positions of P on the curve. 

From this property an ellipse may easily be drawn. For, let two 
small pins be fixed at 8 and and let a loop of string 8PH be passed 
over them and round a pencil-point P ; then, if the pencil be moved 
so as to keep the string tight, its point P will trace out an ellipse. 
For 8P + PH 4- H8 = constant, and SP 4- PH — constant. 

3. For all positions of P on the ellipse, 8P is inversely propor- 
tional to 1 4" e cos ASP, so that 

/S'P (1 -h e oos ASP) = ? = constant, 
e being the eccentricity and SA the line through 8 perpendicular 
to the directrix. 


X T' 



4. The line joining the two foci is perpendicular to the directrices. 

The portion of this line {AA')y bounded by the curve, is called the 
maj or axis or axis maj or. Its middle point G is called the centres 
and the curve is symmetrical about this point. 

The line BGB', drawn through the centre perpendicular to AGA^ 
and terminated by the curve, is called the minor axis or axis 
minor. The lengths of the major and minor axes are usually 
denoted by 2a and 26 respectively. 

5. The extremities A, A' oi the major axis are called the apses 
or apsides. Since, by (2), SP + HP is constant, therefore, taking 
PatAorA', SP HP = SA HA 8A' + HA' 

= I (/S'A 4- HA 4- 4- HA') evidently 

= AA' = 2a. 

Taking P at P, SJB 4- HB = 2a; 

SB (evidently) = HB = a = OA, 
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6. The eccentricity e = GSjOA ; GS e, OA, and 

6^ = GB^ = SB^ - GS^ (Euo. L 47) = a* - a V = (1 - e*) ; 

e® = (a* - h^)/a\ 

Hence also 

SA = OA - GS = a{l -- e) and SA' = + (7^ = a (1 + e). 

7. The latus rectum is the chord LBL' drawn through the focus 
perpendicular to the major axis AA\ Its length is 2^, where 
? = a (1 - e^). Also I is the constant of (3j, for when jP coincides 
with L, ASP = 90" ; cos A8L = 0, and 8L = 1. [Fig. 165.] 


8. The tangent TP T and normal POg, at P, bisect respectively 
the exterior and interior angles iSPI, SPJI) formed by the lines 
SP, HP. 

9. If the normal meets the major and minor axes in (?, g, 

PG:Pg=GB^:GA^ 

10. If ^SjT, drawn perpendicular on the tangent at P, meets HP 
produced in /, then evidently SP = IP ; 

HI = SP-h HP = 2a [by (2)]. 

If HP is the other focal perpendicular on the tangent, it is known 
that rectangle SP. HP = constant = b*. 

11. Bielailou between the focal radius SJP and the focal 
perpendicular on the tangent SOO, 

Let SP = r, ST^p. 

Then cos TIP = cos PSP = pjr. 


By Trigonometry, 

SH^ = IH- + IH'^ -2.IS.IH. cos SIH ; 
= 4p* + 4a* - Spa x plr ; 


or by (6) 


. g* (1 ~ 6*) ^ 

* * ^2 r * 

^ _HP 

pi r r SP ’ 


This may also be proved from the similarity of the triangles SPT, 
HPT, which gives ST ; HT^ :=SPiHP; 

8T^ zSP. HP' = SP : HP and SP. HP' = 6* (10) j 
p* : 6* = r : 2g — r. 


12. If a circular cone {i.e. either a right or oblique cone on a 
circular base) is cut in two by a plane not intersecting its base, the 
curve of section is an ellipse. More generally, the form of a circle 
represented in perspective, or the oval shadow cast by a spherical 
globe or a circular disc on any plane, are ellipses. A circle is a 
particular form of ellipse for the case where h ^ a and e = 0. 


13. The area of Ike eUipse is rah. 
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TABLE OE ASTEOl^OMICAL CONSTANTS. 


(Approximate values, calculated, when variable, for the Spring 
Equinox, A.i>. 1900.) 


The Celestial Sphere. 

Latitude of London (Greenwich Observatory), 
,, Cambridge Observatory, 

Obliquity of Ecliptic, 


Optical Constants. 

Coefficient of Astronomical Refraction, 
Horizontal Refraction, 

Coefficient of Aberration, 

Velocity of Light in miles per second, 

„ „ „ metres „ 

Equation of Light, 


51° 28' 38". 
52° 12' 51". 
23° 27' 8". 


57". 

33'. 

20-4:71". 
186,285. 
299,796,000. 
8m. 18 'Os. 


Time Constants. 

Sidereal Day in mean solar units = 1 - 1/3 66i days =23h. 56m.4-ls. 
Mean Solar Day in sidereal units =14“ 1/365^ days =24h. 3m. 56*5s. 

Year, Tropical, in mean time, 365d. 5h. 48m. 45*98s. 

„ Sidereal, „ 365d. 6h. 9m. 8 -978. 

Anomalistic, ,, 365d. 6h. 13m. 48 '09s, 

Civil, if the number of the year is not divisible by 4, 

” or if it be divisible by 100, but not by 400, 365 days. 

In other cases, 366 ,, 

Month, Sidereal, 27-32166d. - 27d. 7h. 43m. ll*4s. 

,, Synodic, 29*53059d. = 29d. 12h. 44m. 30s. 

Metonio Cycle, 235 Synodic Months = 6939 *696. 

= 19 tropical years (all but 2 hours). 

"Period of Rotation of Moon’s Nodes (Sidereal), 6793‘391d. = 18-60 yr. 

„ (Synodic), 346'644d. 

” ” = 346d. 14^h. 

,, Apsides (Sidereal), 3232 '5754. =8*85 yr. 
\\ „ „ (Synodic), 411-74d. 

go^ros 223 Synodic Months = 6585*321d. =18 0300yr. 

= 18 yr. 10 or 11 days. 

= 19 Synodic periods of Moon’s Nodes (very nearly). 
= 16 „ „ „ Apsides (nearly). 

7-6 m. 

Obliquity, 9*9 ni. 


Equation of Time, Maximum due to Eccentricity, 
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Equatorial Radius, 
Polar ,, 

Mean 


The Earth. 

3,963*34 miles. 

3,949*99 „ 

3,958*89 „ 

24,902*4 „ 

_ . = 21,600 geographical miles. 

4 X 10^ =40,076,494 metres. 

1 ~ 297. 

*0819. 

5*527. 

AT — ' A 1 • ^ 5,880 X 10'® tons. 

Mean Acoeleration of Gravity in ft. per sec. per sec., 32*18 (at Paris). 
Ratio of Centrifugal Force to Gravity at Equator, 1 289. 

Eccentricity of its Orbit, 1 ^ 00 ^ 

Annual Progressive Motion of Apse Line, 1 1 *25". 

,, R^rogradeMotionof Equinoxes (Precession), 50*26".' 

Period of Precession, 25,695 years. 

,, Nutation, 2 g .0 

Greatest change in Obliquity due to Nutation, 9*23". 

Maximum Equation of Equinoxes, 17*1". 


Equatorial Circumference, | 360 x 60 

Elliptioity or Compression, 
Eccentricity, 

Density (Water = 1 ), 

Mass, 


The Sun. 

Mean Parallax, 
j} Angular Semi-diameter, 

,, Distance in miles. 

Diameter in miles, 

,, in Earth’s diameters 
Density in tqrms of Earth’s, 

„ (taking water as 1 ), 

Mass in terms of Earth’s, 

Period of Axial Rotation at Equator, 

The Moon. 

Mean Parallax, 

,, Angular Semi-diameter, 

,, Distance in miles, 

„ ,, in Earth’s radii, 

>> >j terms of Sun’s distance. 
Diameter in miles, 

,, in terms of Earth’s, 

Density in terms of Earth’s, 

„ (taking water as 1 ), 

Mass, in terms of Earth’s, 

Eccentricity of Orbit, 

Inclination of Orbit to Ecliptic, 

Ecliptic Limits, Lunar, 

^ if jj Solar, 

Tide-raising force of Moon in term of Sun’s, 


8*806". 

16' 1 ". 
92,830,000. 
863,700. 
109. 


33L100. 

25d. 5h. 37m. 


57 2*63". 

15' 34". 

238,862. 

60*27. 

1/389. 

2,160. 

3/11. 

•61. 

3*4. 

1/81|. 

1/18. 

5° 8 ' 40". 

11° 38' and 9° 39'. 
17° 25' and 15° 23'. 
7/3. 



ANSWERS. 


ITote. — W here only rough values of the astronomical data are 
given in the questions, the answers can only be regarded as rough 
approximations, not as highly accurate results. It is impossible to 
calculate results correctly to a greater number of significant figures 
than are given in the data employed, and any extra figures so 
calculated will necessarily be incorrect. As the use of working 
examples is to learn astronomy rather than arithmetic, it is ad- 
visable to supply from memory the rough values of such astronomi- 
cal constants as are not given in the questions. These values will 
thus be remembered more easily than if the more accurate values 
were taken from the tables on pages 429, 430, though reference to 
the latter should be made until the student is familiar with them. 


I. Examples (p. 33). 

1 . Only their relative positions are stated ; these do not completely 

fix them. 

2 . 6 P.M., 6 A.M. ; on the meridian. 8 . On September 19. 

9 . (i) Early in July ; (ii) middle of June — the Sun passes it about 

June 26. 

10 . 304° = 20h. 16m. ; at 8h. 13m. p.m. 

11 . Near the S. horizon about 10 p.m. early in October. 

12 . 38° 27, 61® 33', 28® 6', or if Sun transits N. of zenith 8® 27 , 

81® 33', 58° 5'. 

I. Examination Paper (p. 34). 

7 . 30®. 8 . 61° 68' 37", 15° 4' 21". 9 . 6h. 43m. 16s. (roughly). 

10 . The figure should make Ga'pella slightly W. of N., altitude 
about 16° j a Lyrie a little S.E. of zenith, altitude about 75® ; 
a Scorpii slightly W. of S., altitude about 12° j a Ursss 
Majoris N.W., altitude about 60°. 
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II. Examples (p. 64). 

6 . Direct. 7 . Interval = 12 sidereal hoars. 9 . 2° 29' 68‘5''. 
11 . 12° 39' 16". 12 . I7h. 29m. 52-42s. 

II. Examination Paper (p. 65). 

e.Positive. 9 . Im. 2-52s., + 0-7ls. 

III. Examples (p. 87). 

2 . 4,267 ft. 

3 . a°N., r - 90° W. and a® S., L° + 90° W., if = W. longitude 

given place. 

5 . 13m. 6 . 39‘8 miles. 7 . 3960. 

8. 6084 ft. 10 . 49' 6" per hour. 

Miscellaneous Questions (p. 88). 

2 . K.P.D. = 86°, hour angle ~ 30° W. 

3 . Because declination circle has not been defined. 

5 . 22h.40m., 9h. 20m., 14h. Om., 19h. 36m. 10 . 62". 

III. Examination Paper (p. 89). 

1 . 24,840 miles, 8,953 miles. 

2 . 3*285 ft., 6,084 ft., 1*69 ft. per second. 3 . 60*7 ft. 

5 3,437,700 fathoms, 6,366,200 metres (roughly), l,851*§5i metres. 
9, See § 97, cor. 


lY. Examples (p. 117). 

5 . 45°. 7 . Star, 6h. 15m. 26*35s. ; Sun, Oh. 13m. 61*90s. 

10 . 3481 ; 3721, or 29 ; 31 nearly. 

lY. Examination Paper (p. 118). 

3 . See §§ 130, 151. 

8 . Oh. 36m. 21*26s. (Hote that the clock has a losing rate of 
3m. 22'05s. on sidereal time ; it gives solar time approxi- 
mately.) 

Y. Examples (p. 142). 

1 . Retrograde. 3 . - 3*9m. 6. 347 centuries exactly. 

7 . Star’s hour angle = 4h. 43m. 31s., K.P.D. = 53°. 

8 . October 28, 15h. 39m. 27*32s. 

10 , 12h. 27m. 13*26s. at Louisville = 18b. 9m. 13 26 at Greenwich. 
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V. Examination Paper (p. 143). 

4r. — 10m. ; morning 20m. longer. 5, See § 172. 

8. (i) 7h. 13ra. 5s. ; (ii) 7h. 12m. 48s. 9. June 26. 

10 . 1824, 1852, 1880, 1920, 1948. 


VI. Examples (p. 156). 

3. 3,963 miles. 

4 . From 50° 9' 47" to 49° 59' 55" (refraction at altitude 5° 9' 47" 

by tables). 

7. 84° 33' ; 377 miles or 327 nautical miles. 


4 . 6 '. 


VI. Examination Paper (p. 157). 

7 . 44° 58' 54". 10 . lb. 12m. 


VII. Examples (p. 193). 

1 . 37° 49'. 2 . 51° 44' 26 'OO", 

4 . 50° 54' 68-6" or 60° 43' 23 *6" according as star transits N. or S. 
of zenith. 

6 - 10m., i,e, 10m. fast. 7 . 12° 30'. 8 . Ih. Om. 

9. 2° 32'. 10.27. 11 . See § 237. 


VIII, Examples (p. 224). 

2 . 92,819,000 (see Ex. 2, p. 200). 

3 . At 6 p.m. ; about same length as Midsummer Sun, ^.e. 16|h. 

4 *. See § 264. 5 . 8' 48". 

6 . lOd. 4ih. at noon. 

7 . Gibbous, bright limb turned slightly below direction of W. 

Hour angle = 30°, decl. = 0. 


IX. Examples (p. 243). 


1 . 

2 . 


23i° S. 

Favourable if moon passes from N. to 
March 21. 


S. 


at ecliptic on 
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X. Examples (p. 272). 

1. 291*96 days, or, if conjunctions are of the same kind, 683*92 days. 

2. 40°. 3. 19 ; 6, or nearly 3:1. 4. 10‘9h., 1341i. 

5. jp+P-8 with notation of § 290. 6. 888 million miles, 164 yrs. 

7. 6 months ; or *63 of Earth’s mean distance. 8. 398 days! 

9. f of a year =: 137 days. 

10 . Stationary at heliocentric conjunction only, never retrograde. 


X. Examination Paper (p. 273). 

3. I 2 V years = 378 days. 

4. See §§ 323, 324. The alterations in Venus’s brightness are 

really not inconsiderable (see Ex. 3, p. 272). 
e. Most rapid approach at quadrature ; velocity that with which 
the JEarth would describe its orbit in synodic period. 

9. 287 days. 

10 . Draw the circular orbits about O, radii 4, 7, 10, 16, 62 (§ 304). 
The heliocentric longitudes (measured from© T) are roughly 
as follows : ^ 163°, ? 176% © 220% (J 20% 1/ 211°. The 
C should be drawn close to © at an elongation (D © ([ = 90° 
at first quarter. 

XI. Examples (p. 311). 

2. 432,aX) miles. 3. 2,250 miles. 

6 . 9,282,000 and 92,820,000 million miles respectively. 

7. 37*8 billion miles = 378 x lO^^ miles. 

8. 5:0-67ror2*65:l, 

10. It will always appear half-way between its actual direction and 

a point on the ecliptic 90° behind Sun. Path is roughly a 
small circle of angular radius 45°. 

11. 4° 35'. 

13. (i) On ecliptic 90° from Sun. (ii) In same or opposite direc- 
tion to Sun. Effects greatest along great circles distant 90° 
from these points. 

14 (i) At either pole of ecliptic, (ii) In ecliptic. 

16. Jan. 21, 10*25" Eastwards; Feb., 17*76" E. ; Mar., 20*60" E.; 
April, 17*76' E.; May, 10*26" E. ; June, 0"; July, 10*25" 
Westwards; Aug., 17*75" W.; Sept., 20*50" W.; Oct., 17*75" W.; 
Xov., 10*26" W. ; Dec., 0" 

18. 973,800 miles. 
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Miscellaneous Questions (p. 313). 

5, 15® R 6 . In the autumn. 

V, iVd. 5h. ; star is on equator, hour angle 60° E. 8 . 1 : iJ7 : 7, 
9. 24h. 50m. 30s. mean units = 2411, 54m. 35s. sidereal units. 
lO. At the equinoxes. 11 . See § 369. 


XII. Examples (p. 335). 

1 . 12sje sidereal hours = 16h. 58m. 6s. sidereal time. 

2 . Pendulum revolving in direction of hands of watch will have 

less velocity in S. hemisphere. 

Increased (i) 69® 54' 61" j (ii) 60® 15' 27\ 12 . 109 lb. 


XII. Examination Paper (p. 336). 

3 . By observing deviation of a projectile (§383) , or by § 380 or § 382. 

4. 16 ijS = 27*7157 sidereal hours = Id. 3h. 33m. mean time. 

6. 3*368 cm. per sec. per sec. ; 9 . See § 392. 


XIII. Examples (p. 368). 

1 . 3*40 miles per sec. 2 . 15 J ft., or, if p = 32*2, 15*576 ft. 

3 . 6h. 35m. 4 . 5 39 days. 5 . 2,959,000. 11 . 8*98". 

13. The distances from the centre of the Sun are 457,579 miles, 

467,579 + 278 miles, and 457,579 - 281 miles; but these 
results can only be considered as approximate. 

14 . 32*155 greater, owing to attraction of mountain. 

1^7. *253 of Earth’s density ; 1*415, taking water — 1. 

18 . 894poundals. 

20 . From the first the path would be concave to the Sun (see § 431); 
at the beginning the strong perturbations produced by the 
Earth would prevent the orbit from being an ellipse ; but 
after a time it would approximate to an ellipse, somewhat 
more eccentric than the Earth’s present orbit, with its 
aphelion near the place where it left the Earth. 
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1 . 


1 

80-34' 


XIV. Examples (p. 422). 

2 . 2 : 6 . 


3. 24 :7, by Ex. 1, § 435 Cor., or 16 : 5, using resultof lasfc example. 
6. Tide on Mercury is higher in proportion 3 : *2888, or 135 : 13, or 
10 ; 1 nearly. 


XIV. Examination Paper (p. 423), 
(a) Yes; (h) Mo. 
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Aberration of Light, 295 ; cor- 
rection for aberration deter- 
mined, 297 ; its general effect 
on the celestial sphere, 299 ; 
comparison with annual paral- 
lax, 300 j to show that ^ the 
aberration curve of a star is an 
ellipse, 300 ; its discovery by 
Bradley, 302 ; the constant de- 
termined by observation, 302 ; 
relation between the coefficient 
of aberration and the equation 
of light, 304 ; relation between 
the coefficient of aberration 
and the Sun’s parallax, 310. 

diurnal, 308 ; its effect on 

meridian observations, 310 ; 
determination of its coefficient, 
310. 

planetary, 307. 

Altazimuth, 57. 

Altitude, 8, 

Angular diameter, 3. 

distance, 3. 

measure, its conversion to 


time, 14. 

— velocities of planets, to com- 
pare, 342. 

nnual equation, 412. 

.nomalistio year, 132. 

.phelion, 115. 

.pogee, 110, 215. 

^parent area, 109, 112; of 
Moon’s phase, 209. 

midnight, 24. 

motion of a planet, 265 

noon, 24. 


Apparent solar day, 24. 

solar time, its disadvan- 
tages, 119. 

Sun, 121. 

Apse, 110. 

Moon’s, 215, 412. 

line, 110, 115, 215 ; deter- 
mination of its position, 113 ; 
its progressive motion, 113, 
217, 413. 

Arctic and Antarctic circles, 91. 
Areal velocity, 343 ; relation be- 
tween areal velocity and actual 
(linear) velocity, 344. 

Aries, first point of, 7 ; to find, 
102, 103; retrograde motion 
of (see Precession). 
Abistauchtjs i his method of 
finding the Sun’s distance, 
210 . 

Asteroids, 246. 

Astronomical clock (sidereal 
clock), 13, 36. 

diagrams : their practical 

application, 28. 

telescope, 37. 

terms, table of, 12. 

Astronomy defined, 1 ; its prac- 
tical uses, 158. 

Descriptive, Gravitational, 

and Physical, defined, 1. 
Autumnal equinox, 21. 

Azimuth, 8. 


Bar, double, 82. 

Base line, measurement of, 81. 
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Bessel : his method of determin- 
ing the annual parallax of a 
star, 290; his day numbers, 
405. 

Binary stars, 292. 

Bole’s Law, 245. 

Bradley : his discovery of aber- 
ration, 302; hi a discovery of 
nutation, 404 ; his determina- 
tion of refraction, 151. 

Calendar, Julian, 133 ; Gregorian 
correction, 13^ 

month, 205. 

Calendars 221-223. 

Cassini: his formula of refrac- 
tion, 150. 

Cavendish : his experiment for 
finding the Earth’s mass, 362. 
Celestial equator, 6. 

horizon, 5. 

- — latitude, 10. 

longitude, 10. 

meridian, 6. 

— — poles, 6. 

sphere, 2. 

Centre of mass, 355. 

Centrifugal force, 324 ; its effects 
on the acceleration of falling 
bodies, 325 ; loss of weight ot 
a body due to it, 326. 

Ceres, ^7. 

Chronograph, 44 ; photo-, 424. 
Chronometer, 165 ; its error and 
rate, 166. 

Circle, of position, 192 ; transit, 
38. 

Circumpolar stars, 16 ; determi- 
nation of latitude by, 172. 
Civil Year, 132. 

Clock, astronomical (or sidereal), 
13, 36. 

error and rate, 46, 47. 

— — stars, 47, 400. 

Golatitude, 11. 

Collimating Eyepiece, 51 . 
Collimation, error, 48. 

line of, 39. 

Colures, 23. 

Compass, points of, 9. 
Conjnnetions, 205, 253. 


Coordinates; their use explained, 
8 ; advantages of the different 
systems, 1 1 ; table of, 12 ; 
transformation of, 16. 

Culmination, 16. 

Day, apparent solar, 24 ; explan- 
ation of gain or loss of a day in 
going round the world, 75. 

Bay and night, relative lengths, 
92-95. 

lunar, 383. 

mean, 121. 

numbers, Bessel’s, 405. 

perpetual, 95. 

sidereal, 13. 

Deolination, 9, 10 ; name of, 9 ; 
expressed in terms of latitude 
and meridian Z. D., 15 ; deter- 
mination of the Sun’s, 23 ; 
method of observing, 53. 

Deolination Circle, 9, 59. 

Delislb: his method of deter- 
mining the Sun’s parallax, 279. 

Density of a heavenly body : its 
determination, 366. 

Dip of horizon : defined, 76 ; its 
determination, 77, 78 ; its 
effect on the times of rising 
and setting, 79, 425. 

Direct motion, 22. 

Disappearance of a ship at sea, 
79. 

Diurnal motion of the stars, 5. 

aberration, 308. 

Double bar, 82. 

Earth : early observations of its 
form, 66 ; general effects of 
change of position on it, 67 ; 
its rotation, 67 ; measurement 
of its radius, 70 ; A. B». Wal- 
lace’s method of finding its 
radius, 80; ordinary methods 
of finding its radius, 81 ; its 
exact form, 84 ; determination 
of its equatorial and polar 
radii,85 ; its exact dimensions, 
86 ; its mean radius, 86 ; its 
elliptioity or compression, 86 ; 
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Earth {continued ) — 
its eccentricity, 86 ; its zones, 
91 ; determination of the eccen- 
tricity of its orbit, 111 ; its 
phases, 211 ; its place in the 
solar system, 246 ; its rotation, 
315 ; arguments in favour of 
its rotation, 316 ; dynamical 
proofs of its rotation, 317 ; 
general effects of its centri- 
fugal force, 324 ; its figure, 
328 ; evidence in favour of its 
annual motion round the Sun, 
337 ; verification of the law of 
gravitation, 356 ; its so-called 
“weight,” 361; the Caven- 
dish experiment, 362 ; its 
mass determined by the com- 
mon balance, 364 ; its^ mass 
determined by observations of 
the attraction of tides in 
estuaries, 364 ; the mountain 
method of findingitsmass, 365; 
thependulum method of finding 

its mass, 365 ; its displacement 
due to the Moon, 371 ; its rota- 
tion retarded by tidal friction, 
389 ; precession of its axis, 
397 ; nutation of its axis, 402. 
Earth’s way, 299. 

Eclipses, 225 et seqq. ; different 
kinds of lunar E., 225 ; effects 
of refraction on lunar E., 155, 
227 ; different kinds of solar E. , 
227 ; determination of greatest 
or least number possible in a 
year, 235 ; of Jupiter’s satel- 
lites, 248; their retardation, 
293. 

Ecliptic, 7, 20, 102, 115; its 
obliquity, 11; determination 
of its obliquity, 26, 107. 
Ecliptic limits, 232, 234. 

Ellipse, properties of, 426. 
Elongation, 205, 251 ; changes of 
E. of planet, 252, 254. 
Equation, Annual, 412. 

of equinoxes, 404. 

— of light, 293; its relation to 
the coeffioient of aberration, 
304. 


Equation of time, 121 ; due to un- 
equal motion, 122 ; due to ob- 
liquity, 123; its graphical 
representation, 125 ; it "'van- 
ishes four times a year, 127 ; 
its determination, 127 ; its 
maximum values, 128. 

personal, 47. 

Equator, celestial, 6. 

terrestrial, 67. 

Equatorial, 59 ; its use, 60. 
Equinoctial colure, 23. 

points, 7, 20, 23. 

Equinoxes, 20, 21, 23 ; preces- 
sion of, 106. 

Eveotion, 412. 


Fathom, 70. ^ 

First point of Aries, 7, 20 ; its 
determination, 103. 

First point of Libra, 7 , 20. 

Flamsteed : his method of de- 
termining the first point of 
Aries, 103 ; advantages of the 
method, 105. 

Foucault ; his pendulum experi- 
ment, 318,; his gyroscope, 321 ; 
his determination of the velo- 
city of light, 292. 

Full Moon, 208. 

Geocentric latitude, 86, 116. 

longitude, 116. 

lunar distances, 185. 

parallax : its general effects, 

197 ; correction for, 197. 

Geodesy, 80. 

Geographical latitude, 86. 

mile, 70. 

I Gibbosity of Mars, 259. 

Gibbous Moon, 208. 

Globes : their use, 3. 

Gnomon, 26, 129. 

Golden Number, 221. 

Gravitation : Newton’s law ot, 
352; remarks, 353; verification 
for the Earth and Moon, 356. 

Gravity : to compare itsintensity 

at different places, 329, 334 ; 
to find its value, 334, 
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GEEaoBY, Pope : his correction 
of the Julian Calendar, 133. 
Gyroscope or Gyrostat, 321, 398. 


Halley: his method of deter- 
mining the Sun’s parallax by 
observing a transit of Venus, 
279. 

Harvest Moon, 223. 

Heliocentric latitude, 116. 

longitude, 116. 

Heliometer, 62, 

Horizon, celestial, 5 ; artificial, 
164. 

visible, 5, 76-79. 

dip of, 76. 

Horizontal parallax, 196. 

point, 52. 

Hour angle, 9 ; expressed in 
time, 13 ; its connection with 
right ascension, 15. 

circle, 69. 


Instruments for meridian obser- 
vations, 35; for ex-meridian 
observations, 57 ; for geodesy, 
81-83 ; for navigation, 158. 

Introductory Chapter on Spheri- 
cal Geometry, i.-vi. 

JuLiusC^SAB: his calendar, 133. 

Julian Hay, 133. 

Juno, 247, 277. 

Jupiter, 247 ; its satellites, 248. 

Kater’s reversible penduium, 
329. 

Kepler: his laws of planetary 
motion, 109, 115,260; verifica- 
tion of his first law, 110, 262 ; 
verification of the second law, 
111, 262 ; deductions from the 
second law, 112 ; verification 
of the third law, 263 ; New- 
ton’s deductions from his laws, 
339, 345, 346, 348 ; his third 
lawfor circular orbits, 340; cor- 
rection of the third law, 354. 


Knot, 71. 

Known star, 15, 47. 


Lagging of the tides, 384-6. 
Latitude of a place defined, 11 
phenomena depending c 
change of latitude, 68 ; chan^ 
due to ship’s motion, 75 ; d« 
termination by meridian ol 
servations, 167; determinatio 
by ex-merldian observations 

m. 

celestial, 10. 

geocentric, 86, 116. 

geographical, 86. 

heliocentric, 116. 

parallel of, 74 ; length o: 

any arc of a given parallel, 74, 
Leap year, 133. 

Libra, first point of, 7. 

Light, refraction of, 145 ; its 
velocity, 292 ; aberration of, 
295 ; to find the time taken by 
the light from a star to the 
Barth, 305. 

Light-year, 306. 

Local time : its determination, 
176. 

Log-line : its use in navigation, 

71- 

Longitude, celestial, 10. 

geocentric, 116. 

heliocentric, 116. 

terrestrial, 72 ; phenomena 

depending on change of terres- 
trial longitude, 73 ; change due 
to ship’s motion, 75 ; its deter- 
mination at sea, 182 ; the 
method of lunar distances, 184; 
clearing the distance, 185 ; its 
determination by celestial 
signals, 186 ; its determination 
on land, 187 ; its determination 
by transmission of chronome- 
ters, 187 ; by chronograph, 
189 ; by terrestrial signals, 
190 ; by Moon-culminating 
stars, 191 ; by Captain Sum- 
ner’s method, 192. 

Loop of retrogression, 268. 
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Lunar distances, determination 
of longitude by, 184. 

geocentric, 185. 

mountains : determination 

of their height, 212. 

Lrmation, 27. 


Mars, 246; Kepler’s observa- 
tions on Mars, 262 ; its paral- 
lax used to determine that of 
the Sun, 276. ^ 

Mass, astronomical unit of, 352. 
Mean noon, 121. 

solar day, 121. 

solar time, 121 ; its deter- 
mination at a given instant of 
sidereal time, 137. 

Sun, 120, 121. 

time, 120. 

Mercury, 245; its period of rota- 
tion, 272; frequency of its 
transits, 281 ; its mass, 360,419. 
Meridian, celestial, 6. 

line ; its determination, 180. 

prime, 72. 

terrestrial, 67. 

Meteors : their motion, 4. 
Metonic cycle, 221. 

Micrometers, 61. 

Midnight, apparent, 24. 

Mile, geographical, 70. 

nautical, 70. 

Month, 221. 

Moon : its motion, 27 ; its age, 
27 ; its position defined by its 
centre, 66 ; illusory variations 
in its size, 154; method of 
taking its altitude by the sex- 
tant, 163; determination of 
its parallax, 201 ; its distance, 
202 ; its diameter determined, 
204; its elongation, 205; de- 
termination of its synodic 
period, 206 ; its phases, 207 ; 
relation between phase and 
elongation, 209 ; its use in 
finding the Sun’s distance, 210 ; 
its appearance relative to the 
horizon, 211 ; determination 
of the height of lunar moun- 


Moon {continued ) — 
tains, 212; its orbit about 
the iSarth, 214 ; eccentricity 
of its orbit, 215 ; its nodes, 
215 ; its perturbations, 216, 
408 ; retrograde motion of its 
nodes, 216, 410, 411 ; pro- 
gressive motion of its apse 
line, 217, 411 ; its rotation, 
217 ; its librations,218; general 
effects of libration, 220 ; its 
eclipses, 225, 227 ; determina- 
tion of its geocentric distance 
consistent with an eclipse, 230 ; 
its greatest latitude at syzygy 
consistent with an eclipse, 232 ; 
synodic revolution of its nodes, 
234 ; its occultations, 238 ; 
verification of the law of gravi- 
tation, 356 ; effect of its attrac- 
tion, 357 ; its mass, 357 ; con- 
cavity of its path about the 
Sun, 374; its disturbing or 
tide-generating force, 375, 377 ; 
its orbital motion accelerated 
by tidal friction, 389 ; its form 
and rotation, 392 ; its disturb- 
ing couple on the Earth, 393 ; 
the rotation of its nodes, 409 ; 
its other inequalities, 412, 
413. 


Nadir, 5. 

point, determination of, 51. 

Nautical mile, 70. 

Neptune, 250 ; its discovery, 420. 

New Moon, 27. 

Newton, Sir Isaac ; his deduc- 
tions from Kepler’s laws, 339, 
345, 346, 348 ; his law of uni- 
versal gravitation, 352. 

Nodes, 27, 215 ; their retrograde 
motion, 216. 

North polar distance of a cir- 
cumpolar star, 17. 

Number of eclipses in a year, 235. 

Nutation, lunar, 403 ; its general 
effects, 403 ; its discovery, 
404 ; to correct for, 404 ; its 
physical causes, 405. 
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Nutation, monthly, 406. 
solar, 406. 


Obliquity of ecliptic, 11 ; its de- 
termination, 26. 

Observatory, 35. 

Ocoultations, 239. 

Offing, 76. 

Opposition, 205, 


Parallactic inequality, 414. 

Parallax, 185, 196 ; geocentric 
parallax, 1 96 ; horizontal paral- 
lax, 196 ; general effects of and 
correctionfor geocentric paral- 
lax, 197 ; relation between 
horizontal parallax and dis- 
tance of celestial body, 199 ; 
compared with refraction, 200 ; 
parallax of Moon determined, 
201 ; parallax of planet deter- 
mined, 203 ; relation between 
parallax and angular diameter, 
204 ; determination of the 
Sun’s parallax, 276 tt seqq. ; 
annual parallax defined, 283 ; 
to find the correction for 
annual parallax, 283 ; relation 
between the parallax and dis- 
tance of a star, 284; its general 
effects on the position of a star, 
285 ; determination of the an- 
nual parallax of a star, 289. 

Pendulum, Foucault’s, 318; Cap- 
tain Kater’s reversible, 329 ; 
oscillations of a simple pen- 
dulum, 330 ; to find the change 
in the time of oscillation due 
to a variation in its length or 
in the intensity of gravity, 
330 ; to compare the times of 
oscillation of two pendulums of 
nearly equalperiods, 333 ; pen- 
dulum method of finding the 
Earth’s mass, 365. 

Perigee, 110, 215. 

Perihelion, 115. 


Perpetual day : determination < 
its length, 100. 

Personal equation, 47, 

Perturbations, lunar, 216, 408 
rotation of nodes, 409 ; due t 
average value of radial disturt 
ing force, 411 ; variation, evec 
tion, annual equation an< 
parallactic inequality, 412. 

planetary, 414 ; periodical 

415, 417 ; inequalities of lonj 
period, 418 ; secular, 418. 

Phases of Moon, 207 ; of planet. 
259, 260. 

Photography, stellar, 63. 

Planet : its position defined by 
centre, 56 ; determination of 
its parallax, 203 ; its ocoulta- 
tion, 241 ; definition, 244; in- 
ferior and superior planets, 
251 ; changes in elongation of 
an inferior planet, 252 ; to find 
the ratio of the distance from 
the Sun of an inferior planet 
to that of the Earth, 253 ; 
changes in elongation of a 
superior planet, 254 ; to com- 
pare the distance from the Sun 
of a superior planet with that 
of the Earth, 256 ; determina- 
tion of the synodic period of an 
inferior planet, 257 ; relation 
between the synodic and side- 
real periods of a planet, 257 ; 
phases of the planets, 258, 259 ; 
motions relative to stars, 265 ; 
transits of inferior planets, 
279 ; its aberration, 306, 307 ; 
to compare the velocities and 
angular velocities of two 
planets moving in circular or- 
bits, 342; having given the 
velocity of a planet at any 
point of its orbit, to construct 
the ellipse described under the 
Sun’s attraction, 350 ; to find 
the mass of a planet which has 
one or more satellites, 359; 
its perturbations, 414 ; masses 
determined, 419. 

Pluto, 250,251. 
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Polar distance, 9. 

— point: its determination, 53. 

Pole, celestial, 6. 

terrestrial, 67. 

Port, establisliment of the, 386. 

Precession of the equinoxes, 106, 
393. 

Earth’s axis, 397. 

a spinning- top, 396. 

Inni-solar, 395 ; to apply the 

corrections for, 398; various 
effects of, 400; its effects on 
the climate of the Earth’s 
hemispheres, 401. 

Prime vertical, 7. 

Prime vertical instrument : de- 
termination of latitude by its 
use, 175. 

Priming of the tides, 384-6. 

Proper motion, 292. 


Quadrature, 205. 


Kadiant, 4. 

Beading microscope, 40. 

Refraction : 145 ; laws of R., 
145 ; relative index of R., 145 ; 
general description of atmo- 
spherical R,, 146 ; its effect 
on the apparent altitude of a 
star, 146 ; law of successive 
R., 147 ; formula for astro- 
nomical R., 147 ; Cassini’s for- 
mula, 150 ; coefficient found 
by meridian observations, 151 ; 
other methods of determina- 
tion, 152 ; its effects on rising 
and setting, 153 ; effects on 
dip and distance of horizon, 
154; effects on lunar eclipses 
and occultations, 155, 227 ; 
comparison of R. with paral- 
lax, 200. 

Retrograde motion, 22, 265. 

Right ascension, 10 ; expressed 
in time, 14 ; connection with 
hour angle, 15. 

Roemeb : his method of finding 
the velocity of light, 293. 


Rotation of Earth, 67, 315 ; of 
Moon, 217 ; of Moon’s nodes, 
216, 409 ; of Sun and planets, 
271, 272. 


Saros of the Chaldeans, 237. 
Satellite, defined, 244; their obe- 
dience to Kepler’s laws, 265. 
Saturn, 249 ; phases of its rings, 
260. 

Seasons, 97 ; effect of the length 
of day on temperature, 97 ; 
other causes affecting tempera- 
ture, 97 ; unequal length of, 
112, 113. 

Secondary, iii , 244. 

Sextant, 159 ; its errors, 162 ; 
determination of the index 
error, 162; method of taking 
altitudes at sea, 163 ; method 
of taking altitudes of Sun or 
Moon, 163. 

Sidereal clock (astronomical 
clock), 13, 36. 

day, 13. 

month, 205 ; its relation to 

the synodic month, 205. 

noon, 13. 

period, 205, 257. 

- — - time, 13, 25 ; its disadvan- 

tages, 119 ; its determination 
at a given instant of mean 
solar time, 136 ; its determina- 
tion at Greenwich or in any 
longitude, 139. 

year, 131. 

Solar day, apparent, 24. 

system, tabular view of, 

250 ; its centre of mass, 361. 

time, 24 ; its disadvantages, 

119. 

Solstices, 21, 23. 

Solstitial colure, 23. 

points, 23. 

Southing of stars, 16. 

Spectrum analysis, 63. 

Stars : independence of their di- 
rections relative to observer’s 
position on the Earth, 4 ; their 
diurnal motion, 5, 13 ; oulmi- 
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Stars (continued ) — 
nation, 16 ; soutMng, 16 j cir- 
cumpolar stars, 16; rising and 
setting, 18 ,* time of transit, 

19 ; to show that a star appears 
to describe an ellipse, owing 
to parallax, 286; owing to 
aberration, 300. 

morning and evening, 25. 

Stationary points, 266 ; their de- 
termination, 269, 270. 

Sub-solar point, 192. 

Summer solstice, 21. 

and winter, causes of, 97. 

Sumner, Captain: his method 
of finding longitude, 192. 

Sun : its annual motion, 7 ; its 
annual motion in the ecliptic, 
20 ; its motion in longitude, 
right ascension and declination, 
20, 21 ; its variable motion in 
right ascension, 22 ; determi- 
nation of its right asoensionand 
declination, 23,24; its position 
defined by its centre, 56 ; its 
diurnal path at different sea- 
sons and places, 91 ; to find 
length of time of sunrise or 
sunset, 101 ; observations of its 
relative orbit, 108; its apparent 
area, 109, 112; its apparent 
annual motion accounted for, 
113 ; illusory variations in size, 
154 ; m ethod of finding its alti- 
tude by the sextant, 163 ; diffi- 
culty of finding its parallax, 
202; its distance determined 
by Aristarchus, 210; solar 
eclipses, 225, 227,241 ; descrip- 
tion, 244 ; its period of rota- 
tion, 271 ; determination of its 
distance from the Earth, 275 et 
seqq. ; its parallax determined 
by observation of the parallax 
of Mars, 275 ; parallax by ob- 
servations on the asteroids and 
Venus, 277 ; parallax deter- 
mined by observations of the 
transit of Venus, 279 et seqq, ; 
advantages and disadvantages 
of Halley’s and Belisle’s me- 


Sun (continued ) — 
thods, 279 ; relation between 
coefficient of aberration, Sun’s 
parallax, and velocity of light, 
306 ; to find the ratio of its 
mass to the Earth’s, 358 ; 
gravity on its surface, 366 ; 
its parallax determined by ob- 
servations of lunar and solar 
displacements of the Earth, 
373; its disturbing or tide- 
generating force, 375, 377 ,* 
its mass compared with that 
of the Moon, from observations 
of the relative heights of the 
solar and lunar tides, 388 ; its 
disturbing couple on the Earth. 
393 ; gravitational methods of 
finding its distance, 419- 
Sundial, 129 ; geometrical me- 
thod of graduation. 130. 
Synodic month, 205, 

period, 205, 257. 

Syzygy, 205. 

Telescope, astronomical, 37. 
Terrestrial ec[uator, 67. 

longitude, 72. 

meridian, 67. 

pole, 67. 

Theodolite, 83. 

Tidal constants, 388. 

friction, 389 ; application 

to the solar system, 393. 

Tides, 375; equilibrium theory 
of their formation, 379 ; canal 
theory, 381 ; semi-diurnal, di- 
urnal, and fortnightly tides due 
to the Moon, 383 ; semi-diur- 
nal, diurnal, and six-monthly 
tides due to the Sun, 384 ; 
spring and neap tides, 384 ; 
their priming and lagging, 384- 
386 ; establishments of ports, 
386. 

Time : its reduction to circular 
measure, 14 ; relation between 
the different units, 134. 

local ; its determination by 

method of equal altitudes, 176, 
177. 
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Time, lunar, 383. 

Trade winds, 323, 

Transit, 14 ; eye and ear method 
of taking transits, 42 ; of 
Venus, 279-28 J i of Mercury, 
281.^ 

circle, 38; corrections re- 

ciuired for right ascension, 46 ; 
corrections required for decli- 
nation, 51. 

Triangulation, 82. 

Tropical year, 131. 

Tropics, 91. 

True Sun, 121. 


Uranus, 249. 


Variation, 412. 

Velocities of planets compared, 
342. 

Velocity, angular, 342. 

— — - areal, 343. 

of light, 292. 

Venus, 246 ; its period of rota- 
tion, 272; observations of its 
transit used to determine the 
Sun’s parallax, 279 ; its mass, 
360, 419. 


Vernal equinox, 20. - 
Vernier, 162. 
Vertical, 7. 

circle, 7. 

prime, 7. 

Vesta, 247. 


Wallace, Alfked Russell : his 
method of finding the Earth’s 
radius, 80. 

Waning and waxing Moons, 208. 
Winter solstice, 21. 

Wireless time signals, 166. 

Year, 20. 

anomalistic, 131. 

civil, 132. 

leap, 133. 

sidereal, 131. 

synodic, 133. 

tropical, 131. 


Zenith, 5. 

distance, 8. 

point, 51. 

sector, 83. 

Zodiac, 26. 
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